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The Constitution of India
Chapter IV A

Fundamental Duties

ARTICLE 51A
Fundamental Duties- It shall be the duty of every citizen of India-

(@)

(b)

(€)
(d)

(e)

(f)
(9)

(h)

(i)

1),

(k)

to abide by the Constitution and respect its ideals and institutions,
the National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
struggle for freedom;

to uphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called upon
to do so;

to promote harmony and the spirit of common brotherhood amongst
all the people of India transcending religious, linguistic and regional
or sectional diversities, to renounce practices derogatory to the
dignity of women;

to value and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests,
lakes, rivers and wild life and to have compassion for living
creatures;

to develop the scientific temper, humanism and the spirit of inquiry
and reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and
collective activity so that the nation constantly rises to higher levels
of endeavour and achievement;

who is a parent or guardian to provide opportunities for education
to his child or, as the case may be, ward between the age of six
and fourteen years.
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The Constitution of India

Preamble

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC and to secure to
all its citizens:

JUSTICE, social, economic and political;

LIBERTY of thought, expression, belief, faith
and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the unity and integrity of the
Nation;

IN OUR CONSTITUENT ASSEMBLY this
twenty-sixth day of November, 1949, do HEREBY
ADOPT, ENACT AND GIVE TO OURSELVES
THIS CONSTITUTION.



NATIONAL ANTHEM

Jana-gana-mana-adhinayaka jaya hé
Bharata-bhagya-vidhata,

Panjaba-Sindhu-Gujarata-Maratha
Dravida-Utkala-Banga

Vindhya-Himachala-Yamuna-Ganga
uchchala-jaladhi-taranga

Tava subha namé jage, tava subha asisa mage,
gahé tava jaya-gatha,

Jana-gana-mangala-dayaka jaya hé
Bharata-bhagya-vidhata,

Jaya hé, Jaya hé, Jaya heé,
Jaya jaya jaya, jaya hé.

PLEDGE

India is my country. All Indians
are my brothers and sisters.

I love my country, and I am proud
of its rich and varied heritage. I shall
always strive to be worthy of it.

I shall give my parents, teachers
and all elders respect, and treat
everyone with courtesy.

To my country and my people,
I pledge my devotion. In their
well-being and prosperity alone lies
my happiness.




( PREFACE )

Welcome to Standard XII, an important milestone in your life.

Dear Students,

Standard XII or Higher Secondary School Certificate opens the doors of higher
education. Alternatively, you can pursue other career paths like joining the workforce.
Either way, you will find that mathematics education helps you considerably. Learning
mathematics enables you to think logically, constistently, and rationally. The curriculum for
Standard XII Mathematics and Statistics for Science and Arts students has been designed
and developed keeping both of these possibilities in mind.

The curriculum of Mathematics and Statistics for Standard XII for Science and Arts
students is divided in two parts. Part I deals with topics like Mathematical Logic, Matrices,
Vectors and Introduction to three dimensional geometry. Part II deals with Differentiation,
Integration and their applications, Introduction to random variables and statistical methods.

The new text books have three types of exercises for focused and comprehensive
practice. First, there are exercises on every important topic. Second, there are comprehensive
exercises at the end of all chapters. Third, every chapter includes activities that students
must attempt after discussion with classmates and teachers. Additional information has
been provided on the E-balbharati website (www.ebalbharati.in).

We are living in the age of Internet. You can make use of modern technology with
the help of the Q.R. code given on the title page. The Q.R. code will take you to links
that provide additional useful information. Your learning will be fruitful if you balance
between reading the text books and solving exercises. Solving more problems will make
you more confident and efficient.

The text books are prepared by a subject committee and a study group. The books
(Paper 1 and Paper II) are reviewed by experienced teachers and eminent scholars. The
Bureau would like to thank all of them for their valuable contribution in the form of
creative writing, constructive and useful suggestions for making the text books valuable.
The Bureau hopes and wishes that the text books are very useful and well received by
students, teachers and parents.

Students, you are now ready to study. All the best wishes for a happy learning
experience and a well deserved success. Enjoy learning and be successful.

o

(Vivek Gosavi)
Pune

Director
Date : 21 February 2020 Mabharashtra State Bureau of Textbook
Bharatiya Saur : 2 Phalguna 1941 Production and Curriculum Research, Pune.
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Mathematics and Statistics XI1 (Part I1)
Arts and Science

Sr. No

Area / Topic

Sub Unit

Competency Statement

Differentiation

Differentiation

The students will be able to
e state and use standard formulas of

derivative of standard functions
use chain rule of derivatives

find derivatives of the logarithm,
implicit, inverse and parametric
functions

find second and higher order
derivatives.

Applications
of Derivatives

Applications of
Derivatives

find equations of tangents and normal
to a curve

determine nature of the function-
increasing or decreasing

find approximate values of the
function

examine function for maximum and
minimum values

verify mean value theorems

Indefinite
Integration

Indefinite
Integration

understand the relation between
derivative and integral

use the method of substitution

solve integrals with the help of
integration by parts

solve the integrals by the method of
partial fractions

Definite
Integration

Definite
Integration

understand integral as a limit of sum
the properties of definite integral
state the properties of definite integral
and use them to solve problems




Application
of Definite
Integration

Application
of Definite
Integration

find the area under the curve, bounded
by the curves using definite integrals.

Differential
Equation

Differential
Equation

form a differential equation and find
its order and degree

solve the first order and first degree
differential equation by various
methods

apply the differential equations to
study the polpulation, growth and
decay in amount of substance and
physics.

Probability
Distribution

Probability
Distribution

understand the random variable and its
types.

find probability mass function and its
probability distribution.

find the expected value, variance and
the standard deviation

find the probability density function of
continuous random variable

find distribution function of c.r.v.

Binomial
Distribution

Binomial
Distribution

understand random experiment with
two or more outcomes.

determine probability distribution of
random experiment with parameters n
and p.

find mean, variance, expected value
and standard deviation for the
binomial distribution.
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1. DIFFERENTIATION b

@ Let us Study J

e Derivatives of Composite functions. e  Geometrical meaning of Derivative.
e Derivatives of Inverse functions e Logarithmic Differentiation
e Derivatives of Implicit functions. e Derivatives of Parametric functions.

e Higher order Derivatives.

|
e The derivative of f (x) with respect to x, at x =a is given by f'(a) = %lirrol

Let us Recall J

[f(a+h)—f(a)}
h

e The derivative can also be defined for f (x) at any point x on the open interval as

f'(X) — 111_1;13|:f(x+ h}: —f(X)

} If the function is given as y = f (x) then its derivative is written as
dy _
—=f(x)
iy J'(x)
e For a differentiable function y = f (X) if 6x is a small increment in x and the corresponding increment
. . (dy) dy
lim| — |=—
iny is 8y then ‘5X—>0(8)Cj I

e Derivatives of some standard functions.

d , d :
y="f(x) Yo y="f(x) Yo )
dx dx
¢ (Constant) 0 Sec X sec X tan x
X" nx"t
COSec X — COSec X cot x
1 1
X X2 cot X — Cosec? X
1 n ex X
X ar a*log a
1
—— 1
Vx 24x log x %
sin x COoS X
COS X —sin x log . X 1
tan x sec? X : x log a

Table 1.1.1

/
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Rules of Differentiation :

If u and v are differentiable functions of X such that

() y=uzv then dy_du, dv (i)  y=uv then @:u@Jr du
dx dx dx dx dx dx
. Jdu_ dv
(i) y:—wherev;éOthenﬂ: dx dx
v dx v
Introduction :

The history of mathematics presents the development of calculus as being accredited to Sir Isaac
Newton (1642-1727) an English physicist and mathematician and Gottfried Wilhelm Leibnitz (1646-
1716) a German physicist and mathematician. The Derivative is one of the fundamental ideas of calculus.
It's all about rate of change in a function. We try to find interpretations of these changes in a mathematical
way. The symbol & will be used to represent the change, for example 6x represents a small change in the
variable x and it is read as "change in x" or "increment in x". 8y is the corresponding change iny if y is
a function of x.

We have already studied the basic concept, derivatives of standard functions and rules of
differentiation in previous standard. This year, in this chapter we are going to study the geometrical
meaning of derivative, derivatives of Composite, Inverse, Logarithmic, Implicit and Parametric functions

and also higher order derivatives. We also add some more rules of differentiation.

E% Let us Learn

1.1.1 Derivatives of Composite Functions (Function of another function) :

So far we have studied the derivatives of simple functions like sin x, log x, e* etc. But how about
the derivatives of sin /x , log (sin (x> + 5)) or e W x etc ? These are known as composite functions. In

this section let us study how to differentiate composite functions.

1.1.2 Theorem : If y =f (u) is a differentiable function of u and u = g (x) is a differentiable function of

x such that the composite functiony = f [g (X)] is a differentiable function of X then @ = dy % du,
dx du dx

Proof : Given that y = f (u) and u = g (x). We assume that u is not a constant function. Let there be a
small increment in the value of x say dx then du and dy are the corresponding increments in u and
y respectively.

As 8, ou, oy are small increments in x, u and y respectively such that 6x = 0, du = 0 and 8y # 0.

oy Oy Odu
We have — = —x—,
¢ have ox Ou Ox

Taking the limit as 6x — 0 on both sides we get,

. SO0 .




lim(s—yj = lim(S—yJ X lim(s—u]
Sx—0 8x Sx—0 Su Sx—0 Sx

As dx — 0, we get, 5u — 0 (*. u is a continuous function of x)

lim(a—yj = lim(s—yj X lim(s—uj ..... ()]
ax—0\ Ox du—0\ Jyy ax—0{ Jx

Since y is a differentiable function of u and u is a differentiable function of X.

we have,

. (oy) dy . (du) du

lim| = |= = lim| — |=—

Sl}g(ﬁuj du and Bi—rg(ﬁxj dc (n
From (1) and (11), we get

lim 2= P (1)
&0\ dx ) du dx

The R.H.S. of (IIT) exists and is finite, implies L.H.S.of (III) also exists and is finite

lim[s—yj = d—y Then equation (I11) becomes,

ax—0{ Ox dx

dy _dy du

dx du dx
Note:

1. The derivative of a composite function can also be expressed as follows. y = f (u) is a differentiable
function of u and u = g (x) is a differentiable function of x such that the composite function

y=f[g(x)] is defined then
L el g )
x

2. Ify=f(v)is adifferentiable function of v and v =g (u) is a differentiable function of u and u=h (x)

is a differentiable function of X then
dy _dy dv du

dx dv du dx
3. Ifyis a differentiable function of u,, U, is a differentiable function of u,,, fori=1,2,..,n-1andu_
is a differentiable function of X, then

d_y—ﬂxﬂxﬁx X—du"_lxdi

n

dx_du1 du, du, =~ du dx

n

This rule is also known as Chain rule.

/
. Q@O .
AN




1.1.3 Derivatives of some standard Composite Functions :

dy dy
y dx y dx
LFOal n[FEl™ - f'(x) cot [ f (¥)] — cosec? [ f (x)]- f'(x)
W f & cosec [ f (x)] | —cosec [f(x)]-cot [f(x)]-f'(x)
2\/ ff()z)) af® a'®.loga-f'(x)
1 n-f'(x
[f (T Tt et ' £
sin [f (X)] CcosS [ f (X)] f '(X) |Og [ f (X)] f (X)
cos [f (] —sin [f (] £'(X) ()
tan [ f (X)] sec’ [ f (X)]- f'(X) | f f'(x)
sec [1(9] | sec[100]-tan [f(]-19 | | '*9+L7¢ F6) loga
Table 1.1.2
@) SOLVED EXAMPLES |
Ex. 1 :Differentiate the following w. r. t. X.
) y=N¥X+5 (i) y=sin(logx) (i) y=e®
3
(iv) log (x*+4) (v) H3cosx—2 (vi) y=
(2x2—=7)°
Solution : (i) y= \X*+5
Method 1 : Method 2 :

Let u = x2 + 5 then y =+/U, where y is
a differentiable function of u and u is a
differentiable function of x then

dy dy e (1)
dx du dx

Now, y =+ U

Differentiate w. r. t. u
%:%(\/;): 2\1/; andu=x?+5
Differentiate w.r.t.x

d_u =— (x2 +5)=2x

dx

Now, equatlon (1) becomes,

ﬂ = ! x2x = al

dx  2u x> +5

We havey = \ X?+5

Differentiate w. r. t. X

b4 ()

dx  dx

[Treat x> + 5 as u in mind and use the formula
of derivative of \/_ ]

dy 1 x +5)
dx 2,/ 2 +5 dx
dy 1
——(2x)
dx 2Vx* +5
Q B X
dx x> +5




(i) y=sin (log x)
Method 1 :

Let u = log x then y = sin u, where y is
a differentiable function of u and u is a
differentiable function of x then

dy dy du
dx du dx
Now, y=sinu

Differentiate w. r. t. u

dy d .

——=—/(smnu)=cos uand u = log x

du du ( ) g

Differentiatew r.t.x

du 1

—=—(ogx) =—

dx dx ( 0gx) = X

Now, equation (I) becomes,

dy _ COS 1 X 1 _ cos(logx)

dx X X

Note : Hence onwards let's use Method 2.
(iii) y = e tanx

Differentiate w. r. t. X

a’

[ tan X]

dx dx

Y _ ™™ x i(tan x)

dx dx

b _ e™* .sec’ x =sec? x-e™*

dx

(V)

Let y= G53cosx—2
Differentiate w. r. t. X

d_y:i 53COSX*2
=]

d_y_ 53coesx=2. log 5 xi(3 COS X —2)
dx_ g dx

d

& o 3sinx - 52,

log 5
dx g

Method 2 :

(iv)

(vi)

We have y =sin (log x)
Differentiate w. r. t. X
Y j [sin (log x)]

X
[Treat log x as u in mind and use the formula

of derivative of sin u]

dy d
— =cos(logx)x —(log x
iy (logx) dx( gx)

& = cos(logx)- 1
dx X

dy _ cos(logx)
dx X
Lety=log (x°+ 4)
Differentiate w. r. t. X
@ _d [Iog 06+ 4)]
dx
d_y = 1 ><—(x +4)
dx x*+4 dx
4
Do 1 (5= X
dx x’ +4 x  +4
3

Lety=

(2 -T)

Differentiate w. r. t. X

dy _d 3 _,d 1
de del x> =7) ) T dxl(2x’=7)°

-5
:3><—><— 2x* =7
(2x* =7)° dx( g )
15
oy ™
& ___ 60x
dx  (2x°=7)°




Ex. 2 :Differentiate the following w. r. t. X.

(i y= ysinx (i) y=cot? (x3) (iii)  y=1log [cos (x°)]
(iv) y=(0e+2x-3)*(x+cosx)? (v)  y=(1+cos?x)*x X+ +tanx
Solution :
(i) y= /sinx (if) y=cot® (x°)
Differentiate W. r. t. X Differentiate W. . t. X
dy d
&y d(— Y _ 4 (o)
525( smx3) dx dx(co )
d
! xi(sinx3) = E[C()t (XS)]Z

2+/sin x3 dx

=2 cot (x°) % [cot (x3)]

X COS X xi(x )
2\/smx

=2 cot (x®)[- cosec? (x%)] % ()

x cos x> x (3x7)

2ysinx’ = — 2 cot (x*)cosec? (x%)(3x?)
dy 3x*cosx’ dy 6x cot (x7) 2 ()
ay _ 2t LY s == =—6x2cot (x¥)cosec? (x
dx  2+sinx’® dx

(i) y = log [cos (x°)]
Differentiate w. r. t. X
dy d :
Y _ 4 (1og feos ()

1
:cos( )E[COS )]

1 s d ;s
= [-sin(x ))E(x )

cos(x”)

j_y =—tan (x°) (5x*) = — 5x“tan (x°)
X

(iv) y=(x*+2x—3)*(x + cos x) 3

Differentiate w. r. t. X

dy d (x +2x— 3) (x+cosx)3i|

dx dx

d d
_ (3 -\ Yihed 3 3.7 (y3 _ Q)4
=(x®+2x-73) 0 (x + cos x) *+ (x + cos X) 0 (x®+2x - 3)

. SO .




d d
=(x*+2x-3)*3 (x+cosx)2-d—(x+cosx) + (x + cos x) 4(x3+2x—3)3-5(x3+2x—3)
X
=(+2x-3)*-3 (x+cosx)? (1 —sinx)+ (x +cos x)® - 4(x* + 2x — 3)*(3x* + 2)
j—y:B(x3+2x—3)4 (x+cosX)? (L—sinx) + 4 (3 + 2) (€ + 2% — 3)° (x + cos X’
X

(v) y=(1+cos2x)*x | x++ftanx

Differentiate w. r. t. X

ﬂ = dili(lﬁ-cosz x)4 xvx+»\/tanx}
X

dx
= (14 cos’ x)4di(\/x+\/tanx)+(\/x+\/‘[anx)di(l+cos2 x)*
x X

=(+cos’x)* -;-i(x+\/tanx)+(\/x+\/tanx)-4(1+cos2 x)3i[1+(cosx)2]
24/x++Jtanx dx dx

=(1+cos’x)*- ! (1 ! -i(tanx)j+(\/x+\/tanx)-4(l+cos2 x)*(2cos x)

+
2\/x+»\/tanx 2Jtanx dx
d
—(cosx
dx( )
2
= (1+cos? x)* - ! (1+ see X J+(\/x+\/tanx)-4(l+coszx)3(2cosx)(—sinx)
2\ x++/tan x 24/tan x
/ 2
= (1+ cos® x)* - ! (2 tan x + sec xj—(\/wm/tanx)-4(1+cos2 x)*(2sin x cos x)
24x +Jtan x 2Vtan x

2 4 2
dy _ (1+cos” x)"(24tanx +sec” x) _ 4sin2x(1 + cos’ x)3m
dx 4+/tan x+/x +~/tan x

Ex. 3 : Differentiate the following w. r. t. X.

(i)  y=log, (log, x) (i)  y=loge

" y:k’g{m

(V) y :(4)10g2(sinx) + (9)10g3(cosx) (Vl) y —a




Solution :

(i) y =log, (log, x)
= log, (IngJ =log, (log x) — log, (log 5)

log(log x)
=" log3 log, (log 5)
Differentiate w. r. t. X
dy d | log(log x)
dx  dx log3

—log,(log 5)}

:Li[log(logx)]—dinogxlog )]
X

log3 dx
1 1 d _
- 10g3 log x E(logx) 0 [Note that log,(log 5) is constant]
1 1 1
= X X —
log3 logx x
dy _ 1
dx xlogxlog3
2 2
- . (Bx—4)° e - (3x—4)°
/2 (2x+5)°

2 1
= log[e” -(3x—4)} } — log[(2x +5)3 }
2 1
=loge™ +log(3x —4)3 —log(2x +5)?
2 1
y =3x+§log(3x—4)—§log(2x+5) [ loge=1]

Differentiate w. r. t. X
dy _d

2
3x+—log(3x—4 ——lo 2x+5
o dx{ 3 2( ) g( )}

d 2 d 1 d
= 35(]&') +§ E[log(3x—4)] —§°£[log(2x+ 5)]

1 1 1
R e Pt e
1 1
043 5 O s
dy 5. 2 2

+ j—
dx 3x—4 3(2x+)5)

. .




3x
1—cos| —

2
————< | =log
3x
1+cos| —

2

y =log

@)  y=log

(iv) 1 x+vx*+a’ log x2+a2+xxx/x2+a2+x
Iv) y=logl /——| =
Nxt+at—x x*+a’ —-x Nx*+a® +x

Wx*+a® +x)
2

=log
| x*+a’—x

- -
Wx*+a® +x)
aZ

=log

= log(\/x2 +a’ +x)2 —log(a®)
y= 210g(\/x2 +a’ +x)—log(a2)

Differentiate w. r. t. X

4
/i i\



Q d |:2log(\/x2 +a’ +x)—10g(azi|

dx dx

2; I:log(m+x):|—%[log(a2)]

:2><— —\/x +a +)£|
VX' +a® +x dx

= 2 : 1 ~i(x2+a2)+l}

VxP+a® +x | 2Vx* +4d° dx

I S P S
NxP+at +x | 2Vxt +a’
B 2 . x+Vx*+a’
Vxl+a® +x | Jx'+ad’
dy 2

d it

(V) y _ (4)]0g2 (sinx) + (9)10g3 (cosx) (Vl) y _ aaloga (cotx)
_ (22)10gz(SiHX) " (32) log (cosx) y=a cot x [ alogaf®) = f (X)]
:(2)210g2 (sinx) +(3)210g3(c05x) Differentiate w. r. t. X
.2 2 dy d cot x
:( 2)10g2 (sin” x) _'_(3)log3 (cos” x) [ alog af() — f (X)] dx E( )

_ cin? 2 d
= sin?x + Cos?x =a®*|oga - e (cot x)
X

y=1

Differentiate W. r. t. X =a “*log a (- cosec* x)
dy_d —[1)=0 9 _ _ cosec?x- a o log a
dx  dx dx

Ex.4 : IffX)=V79()—-3,9(3)=4andg (3)=5,findf'(3).

Solution : Giventhat: f(x) = \/ 7g(X)—3
Differentiate w. r. t. X

f(x)——(/7g(x) ) 2W_[ g( ) 3]

C o 18'(X)
O Fet
For x = 3, we get

. 18'G) 3 7 : _ LRy
f(3)—2\/7g(3)_3 “26)” 2 [Since g (3) =4 and g' (3) = 5]

. .




Ex.5 : If F(x)=G{3G[5G(x)]}, G(0)=0and G' (0) =3, find F* (0).
Solution : Given that : F (x) = G {3G [5G(x)]}
Differentiate w. r. t. X
F' (x) = dic; {3G [5G(x)]}
- ' {36 [5G(X)]}3'% [G [5G6(0)1]

- 6'{36 [5G(IT}3-6' [56(9] 5[]

F' (x) = 15-G' {3G [5G(X)]}G' [5G(X)] G' (X)

For x =0, we get

F'(0)=15-G' {3G [5G(0)]}G' [5G(0)] G' (0)
=15-G' [3G (0)]G' (0)-(3) [ G(0)=0and G' (0) = 3]
=15-G' (0)(3)(3) = 15-(3)(3)(3) = 405

Ex. 6 ¢ Select the appropriate hint from the hint basket and fill in the blank spaces in the following
paragraph. [Activity]
"Let f (X) =sin x and g (X) = log x then f [g)]= and
g[fx)]1=__ .Nowf'(x)=_ and g°(¥)=_
The derivative of f [g(x)] w. r. t. X in terms of fandgis
Therefore <[ 1lgoll = and [i[ f[g(x)]]} - .

X dx x=1

The derivative of g [ f (X)] w. r. t. x in terms of fandgis

and in [g[f(x)]]} _
X

m
x=—
3

Therefore 4 [g [f (x)]] =
dx

Hint basket : { ' [9001-g" 09, 21%9%) 1 g [£ 001 (9, cotx, V'3,
X
sin (log x), log (sin X), cos X, i}
X

cos (log x)

Solution : sin (log x), log (sin x), cos X, i, f' [9(x)]-9" (x), 1, g [F00]F' (%), cot x, \/3
X

C D
| EXERCISE 1.1
N J

(1) Differentiate w. r. t. X.

QM) (e-2—1) i) (2x§_3x§_5)2 W) 3

(i) x*+4x-7 (IV) Vx? +x? +1 (vi) (\/3)6—__ 1 jS
3




(2) Differentiate the following w.r.t. x

(i) cos(x*+a?)

o)

(v) cot’[log (x°)]

(iii)

(vii) cosec (4/cos x)
(IX) e3 sin2 X—2 cos2 X

(xi)

(Xi i |) glog [(log %)%~ 1og x2 ]

(xv) log [sec (exz)]

tan [cos (sin x)]

(i) Ve P45
(iv) ytan+/x

(vi) Gin®x+3

(viii) log [cos (x*~ 5)]
(x) cos?[log (x2+7)]
(xii) sec[tan (x* + 4)]
(xiv)sin /sin \x

(xvi)log.(log x)

(xvii) [ log [log(log x)]]°
(xviii) sin?x? — cos? x?
(3) Differentiate the following w.r.t. x
() (e+ax+1)°+(¢-5x-2)°
i) (1+4x)°@B+x-x)°
X . (x3 - 5)5
WrEa M
(v) (1 +sin?x)*(1 + cos?x)°

(vi) +/cosX + \/cos \X

(vii) log (sec 3x+ tan 3x) (viii) 1+sinx
1-sinx’
. log x cotx
IX) cot —lo
) ( 2 J g( 2 )
2x —2x \/;
(x) e’ —e (xi) e’ +1
e2x +e—2x e\/; _1

(xii) log [tan3x-sin4 X- (X2 + 7)7]

(xiii) log

l—cos3xJ

(XiV) log

(4)

(%)

(6)

(7)

(XV) log
(xvi) log 42’{ X +5 jzl
2x° —4
(xvii)log —]
V7 —6x

(XiX) Y = (25)'09s (e ) — (16)'09, (tan )

(xx) M
x*+5

Atable of values of f, g, f*and @' is given

X | FO) g | &) ) g
2 1 6 | 3 4
4 3 4 5 | -6
6 5 2 | 4| 7

@ Hrx)=f[gX)]find r' (2).

(i) I R(X)=g[3+f(x)]findR'(4).
(ii)) Ifs(x)=f[9—f(x)] find s' (4).
(iv) 1fS(x)=g[g(x)]findS'(6).

Assumethatf'(3)=—-1,9'(2)=5,9(2)=3
dy

and y = f [g(x)] then [—} =?

dx | _,
Ifh(x) =4/ (x)+3g(x), f(1)=4,9(1) =3,
f'(1)=3,9' (1) =4find h' (2).
Find the x co-ordinates of all the points on
the curve y =sin 2x — 2 sin X, 0 < x < 2n

where Q =0.
dx




(8) Select the appropriate hint from the hint basket and fill up the blank spaces in the following
paragraph. [Activity]

"Letf (x) =x2+5and g (x) =e* + 3 then Therefore di[ flooll= and
ol e [i[f[g(x;]c]} - -
oLf (= _______ - e e

The derivative of g [ f (X)] w. r. t. x in terms of
Nowf'(xX)=__ and .

fandgis
gM)=________

d
The derivative of f [g (X)] w. r. t. xin terms | | herefore I [o0fe01]=

““““ | and {%[g[f(x)]]} -

x=—1

Hint basket : { f' [g()]-g' (x), 26+ 6¢*, 8, g' [ f (x)]- f' (X), 2xe***5, — 2€, 2+ 6e*+ 14, "5+ 3, 2x, ' }

of fand g is

1.2.1 Geometrical meaning of Derivative :

Consider a point P on the curve f (x). At x = a, the Y

»
>

coordinates of P are (a, f (a)). Let Q be another point on the
curve, a little to the right of P i.e. to the right of x = a, with

a value increased by a small real number h. Therefore the
coordinates of Q are ((a + h), f (a + h)). Now we can calculate :
the slope of the secant line PQ i.e. slope of the secant line P (af (@)
connecting the points P (a, f (a)) and Q ((a + h), f (a + h)), by :
using formula for slope.

o Sah—f@ B N S S

, Q(a+h,f(ath)

Slope of secant P : a-h a ath
at+th—a v
_fla+h)-f(a) Fig. 1.2.1
h

Suppose we make h smaller and smaller then a + h will approach a as h gets closer to zero, Q will
approach P, that is as h — 0, the secant coverges to the tangent at P.

lim (slope of secant PQ) = lim {f(a il hz _f(a)} =f'(a)
So we get, Slope of tangentatP=f'(a) .. [ If limit exists]
Thus the derivative of a function y = f (x) at any point P (x,, y,) is the slope of the tangent at that
point on the curve. If we consider the point a — h to the left of a, h > 0, then with R = ((a — h), f (a — h))
we will find the slope of PR which will also converge to the slope of tangent at P.

For Example : If y = x? + 3x + 2 then slope of the tangent at (2,3) is given by

d d
Slope m = {—y} = {— (x* +3x+ 2)} =(2x+3),,=2(2) +3) m=7
(2,3) (2,3)

dx x

/
. Q@O .
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1.2.2 Derivatives of Inverse Functions :

We know that if y = f (x) is a one-one and onto function then x = f ! (y) exists. If f 1 (y) is
differentiable then we can find its derivative. In this section let us discuss the derivatives of some inverse
functions and the derivatives of inverse trigonometric functions.

X+2
Example 1 : Consider f (X) = 2x — 2 then its inverse is f 7! (X) = — Letg(x)=f ' (X).
1

d d
If we find the derivatives of these functions we see that — [ f(x)]=2 and — [g )] = >

These derivatives are reciprocals of one another.

Example 2 : Considery=f(x)=x*. Letg=f .

'-g(y)=X=W
g (y)=———=4alsof"(x)=2x
ZV_
Now~[g (£ =20~ 2% 1 and g [ 09T =x - [ (1()] =~ (9 -1
dx W e T T
At a point (x, x?) on the curve, f' (X) =2xand g' (y) = 2}/_ le %

1.2.3 Theorem : Supposey=f(x) is a differentiable function ofx onaninterval I andy is One-one, onto and

d—y;éOOnI Also if f~!(y) is differentiabl f(I)theni[f*‘( ) = ! ord—x— ! where ﬂ;&o
I . y) 1s differentiable on dy y —m dy_? x

Proof : Given thaty =f (x) and x =f ! (y) are differentiable functions.
Let there be a small increment in the value of x say dx then correspondingly there will be an
increment in the value of y say dy. As 6x and dy are increments, ox = 0 and &y = 0.

We h OX 8y
e have,
8y oX
oX 1 )

=——, Where el #0
r OX
dx

3y

Taking the limit as 6x — 0, we get,

. [ ox . 1
Iim| — [=lim =
dx—0 8y dx—0 8%

as ox — 0,0y —» 0,

g}lﬁo(gﬂ W ..... ()

dx—0\ d&x

Since y =f (x) is a differentiable function of X.

. .




a0\ 8x ) dx dx

From (1) and (11), we get
. (8xJ P (1)
lim| — |=—

we have, lim(g—yj = & and ﬂ 0 ... ()]

s-0{ &y %
d : dx dx
As —y # 0, L exists and is finite. .. g'mo (—) = — exists and is finite.
dx & P8y dy
Hence, from (111) % = iwhere ﬂ =0
dy « dx

dx

An alternative proof using derivatives of composite functions rule.

We know that ' [f(X)] = x [Identity function]
Taking derivative on bothe sides we get,

d d
&[flmx)]d]:d—x(x)
e (1) [F00] g [f] =1
ie. (f1) [f1f' =1

-1 ' _ 1
(f )[f(x)]-m

So, if y =1 (x) is a differentiable function of x and x = f ' ('y) exists and is differentiable then

-1 _ (5 _dx o dy
() 1feo1=(f )(y)—d—yandf 0=

(I) becomes
% = % where d_y #0
dy & dx

@) SOLVED EXAMPLES ]

Ex.1: Find the derivative of the function y = f (xX) using the derivative of the inverse function

x = f1(y) in the following

(i) y=3x+4 (i) y:1/1+\/; @iii) y=Inx
Solution :
(i) y=3x+4

We first find the inverse of the function y = f (x), i.e. x in term of y.
yY=x+4 . x=y -4 . x=f"1(y)=y*-4

dy 1 1 1

dX x diy(yj’ _4) 3y2

dy

forx=—4




(i) y=11x

We first find the inverse of the function y = f (X), i.e. X in term of y.
yr=1+Xie VX=y2=1, = x=f7(y)=(y*~1)
g _ L _ 1 _ 1
dx 5 S0P 207 -DEe -
1 1

207 -h@n) 4\/1+\/§[(\/1+\/§)2 —1}

) 1 o
RN TN TN N

(i) y =log x
We first find the inverse of the function y = f (x), i.e. x in term of y.
y=logx .. x=f"1(y)=eY
dy 11 1 1 1

Gy A& T d, o\ ay alx y°
dx W 5(@‘) e e X

Ex.2: Find the derivative of the inverse of | Ex.3: Letfand g be the inverse functions of
function y = 2x® — 6x and calculate its each other. The following table lists a
value at x = —2. few values of f,gand f*

Solution :  Given :y = 2x3— 6X X f(x) [ gx) | f'(x)

Diff. w. r. t. X we get, 1
Y e 6-6 (1) MR
dx
we have % _ L - - = !
"dy % find g' (—4).
dx 1 Solution : In order to find g' (—4), we should first
d_y - 6 (x2— 1) find an expression for g' (x) for any input
atx=—2, x. Since f and g are inverses we can use
we get, y = 2(—2)° — 6(-2) the following identify which holds for
——16+12=—14 any two diffetentiable inverse functions.
dx 1 g (X = ! ... [check, how?]
{d—y}“ "] '[9 (it [g0)
s .. [Hint : f [g(x)] = x]
1 , 1
() © Oy
= 1 1
18 = f'(_l)_ n




Ex.4: Letf(x)=x5+2x—3.Find () (-3).
Solution :  Given: f(x)=x>+2x—3
Diff. w. r. t. X we get,

f'(x) =5x4+ 2
Note that f (X) = —3 corresponds to x= 0.
- 1
(1) )=
(0)
11
T50)+2 2

1.2.4 Derivatives of Standard Inverse trigononmetric Functions :

We observe that inverse trigonometric functions are multi-valued functions and because of this,
their derivatives depend on which branch of the function we are dealing with. We are not restricted to
use these branches all the time. While solving the problems it is customary to select the branch of the
inverse trigonometric function which is applicable to the kind of problem we are solving. We have to
pay more attention towards the domain and range.

. T T dy 1
1. Ify=sin'x,—1<x<1,——<y<—thenprove that —= , X < 1.
y 2 y= 2 P dx 1 -x a
. . T T
Proof : Given thaty =sin’! x,—lSXSI,—ESySE
X=siny ()
Differentiate w. I. t. y
dx
—=—(sin
ay dy( y)
j—:cosy +Vcos?y =+ V1 —sin?y
y
dx .
—=+N1-x? oo [esiny =x]
dy
But cos y is positive since y lies in 1% or 4" quadrant as — g <y< g
%:\/l—x2
dy
Wehaved—y=%
dx 2
Ly
d 1
Y_ ° <1
dx 1 —x? g .
2. Ify=cos*1x,—15x§1,0§y§nthenprovethat—y=— .
dx V1 —x?

[As home work for students to prove.]

/
. O@O .
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d
3. Ify:cot*lx,XER,O<y<nthen—y:— ! .
dx 1+x?
Proof : Giventhaty=cot'x,x e R,0<y<n
X =coty )
Differentiate W. I. t. y
%:i(coty)
dy dy
%:—coseczy:—(1+cot2y)
dy
dx
—=—(1+x) ....[coty=Xx]
dy
Wehavey:di
dx d—;
dy_ 1 ) dy__ 1
dx —(1+x3) Codx 1+

dy

1
4. Ify=tan'x,xeR,— g <y< gthen Fvi [left as home work for students to prove.]
X

1+x2

T dy 1 .
5. Ify=sec!x, suchthat|x]>1and0<y<m, —then —= if x>1
y IXI ysmy#- i T
d
_y:_ ! if x<-1
dx X\ x2—1
Proof: Giventhaty=sec' x, x| >1and0<y<m,y ;ég v
X=secy (D) —
Differentiate w. I. t. y \_/
%:i(secy) """""""" L S
dy dy 2
%:secy-tany X e 0 1 > X
dy
g.

? =+secy -ytan?y
y

=+secy -ysecly— 1
dx

y Y'
y=seclx
Fig. 1.2.2

—=*txyx-1 ... [ secy=X]
dy

We use the sign + because for y in 1st and 2nd quadrant. secy - tany > 0.

Hence we choose x Vx2—1ifx>1and — xVx2—1ifx<—1
In 1%t quadrant both sec y and tan y are positive.
In 2" quadrant both sec y and tan y are negative.

secy - tany is positive in both first and second quadrant.

-




Also, forx >0, xyx*—1>0
and forx<0,—xvx*—1>0

%zx =1, whenx>0, [x|>1 ie.x>1
dy

=—Xxx2—-1, whenx<0,|x]>1 iex<-1
dy 1 .

- - ifx>1

dx xvx2—-1

d

@y__ 1 ifx<—1

dx XV x2—1

Note 1 : A function is increasing if its derivative is positive and is decreasing if its derivative is
negative.

Note 2 : The derivative of sec™! x is always positive because the graph of sec™! x is always increasing.

d
6. Ify=—cosecx,suchthat|X|21and—ESySE,yiomen - L if x>1
2 2 dx  xyx-1
d
Y1 i x<-1
dx xyx?-1

[ Left as home work for students to prove ]

Note 3 : The derivative of cosec™! x is always negative because the graph of cosec ! x is always
decreasing.

1.2.5 Derivatives of Standard Inverse trigonometric Functions :

& Conditi dy Conditi
y ax onditions y ix onditions
-1<x<1
sin ' x 1 X <1 n_ _n 1 for x > 1 x| >1
T =x2 _ESySE sec ! x XV x2—1 0<y<m
1 T
1 —-1<x<1 — forx<-1 —
cos ! x —ﬁllxKl 0<y<r xyx2—1 y7é2
» 1 XeR |x|>]
tan 1 x o . . B >
X ——<y<— —forx>1 T T
2 2 cosec ' x | xVx*-—1 ——SpE—
1
. _ 1 xeR forx<—1 20
CE 1+x2 0<y<n Xy x2—1 y
Table 1.2.1

= &



1.2.6 Derivatives of Standard Inverse trigonometric Composite Functions :

dy dy
y ax y dx
f'(X) f'(x)
- ——[fxI<1 t[f -
T | o ot 1100l il
fr (%) ) A for | f (%) > 1
) 'Y i<t [f z
cos 11001 | = NS [ TN ora
: (%)
f —
L ﬁ cosee 1000 oy oy

Table 1.2.2

Some Important Formulae for Inverse Trigonometric Functions :

(2) sin”! (sin ©) = 0, sin(sin' x) = x

(2) cos! (cos 0) =6, cos(cos ! x) =x

(3) tan! (tan ©) = O, tan(tan™! x) = x

(4) cot! (cot ©) = 6, cot(cot ! x) = x

(5) sec™! (sec 6) = 0, sec(sec! x) = x

(6) cosec! (cosec 6) =6, cosec(cosec™! X) = x

P el L T _ =il a _ T
(7) sin”! (cos 6) = sin” {sm (2 6) }— 5 0 (8) cos™! (sin 6) = cos™ {cos (2 6) } > -0
(9) tan! (cot ©) =tan™! {tan ( > 9] }: —=—0 (10) cot! (tan 6) = cot™! [cot (g - e} }z g -0

(11) sec! (cosec 0) =sec” {sec g

T
2
(12) cosec! (sec ©) = cosec! {cosec (g -

]

T
——0
2

(13) sin”! (x) = cosec™! (%j

(14) cosec™! (x) =sin! (%J

(15) cos! (x) =sec! (

(16) sec! (x) =cos™! (;)

(17) tan™! (x) = cot™! (

(18) cot! (x) = tan™! (%)

(19)sin'x + cos! x =

5
-

T
(20)tan! x + cot ' x = —

(21) sec'x + cosec! x = T
2 2

y

X + j
1-—xy

(22) tan! x + tan' y =tan™! (

x—yj
1+xy

(23) tan! x —tan! y = tan™! (

In above tables, x is a real variable with restrictions.

4

Table 1.2.3




Some Important Substitutions :

Expression Substitutions Expression Substitutions
— _of _ 2X
V1 —x2 X =sin 0 or x =cos 0 X =tan 0
1+x?
1 —x X =tan 6 or x = cot 6 1—x2
Vx2+1 X =sec 0 or x = cosec 6 1+ x? x=tan
a+x 2 . 3x—4x%or 1 —2x? X=sin0
a+ X XZAcSSHOrX=acos 4x®—3xor 2x*— 1 X =C0S 6
33X —x3
1 + X \/ _— = t 9
X = COS 20 or X = c0S 0 - X=1tan
\/ 1+ x 1-3x :
21(x) 1-[f(X]
a+x? a—x?
X2 =a cos 20 or X2 =a cos 0 or f(x)=tan 6
\/a x © \/a+x2 L+[FF 1+ [F

Table 1.2.4

@) SOLVED EXAMPLES )

. — : T
Ex. 1: Using derivative prove that sin”! x + cos™! x = >

Solution :  Let f(X)=sin"x+cos'x ..... 0
We have to prove that f (x) =g

Differentiate (I) w. . t. X

d d_.
d_[f x)] = OI_[sm I'x +costx]
f'(x)= ! =0
NI —x2 N1 —X%°
f'(x) =0 = f (x) is a constant function.
Let f (x)=c. For any value of x, f (x) must be c only. So conveniently we can choose x =0,

from (1) we get,

£(0) = sin ' (0) + cos ! (0):0+g:%:c— f(x)—
Hence, sin! x + cos™! x = g
Ex. 2 : Differentiate the following w. r. t. X.

(i) sin'(x® (if) cos'(2x2—X) (iii) sin"'(29)

(iv) cot™! (%} (V) cos‘( /%j (vi) sin?(sin™ (x?))




Solution :

(i) Lety=sin"'(x®)
Differentiate w. r. t. X.
dy

(iii) Lety=sin"'(2Y
Diﬁ'erentiatew r. t. X.

dy §
ol (sm (29)
d
@
i- ey
= 2*log 2
T @092
dy 2'log2
dx 1 — 4

(iv) Lety=cot™ (%) =tan™' (x%)

Differentiate w. r. t. X.

2 (e ()
dx
1 d
= - — (%9
1+ (X2)2 dx
dy 2X
dX g4

(vi) Let y=sin?(sin”' (x?))

= [sin(sin" (®]" = ()’
y=x
Diﬁerentiate w. r. t. X.
dy ( 4) . ﬂ — 4x3
dx  dx dx
2

(if) Lety=cos!(2x*—x)
Hence cosy = 2x?— X ..
Differentiate w. r. t. X.

d
— sin y-d—z: 4x—1

dy 1-4x 1-—4x
dx  siny _\/l—coszy
1 —4x
ﬂ = .. from (1)
dx  1-x2(@2x-1)
Alternate Method :
Ify=cos™ (2x*—x)
Diﬁerentiatew r.t. X.
dy
— =_(cos!'(2x*—x
dx ( ( ))
ey
X2 — X
\/1 —(2x2 X)° Cdx
4x—1
\/1—x2(2x—1)2 A )
dy 1 —4x
dx  AT-x2(@2x—1)
(v) Lety=cos™ ( /%}
Differentiate w. r. t. X.
ﬂ _i cos™! 1+X
dx dx
1 d + X
- - F 2 dx
2

1 d (1+x
Jl_mx Jl_x&( 2 j

\2 1 1
\ll—x \/5\/1+x 2
dy 1
x 2\1-x

SOL :



Ex. 3 : Differentiate the following w. r. t. X.

i) cos™' (4 cos®Xx— 3 cos X ii) cos!'[sin (4 iii) sin” _
(i) cos (4 cos’ ) (i) cos[sin (4] Giysin | | o
(iv) tan" (1 —-cos 3Xj V) cot’ ( COS-X j
. sin 3x 1+sinx
Solution :
(i) Lety=cos'(4cos®x—3cosX) (if) Lety=cos™[sin (4]
— —1
= cos ' (cos 3x) — cos! [cos (E _ 4xj:|
y =3X 2
Differentiate w. r. t. X. y= g — 4
d_y - i(gx) Differentiate w. r. t. X.
dx  dx
dy d(m=
dy 4 o Sl 4] =0-4log4
dx d; dx
™ =—4*log 4
(i) Lety =sin | |12 X] (iv) Lety =tan ! (L(’”Xj
2 sin 3x
_sint | [28in%(%) o 2 sin?(%)
T, = tan — ™
2 sin(3) cos (%)
N
=sin™ | sin (—ﬂ B 3X
2 =tan 1[tan (—ﬂ
X - 2
=3 ,
Differentiate w. r. t. X. 2
dy d (X dy Differentiate w. r. t. X.
& 2 52 CREY o 3
dx dx\2 X 2
V) Lety=cot’ ( cos X J - (1 +sin x)
1+sinx COS X
[cos (5) +sin (3)]° [cos (5) +sin (3)]°

()|

cos’ (3) —sin’ (3)

e (cos(%) + sin(%)j B an_l(l +tan (g)}
) cos(3) —sin(3)) 1 —tan (%)
=tan’! {tan (Z+EH Y :Z+?

[cos(3) —sin(3)] [cos(3) +sin(3)]

|

. . X
....Divide Numerator & Denominator by cos (EJ

Differentiate w. r. t. X.

1

2

dy

R




Ex.

4 : Differentiate the following w. r. t. X.

Solution :

(i)

(iii)

0 Sin_1[2cosx+3sinxj (i) cosﬂ(
V13
2 cos X + 3sinx
&)
=sin1(icosx+icosxj

Vi3 13

Lety= sin‘l(

2 . 3
Put——=sin o, —— =co0s o

V13 V13

4 9
Also, sin2a+coszoc:—+E=1

2 2
Andtano=— .. o =tan™ (_J
3 3

y = sin™! (sino COS X+ COS a Sin X)
y = sin™! (sinx cos o+ COSX Sin )
y = sin”' [sin(X+ a)]

2
y= x+tan™ [—J
3

Differentiate w. r. t. X.

3 sin x? + 4 cos x? acos x—bsinx

3sin x? + 4 cos x?
5

5

Va? + b?

|

3 4
=Cc0S'| — sin X2 + — cos x?
5 5

(i) Lety= cos*(

3 ) 4
Put —=sin o, — =cos a
5 5

9 16
Also, sinfa +cos?o=—+—=1
25 25

3 3
Andtano=— .. a=tan™' (_)
4 4
y = cos™' (sina sin X*+ cos a. COS X?)

y = c0s™' (COSX? oS a.+ Sinx?sin o)
y = cos™! [cos (x*— a)]

3
=X2_t -
y= X'~ tan (4]

Differentiate w. r. t. X.

2
d_y :i x+tan‘[—j =1+0 _y = X2—tan1(ij =2Xx—0
dx  dx 3 dx  dx 4
d
dx dx
Lety=sin! (a cosx —bsin Xj =sin! [ 4 COS X — sin x)
Va2 + b? \a? + b? az+ b?
b
Put =sin q, = COS o
1’a2+b2 a2+b2
Al in?a +Ccos? o = & 2 =1 And tan _a. =tan’! a
S0, sin? o + cos a_a2+b2+a2+b2_ aa—g..a—a (F)

y = sin!' (sina cos Xx— cosa Sin X)
But sin (o. — X) = Sin oL €0S X — COS o SiN X
y = sin' [sin (o — X)]

y= tanl(a)—x
b
Differentiate w. r. t. X.

dy _d {tanl(%j—x}zo—l

dx dx

4

|



Ex.5: Differentiate the following w. r. t. X.
2X 1
i) sin! i) cos™ (2x V1-x2 iii) cosec™!
0 (1"’)(2} W ( ) i (3x—4x3)
2e* 1 —9x? 2x =27
iv) tan™! V) cos’! vi) cos™
™) (l—eZXj ) [1+9x2j o) [2X+2Xj
. 3—- N V1-x2— L 2x+1
(vii)tan! - X (viii) sin™! OVI= X~ 12 (ix) sin!
. 3+x 13 1+ 4*
Solution :

(i)

(iii)

: 2
Lety=sm1( X j
1+x?

Put x=tan0 .. 9 =tan'x

y= sin’ 2 tan 0
1+ tan?6

y = sin!(sin 20) = 20

y= 2tan'x
Differentiate w. r. t. X.
ﬂ = 21 (tan"'x)

dx dx

dy 2

dx  1+%

1
Lety=cosec™!
3x —4x®

y =sin"' (3x — 4x%)

Put x=sin0 .. 6 =sin'x
y =sin"' (3 sin 0 — 4 sin® 0)
y =sin™'(sin 30) = 30
y=3sin'x

Differentiate w. r. t. X.

dy
dx
dy 3

d .
=3 (sin"'x
dx ( )

dx V1 — x2

(i)

(iv)

4

Lety=cos' (2x \1- x?)

Put x=sin0 .. 0 =sin'x

y = cos (2 sin 0 V1- sin26)
y =cos ' (2 sin 0 Vcos26)

y =cos'(2sin 6 cos®) = cos' (sin 20)
y =C0s'| cos (E - 26] T 20
2 2

_T —2sin !X
y=73

Differentiate w. r. t. X.
d d
y (E —2sin’! Xj

dx  dx (2
ﬂ=0_ 2x1
dx V1 —x
dy 2
dx 1%

2 X
Lety=tan! ¢
1—e*

Put e*=tan 0 .. 0 =tan"' (&)

[ 2tan©
y=tan'| ———
1+ tan%0
y = tan’!(tan 26) = 20
y= 2tan"' (&)
Differentiate w. r. t. X.
dy d
— =2 [tan' (&
o~ 2 L (@)
d 2 d 2e~
d (&)=

-

dx 1+ () dx




1=
(v) Lety=cos [1 " 9x2j
) ( 1- (3x)2j
y=cos!'| ——
1+ (3x)?
0 = tan™' (3x)
1 —tan?0
1 + tan? 6}
y = cos ! (cos 20) = 20
y= 2tan"'(3x)
Differentiate w. r. t. X.

Put 3x =tan O .-

y= cos*{

dy d

— =2 |tan'(3x
- GIX[ (3x)]
d_y :%i@x)
dx 1+ (3x)" dx

dy B 6

dx  1+9x

(vii) Lety = tan"! ( /3;)()
3+X

1 X
Putx=3c0s20 ... 0 =—cos’! (—]
2 3

| [3—3cos26 _1\/
y = tan T |=tan
3+3cos 20

y= tan' (Ntan? ) =

= 0= ! cos™! X
=573 [3)

Differentiate w. r. t. X.
dy 1

a2 dx [COS (?}
EFRAE

o 1
T e
3
dy o 1
dx 209 —x2

tan™! (tan 0)

(vi)

2X — 2*X
Lety=-cos™
22X+ 27%
L[240 =27 . [Multiply &
y=cos'| ————= .
2X(2x+ 279 Devide by 27

x\2

y=cos™' (sz ! j =cos™! {— ﬂ}

2% +1 1+ (29
Put2*=tan 0 .. 0 =tan"' (2
1 —tan?0
1+tan’0
y = cos '[cos (m —20)] = — 26
y= 1m—2tan"'(2)
Differentiate w. r. t. X.

y = cos’ {— } = €0S '[— cos 20]

dy d
— =— |n—2tan' (2
i (29]
d 2 d 2-2*-log 2
Wy (2=
dx 1+ (29 dx 1+ 2%
dy ~ 2*log2
dx  1+2%
3(1 — cos 26) _ tan! 2sin%0
3(1 + cos 20) \ 2 cos20
1
X —
9-x 3
9
o



13
Putx=sin6 .. 6 =sin"'x

y= sin' [5\/1— sin?0—12 sin ej _ sin-l (5\/00526—12 sin ej — sin-! [5 cos0—12sin 9)

13 13 13

(viii) Lety =sin- L@j

5 12
y=sin"'| —cos®—-—sin 0O
13 13

5 . 12
Put —=sin o, — =co0s a
13 13

25 144
Also, sin2 o + cos? ot = —— + ——
169 169

5 5
Andtana=-— .. a=tan’! (—j
12 12
y = sin"! (sina cos 6 — cosa sin 6) = sin™! [sin (o — 0)] = (o0 — 6)
y= tan’! (EJ —sin'x
12
Differentiate w. r. t. X.

dy d tan‘(5J—sin‘1x =0- !
dx dx 12 1-x2

dy B 1
dx  V1-x2

x+1 . OX
(ix) Lety=sin' 2 =sin’! 22 >
1+4* 1+ (29

Put2*=tan 0 .. 0 =tan™'(2)

y = sin’! (%) = sin”'(sin 20) =26 = 2 tan"' (2%
+ tan

Differentiate w. r. t. X.

dy d 2 2

2 =27 ltan! (2% — (29 = 2*-log 2
o =2 et @)] = YT d() o (24109 2)
dy B 2*1log 2

dx 144

Ex. 6 : Differentiate the following w. r. t. x.

4x X
i) tan™ i) tan™!
0 [1+21x2j W (I—IZXZJ
(i) cot” b sin X —a cos x (iv) tan” 5x+1
asin x + b cos x 3 —X— 6X?

/
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Solution :

X
i) Lety=tan' ii) Lety=tan™'
0 d (1 + 21x2j (W) d (1 - 12x2j
- 7x —3x - 3X + 4X
=tan!| ——— — =tan!| ———
(1 +(7X) (3x)j (1 —(3%) (4X)j
y=tan'(7x) —tan' (3x) y=tan'(3x) + tan! (4x)
Differentiate w. r. t. X. Differentiate w. r. t. X.
dy d . . dy d _ .
—~ = [tan™ (7x) — tan™" (3x)] —2 = [tan™"(3x) + tan”' (4x)]
dx dx dx dx
d - d - d - d ~
= [tan (7x)] — — [tan™" (3x)] = [tan" (3x)] + — [tan™" (4x)]
dx dx dx dx
:;Zi 7X —;2-1(3)() :%i 3x) + 1 2-i(4x)
1+ (7x)" dx 1+ (3x)" dx 1+ (3x)" dx 1+ (4x)" dx
day 7 3 o dy 3 N 4
dx 1+49x2 1+09x? Todx 149 1+16x%2

_( bsinx—acosx ~(asinx+bcosx B b +cotx
(iii) Lety=cot™! - =tan™! - =tan’!'| ——————
asin x + b cos x b sin x — a cos x 1 - (&) (cotx)

a a
=tan™' —j +tan"'(cot x) =tan! [—j +tan™'| tan [E—xj
b b 2

y=tan™ EJ + X%
b 2

Differentiate w. r. t. X.

y = i |:tan‘1 [i) + E — X}
dx  dx b

=0+0-1
d
Yo
dx
. 5x+1 5x+1 5x +1
(iv) Lety=tan™! _XrL =tan™! X =tan™! X
3—X—6X? 1+2—Xx—6x I —(6x*+x—2)

5x+ 1 5x+1
=tan’! j =tan! ( j
1 —(6X2+4x—3x—2) 1—[2x(3x +2) — (3x + 2)]

5x+1 | (Bx+2)+(2x—1)
- (3x +2)(2x - 1)] =tan (1 ~(3x+ 2)(2x - 1))

. .

=tan!




y=tan'(3x +2) +tan"' (2x — 1)
Differentiate w. r. t. X.

dy =i[tan*1 (3x +2) +tan”' (2x — 1)]
dx  dx
d . d )
= [tan'(3x + 2)] + — [tan"' (2x — 1)]
dx dx
= ! d(3x+2)+ d 2x—1)
T 1+ (3x+2)° dx 1+(2x— 172 dx
dy 3 . 2
dx 1+(3x+2° 1+(2x—1)
p

1)

(2)

(3)

(4)
()

N

~
| EXERCISE 1.2)

Find the derivative of the function y = f (x)
using the derivative of the inverse function
x=f"1(y) inthe following

() y=- (i) y=+2-x
(i) y=x-2 (iv) y=log(2x—1)
(V) y=2x+3 (vi) y=e-—

(vii) y = e (viii) y = log, G)
Find the derivative of the inverse function of
the following

(i) y=x>e (i) y=xcosx
@iii) y=x7 (iv) y=x*+logx
(v) y=xlogx

Find the derivative of the inverse of the

following functions, and also find their value
at the points indicated against them.

(i) y=x3+2x3+3x, atx=1
(if) y=e+3x+2, atx=0
(i) y=3x+2logx® atx=1

(iv) y=sin(x—2)+x%atx=2
If f (x) =x%+ x— 2, find (1) (0).
Using derivative prove

. T
(1) tan'x+cot'x= Y

.. T
(if) sec'x +cosec'x = o [for | x|>1]

(6) Differentiate the following w. I. t. X.
(i) tan'(log x) (i) cosec™!(e™)
(iii) cot (x®) (iv) cot!'(4)

(v) tan'(+X) (vi) sin™ ( /1 ;XZJ

(vii) cos'(1—x?2)  (viii) sin™ (x%)
(ix) cos*[cos™ ()] (x) sin* [sin™' (vX)]
(7) Differentiate the following w. I. t. X.

(i) cot![cot (e)]

y 1
(i) cosec (cos (5*)]
(iii) 003‘1[ /—1 T oos Xj
(iv) cos™ ( L~ cos (Xz)j
L 1-tan(3)
(v) tan [1+tan( )j
1

(vi) cosec™! ( j

4 cos®2x — 3 €0S 2

o (1+cos()
(vii) tan [—sin(é) j

sin 3x
viii) cot™!| ——
(viii) (1+cos3xj

= &



(ix) tan™! (%j (i) sin™' G%ﬁj (iv) sin™ (2x VT —x2)
[1+ cos x _ . er—e
S i bt ' (3x — 4x3
(x) tan ( l—cosxj (v) cos!(3x—4x3) (vi) cos™! [X+er
(xi) tan"'(cosec x + cot x) (vii) cos™ (1 _ j (viii) sin- ‘( )
1+ 9 + 2%

(xii) cot™

Jr+sin(®) + [1-sin(%) 1 - 25
ixX) sin!
Jr+sin(%) - J1-sin(%) (% ( j (
5
. . . 2X 2
(8) Differentiate th_e following w. r. t. X. (xi) tan’! 2 (xii) cot”
(4smx+5cosxj 1=

J
=

(i sin' ) )
(10) Differentiate the following w. I. t. X.

. \/3 cos X — sin X . B .. L1+ 35x?
(i) ( j (i) tan (1 — ISXZ) (i) cot o j
cos \/_+ sin X o2 _ L[ 2
(iii) [ j (i) tan (1+—3xj (iv) tan 1——3U4X)j
(V) cos 1(3 cos 3X 4 sin 3X] V) tan ( ox j i) cot 22— 6X2j
1 + 22x+l 5aX
W) (3 cos (eX) +2sin (ex)j (vii) tan- [ a+ b tan x j
b—atan x
i (viii) tan | >
(vi) - cosec™ 6 sin (2*) — 8 cos (2% 6X>—5x—3
(9) Differentiate the following W. T. t. X. (i) cot (4 —X - 2x2j
3x+2

, b G I L[ 2x
(i) cos (1+x2j (ii) tan (l—xz)

1.3.1 Logarithmic Differentiation

The complicated functions given by formulas that involve products, quotients and powers can often
be simplified more quickly by taking the natural logarithms on both the sides. This enables us to use
the laws of logarithms to simplify the functions and differentiate easily. Especially when the functions
are of the formy = [ f (X)]°¥ it is recommended to take logarithms on both the sides which simplifies to
log y = g(x). log [ f (X)], now it becomes convenient to find the derivative. This process of finding the

derivative is called logarithmic differentiation.

@ SOLVED EXAMPLES ]

Ex. 1: Differentiate the following w. I. t. X.
0 ( 0¢+3)° J0¢ + 5 j T
3
/ (22 +1)° (1 +x?)2 cos®x

. .




3 5 2
(iii) (x + 1)2 (2x + 3)2 (3x + 4)3for x>0 (iv) X2+ x+a& (V) (sin x)@nx— xlogx

Solution :

. ( (@ +3)* 3/(x+ 5)° j

(i) Lety = -
(2x* +1)

Taking log of both the sides we get,

07+ 3)° J (¢ +5)° j ! [‘X“ 3)° (¢ + 5)1
=109

(2¢ +1)° (2x2 + 1)%

logy = Iog(

2 3

= log [(x2+ 3)° (x3+ 5)5} —log (2x2 +1)?
2 3
=log (x+ 3)° + log (x*+ 5)5} —log (2x¢ +1)?

2 3
logy =2log (xX*+ 3) to log (x*+ 5) > log (2x* + 1)

Differentiate w. r. t. X.

2 3
d (logy) = a 2 log (x*+ 3) + — log (x*+5) — — log (2x* + 1)
dx dx 3 2

1 dy d 2 d 3 d
— = = 2-—|log (x*+ 3)| + ——[log (x*+5)] ———[log (2x®> +1
s ar = 2o 0w 3+ g Tlog (+5)] = 5 [log (¢ + 1)
_ 2 (x*+3) + d (x*+5) - d (2x*+ 1)
T X2 +3 dx 3(x3+5) dx 2(2x2 + 1) dx
dy

2
A (2x) + (3 2\ (4
dx y{x2+ 3 36675 ) " e ) X)}

dy (< +3)* 3/ (x*+ 5)° { 4x 2% 6X }

- = + J—
dx (2x + 1)3 X243 (X*+5) 2x¢+1

e’ (tan ) 3

(i) Lety = 7
(1 +x?)2 cos®x

Taking log of both the sides we get,
e’ (tan x) 3
3

(1 +x?)2 (cosx)?

logy = log ( j _ log [ (tan x)? ] Tog | (1 + x)? (cos x)*

=log e+ log (tan x)§ - [Iog (1 +x)2 + log (cos x)3}
3
=x?log e+ ; log (tan x) — 5 log (1 +x?) — 3 log (cosX)

3
logy =x2+ ; log (tan x) — 5 log (1 +x?) — 3 log (cosX)

/
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Differentiate w. r. t. X.

3
di (logy) = di {x2+ X log (tan xX) — — Iog (1 +x? —3log (cos x)}
X X

1dy 2 d/x) 3d d
- =__ +—— log (tan X)| + log (tan X) — | — | —— —|log (1 + x?)| — 3— | log (cos x
o = g 09 g Tog Gan o] +og (anx) ()= 4 Tlog (3] =3 . [log cos)]
x 1 d 1 3 3 d
_2x+—-—-— tan x) + log (tan x ———(cosx
2 tanx ( ) g ) 2(1+x2) dx( COS X dx( )
1 3
=2 +—- t 2x) + —log (t - (2X) — i
X 5 (cot x) (sec? x) > 0g (tan x) 20+ (2x) o5 sinX)
X  COS X 1 1 3X
=2X+ —x —— X + —log (tan x) — + 3 tanx
2 sinx cos’x 2 1+x2
dy 1 3X
—=y|2X+— 4+ —og (tan xX) — + 3 tanx
dx y{ 2sinxcosx 2 9( ) 1+x? }

dy e’ (tan X) 2

dx 1+ x2)2 Ccos®X

1 3X
2X + x cosec 2x + — log (tan x) — + 3 tanx
2 1+x

5 2
(iii) Lety=(x + 1)E (2x +3)2 (3x + 4)®
Taking log of both the sides we get,
3 5 2
logy =log [(x +1)2 (2x +3)2 (3x + 4)5}
3 5 2
=log (x + 1)2 + log (2x + 3)2 + log (3x + 4)°
3 5 2
logy :Elog (x+1)+5log (2x+3)+§Iog (3x +4)

Differentiate w. r. t. X.

%(Iogy) = d {3 log (x+1)+£|og(2x+3)+glog (3x+4)}

o

e =y log (o ]+ flog (¢ 2)] + - [log (3¢ 4)
~ 3 d 5 d 3 2 3+ 4
" 2n+D) o Y ey BT e g d_(x )

dy 3 . 5
&_y{Z(x+1) 2(3x+1)( ) 3(3x+4)( )}

3 5 2 3 15 2
g XX 3T (B 4y {Z(X v1) 2@+ 1) ax+ 4}

(iv) Lety =x*+ x*+ a*
Here the derivatives of x* and @* can be found directly but we can not find the derivative of X*

without the use of logarithm. So the given function is split in to two functions, find their derivatives
and then add them.

. SO .




Letu=x*+a*and v =x*
y =u+ v, where u and v are differentiable functions of X.
dy du dv
="+ ()
dx dx dx
Now, u = x* + a*

Diﬂerentiatew r.t. x.

S ) @
dx
du

—=ax'+aloga ... (1
dx

And, v = x*

Taking log of both the sides we get,
log v = log x*
log v =x log x

Differentiate w. r. t. X.

d
— (xlog x
dX( gx)

1
<}
(o]
=
I

—— = xi(log x) + log xi(x)
dx dx

— = v{xx%ﬂogx(l)]

— = xX[1+logx] ... (D)

Substituting (1) and (I11) in (I) we get,
?zaxal +a*loga+ x<[1+ log x]
X

(v) Let y = (sin x)tnx— xlogx
Let u = (sin x)®¥"*and v = x'o9*
y =u— Vv, where u and v are differentiable functions of X.

dy du dv
g a v 0
dx dx dx
Now, u = (sin x)*, taking log of both the sides we get,
log u = log (sin x)&"* log u = tan x log (sin x)

Differentiate w. r. t. X.
di (log u) = i [tan x log (sin x)]

ldu = tan X< [Iog (sin x)] + log (sin x) a (tan x)
u dx dx

= tan x 1 d (sin x) + log (sin x)-(sec?)
- sin x dx i
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And,

du 1 .
= u|tan x-——-(cos x) + sec? x-log (sin X)

dx sin x

du . .

— = (sin x)®*[tan x-cot x + sec? x-log (sin X)]

dx

du . .

™ = (sinx)®*[1 + sec?x-log (sinx)] ..... (1
X

V= X|Og X

Taking log on both the sides we get,

log v = log (x'9 )
log v = log xlog x = (log x)?

Differentiate w. r. t. X.

d d ,
™ (logv) = ™ [(log x)°]

tav 2 log xi(log X)
v dx dx
dv U[Z log x] _ 2x"9*og x

dx

X X

Substituting (1) and (I11) in (I) we get,

Collect the terms containing ™ on one side of the equation and solve for —.
X

dy

log x
™ = (sin x)®*[1 + sec? x-log (sin X)] — 2x—logx
X

1.3.2 Implicit Functions

Functions can be represented in a variety of ways. Most of the functions we have dealt with so far
have been described by an equation of the form y = f (x) that expresses y solely in terms of the variable
X. It is not always possible to solve for one variable explicitly in terms of another. Those cases where it
is possible to solve for one variable in terms of another to obtainy = f (x) or x= g (y) are said to be in
explicit form.

If an equation in x and y is given but x is not an explicit function of y and y is not an explicit function
of x then either of the variables is an Implicit function of the other.

1.3.3 Derivatives of Implicit Functions

Differentiate both sides of the equation with respect to x (independent variable), treating y as a
differentiable function of x.

dy dy

dx




@) SOLVED EXAMPLES J

Ex.1: Findd—y if

dx
(i) xX+xyP+xy+y*=4 (if) y®+cos (xy) =x2—sin (X +Y)

(iii) X2+ e¥ =y2+log (x +y)

Solution :

(i)

(i)

Given that : x* + xy* + x?y + y*=4

Differentiatew r.t. x.
d
- (X5) i (Xy3) i (Xzy) i (y4)——( )
d
5x* + X (y3) + y (X) + xz— (y) + y— )+ 4y3d—X (y)=0

5x4+x(3y2)—+y3 (1)+ng +y(20+ 4y3gy 0

X2 = dy + 3xy? = dy +4y3 jy =—5x'—2xy —y®
X

dx dx
(x*+ 3xy? + 4y°) % == (5x*+ 2xy +y’)
X

dy 5x* + 2xy +y°
dx | X3+ 3xy2+ 4y

Given that : y2 + cos (xy) = X* —sin (X +Y)

Differentiate w. r. t. X.

S oS ()] = 00) - [sin (e +y)]

d d d
3y> — (y) —sin (Xy) — (Xy) =2x —cos (X +y) — (X +Y)
dx dx dx

d d d
3y2—y—sin(xy) x—y+y(1) =2X—cos (X +Y) 1+—y

dx dx dx

dy ) dy ) dy
3y? —= —xsin (xy) —— —ysin (xy) =2x —cos (X +y) —cos (X +y) —

dx dx dx

dy dy dy :
3y? — —xsin (Xy) — + c0s (X +y) — = 2x + y sin (Xy) — cos (X +Y)
dx dx dx

d
[3y? — x sin (xy) + cos (X + Y)] d_i =2X +ysin (xy) — cos (X +Y)

dy 2x+ysin(xy) —cos (x +Y)
dx  3y2—xsin (xy) + cos (x +Y)
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(iii)

Ex.2:

Given that : x> + e =y2 + log (x +Y)

Recall that ig (fX))= g (fxx)) - if(x)
dx dx

Diﬁ”erentiatew r.t. X.

d d
o [e V)= (yz) + gy Hog (x+)]

dx
dy
2x+eXy Xy) =2y —+ — (x+
=2y erolX( y)
d d 1 d
2x +eX x—+y(1) 2y—y+ &
dx dx x+y dx
d d 1 1 d
2x+xeXY—y+yeXy 2y—y+ + Y
dx dx x+y x+y dx
1 d d 1 d
2X +yev — :2y_y—xexy_y+ _y
X+y dx dx x+y dx
dy
2x +ye¥ — :{Zy—xexu }—
X+y X+y | dx
2x(x+y)+yey (x+y)—1 [2y(x+y)—xe¥(x+y)+1]dy
X+y _[ X+y dx

dy 2x(x+y)+yev(x+y)—1

Tdx 2y (xty) xeT(xy)F1

Find x™-y" =

=(x +y)™*", then prove that ﬂ _Y

dx x

Solution : Given that : x™y"= (X + y)m*"

Taking log on both the sides, we get
log [x™-y"] = log [(x +y)™*"]
mlog x+nlogy=(m+n)log (x +Y)

Differentiate w. r. t. X.

m i (Iog X) +n i (|09 y)=(m+ n)% [log (x +y)]

n dy m+n d
—(X+y)
y dx X+y dx

m
X

m n dy m+n 1+ dy
x y dx x+y{ dx}
T+n dy m+n+m+n dy
X
n
y

y dx x+y x+y'&
dy m+n dy m+n m

“dx X+y dx X+y X




Ex.3: Ifsin L

n
Ly Xty
n

m+njdy m+n m
]dx_ X+y X

y (x+Y) dx X (x +Y)

u+w—mwnw]y_vm+mx—ma+w

y dx X
:nx—my dy nx-—my

Ty ]&: X

dy vy
dx X
pX™ — qy™
pX™ + qy™

'nx+ny—my—ny} dy_mx+nx—mx—my

j =r, then show that
dx

dy_y
X

Xm _ m
Solution : Given that : sin [wj =r

pX™ + qy™
pX™ — qy"
pX™ + qy"
X" —ay"
X" +aqy"
PX™ — gy = ptx" + qty"
PX™ — ptX" = gy + qty"
pA-)x"=q(L+t)y"

(p@-Y o
P laa+y

yr=sx™ L 0]

=sin’'r

Differentiate w. r. t. X

d d
&(y ):Sd_x(x )

dy
my" ' = =s-mx"""
¢ dx

m-1

ﬂ:s-x—xm*1
dX ymfl

m mel
%Zi_mx V=N [ From
X
dy_y
dx X

(]

t [Lett=sin"'r]

, Where r is a constant.

|

p(1-1
q(1-9

)

SOS



Ex.4: Ifsec™ T
X—y
Solution :  Given that : sec ™ (

3 _
cos ! X
X3+

X3_y3

3 3

X3_y3

= 2a, then show that — =

+

y ] =2a
y3
y3j

= CO0S 2a

2a

dy Xx’tan*a

— where a is a constant.
y

dx

[We will not eliminate a, as answer contains a ]

x3 —y3=x3cos 2a + y*cos 2a

x3 —x3cos 2a=Yy3cos 2a + y?

x3 (1 —cos 2a)=y3(1 + cos 2a)

|
|

y? = (tan? a)

2 sin?

y3

2 cos?a

1+ cos 2a

ajxa

X3

1 - cos ZaJ
X3

Differentiate w. r. t. X

d 3\ _ 2 i 3
- ()= (ara) — ()

3y2ﬂ = (tan? a) 3x2
dx

dy x*tan’a

ax Y

Ex.5: Ify:\/tanx+\/tanx+\/tanx+...oo,thenshowthat

sec? x
2y -1

dy
dx

Solution :

Given that:y:/tanx+\/tanx+\/tanx+ .\. OO

Squaring both sides, we get

y2

tan x + \/tan X ++/tan X + ... o, which is same as

y2

y2 = tanx+y

Differentiate w. r. t.

d d
— (Y =—(t +
- (¥) = (tanx)

X
dy

dx

tanx+\/tanx+\/tanx+\/tanx+...oo

[ From (1) ]




Ex.6:

If \/1—x2+\/1—y2:a(x—y),thenshowthat

Solution :
Putx=sina,y=sinf
a=sin"'x,B=siny

Equation (I) becomes,

V1 -sin2 o +V1-sin? p=a(sin o~ sin p)

Giventhat: V1—x2+V1—

y>=a(x—-y)

cos a + cos B =a (sin o —sin B)

2005[a+Bjcos[a_ﬁj:Zacos(aJrBjsin(a_ﬁj
2 2 2 2

cos(a_B]zasin (OHB
2 2

o—f
2
sin'x—sin'y=2cot'a

=cot'a

Differentiate w. r. t. X

d

— (sin"' x) —
™ ( )

1 1 dy

Vi Vi-y dc

dy [1-y
A 1-—x?

joafc

dy

dx

1-—y?
1-x2

=a

a—pB=2cot'a

d d
X (sin"ly) = X (2 cot' a)

(

dx
(1) Differentiate the following w. r. t. X
Qi ol
(x+2)°(x +3)*
.. 4x — 1
(i) . :
(2x+3)(5—2x)

(i) (@ + 3)2-sind 2x-2°

N

| EXERCISE 1.

|
3
Y,

4

) (X2 +2x + 2)%
(iv)
(\/x + 3)*(cos x)*
V) x°-tan® 4x
sin?3x

(vii) (sin x)*

(Vl) Xtanflx

(viii) sin x*

4




(2)

3)

(4)

Differentiate the following w. I. t. X.

(i) xe+x+ex+et (i) X" +e¥

(iii) (log x)* — (cos x)*

(iv) x¥ + (log x)s"*  (v) e®* + (log x)®"
(vi) (sinx)@* + (cos x)®o*

(vii) 10 + x¥°+ x10*

(viii) [(tan x)=] ™" at x = %

Findd—yif
dx
(i) X+Ay=+a (i) x\x+ Yy =aa

(i) x+\xy+y=1
(iv) X3+ x2y + xy? + y3 =81

(v) x2y2—tan'\x2+y?=cot /X2 +y?

(vi) xeY+yex=1 (vii) ex*Y=cos (x—Y)
(viii) cos (xy) =x+y (ix)e® ' = ?
(X) x+sin(x+y)=y—cos(Xx—Y)

Show that ﬂ = y in the following,

dx X
where a and p are constants.

(i) Xy =(x+y)*
(i) xPy* =(x+y)P** peN

(D sec(XSJr y5j = a2

X5_ y5
(iv) tan’! Ay _ a
3x2+ 4y?
. 7x4+ 5y* o
(v) cos 7XT5Y4 =tan'a
] X20_ y20
(Vl) IOg ( X20 + yZOJ =20
(vii) e =a

N .
(viii) Sm(x3+ y3j =a

‘

() ()

If log (x +y) = log (xy) + p, where p is

d 2
constant then prove that y_ Y

x X
N X =y
(i) Iflog,, Lmj =2,
99x?
showthatd—y:— X :
dx 101y?
Xt +y?
(iii) If log, iy =2,
12x3
showthatd_yz— X .
dx 13y®
(iv) Ifex+eYy=e**Y, then
dy .
show that ——=—eY %,
dx
=y =w
. T
(v) [Ifsin (x5+y5j Y
4
show that d_y = X—.
dx 3y*
(vi) Ifx¥=-e*", then
I
show that d_y = 09 X

dx (1+ log x)?

(vii) |fy=\/COSX+\/COSX+\/COSX+...oo,

dy sinx
then show that — = :
dx 1-2y
(viii) Ify=\/ log x + \/Iog X+ +/log X +... o,
dy

then show that — = )
dx x(2y-—1)

©

(ix) Ify=x* | then

2
show that d_y = y—.
dx x(1- logy)
(x) Ifey=yx then
| 2
show that d_y = M.
dx logy—-1




1.4.1 Derivatives of Parametric Functions
Consider the equations x = f (t), y = g (t). These equations may imply a functional relation between
the variables x and y. Given the value of t in some domain [a, b], we can find x and y.

For example x =a cos t and y = a sin t. The functional relation between these two functions is that,
x?+y?=a?cos?t + a?sin*t=a? (cos? t + sin? t) = a? represents the equation of a circle of radius a with
center at the origin. And the domain of t is [0, 2rt]. We can find x and y for any t € [0, 2x].

If two variables x and y are defined separately as functions by an inter mediating varibale t, then that
inter mediating variable is known as parameter. Let us discuss the derivatives of parametric functions.

1.4.2 Theorem : If x =f (t) and y = g (t) are differentiable functions of t so that y is a differentiable

dy
function of x and if % = 0 then & - &X,
dt dx

dt

Proof : Giventhatx=f(t)andy =g (t).
Let there be asmall increment in the value of t say 6t then x and dy are the corresponding increments
in x and y respectively.
As dt, ox, dy are small increments in t, x and y respectively such that 6t = 0 and 6x = 0.

. . .0
Consider, the incrementary ratio _y , and note that 5x - 0 = ot > 0.
dy
.0 < . X
ie. _y:% ,since — =0
ot

3t
Taking the limit as 6t — 0 on both sides we get,

3y

lim (Syj _lim (_g‘t j
X—> X
Sx 5t—0 5

Asot—>0,0x—>0

L ey
lim (Syj &) n
&x=0| oo | T 13 SXN e
X zls!To(ﬁj

Since x and y are differentiable function of t. we have,

lim (g} = % and lim (ﬂj = d_y exist and are finite .. ... (1D
5t—0 St dt 5t—0 St dt

From (I) and (1), we get

. §y dy

lim (_jz gt (1)

S

dx—0 Sx d_>t<

The R.H.S. of (III) exists and is finite, implies L.H.S.of (III) also exist and finite

lim (ﬂj _y
5x—0 6X dX

Thus the equation (111) becomes,

dy
dy_ gt where ¥ 0
dx 5




@) SOLVED EXAMPLES J

Ex.1: Find ﬂ if

dx
(i) x=at* y=_2at? (i) x=t—+t,y=t++t
(iii) x =cos (log t), y =log (cos t) (iv) x=a(0+sin0),y=a(1—-cos0)
(V) x=V1—-1t3 y=sin't
Solution :
(i) Given,y = 2at? (i) Given,y=t+t
Differentiate w. r. t. t Differentiate w. r. t. t
Y _ 00 9 2)=2a2t) = 4at. ... . (1) &y _ 9 o1
dt e~ o T dt dt NI
And, x = at* dy 24t+1
Differentiate w. r. t. t a: 4t T ()
d
T2 ey —a (@) = gar. .. (1) And, x=t =t
dt dt § Differentiate w. r. t. t
Now, o a4 [From (1) and (11)] d_d . yo-t
C ok % gap W a Y=o
dy 1 dx  2yt-1 n
dX _tz E— 2\/t— .....
2\/t—+1
dy & _af
Now, &z—i,j_)t(—z e ...[From (1) and (11)]
2t
dy 2\/T+1
dx  24t-1
(iii) Given, y=1log (cost)
Differentiate w. r. t. t
dy d 1 d 1 , dy
—=—l t))=—— t)=—-—(— t So—=—tant  ..... |
dt dt llog (cos )] cott dt (cost) cott( sint) t o M
And, x =cos (log t)
Differentiate w. r. t. t
dx. d . d sin (logt) dx sin (logt)
—= — logt)]=- logt)— (logt)=——————~ = —=———"= ..., I
= g 1005 (log )] == sin (log )- £ (log t) === - t (I
dy g—¥ —tan t
Now, FVi —g,_)t(— = g ...[From (1) and (11)]
- t
dy_ t-tant
dx  sin (logt)

. .



(iv) Given,y=a (1 —cos 0)
Differentiate w. r. t. 0
dy
do

y=asin9
dt

=adie[(l —cos )] =a[0— (—sin6)]

And, x=a (6 + sin 6)

Differentiate w. r. t. 0

d
X _ 2% (9+sing)=a(l+cos0)
dt  do

%:a(1+cose)
dt
dy %_ asino

Now, —= =
dx % a (1 + cos 6)

..[From (1) and
(1]

dy 2sin(3) - cos(3) 0
— = =tan| —
dx 2 cos?(9) ( j

(v) Given,y=sin't
Differentiate w. r. t. t

dy d .
E:a(smlt): 7
& ()
&« vi—¢
And, x=V1 —t?
Differentiate w. r. t. t
dx d 1 d
& T e Y
dx 1 t
@ el Y e W
By ¥ Vi-¢
Now, &:gz_%...[From(l)and(ll)]
0t 1—t
dy 1
dx ot

Find 2 if (i) x = sec?0,y = tan° 0, at O= " (i) x=t+ -y = att=—
dx - yEETR Ay AR A

(iii) x =3 cost — 2 cost, y = 3 sint — 2 sin®t, att:%

Solution :

(i) Given,y=tan®0
Differentiate w. r. t. 6
d d d
Yy_= (tan 6)® = 3 tan? 6 — (tan 6)
do do do
And, x = sec? 0

Differentiate w. r. t.

ox _ d (sec?6) =2 secO d (sec )

do do N do

j—g=23ec9-secetan9=23ec26-tan9
d

ﬂ: c% _ 3tan?6 - sec’0

dx _g—g_ 2sec’0-tan O
3

Now,

d
—y:3tan29-sec29

... [From (1) and (I1)]




1
(i) Given,y= 7

Differentiate w. r. t. t

dy d(1
E_dt(tzj

dy 2
L= |
dt t3 0
1
And, x=t+ n
Differentiate w. r. t. t
1 1
d_X:i(t+_j:1__
dt dt t t2
dx t?—1
—_— . |
dt t? (h
dy %’ e
Now, PR i ... [From (1) and (11)]
dat
tz
dy 2
dx  t(©-1)

1
At tZE’ we get

(iif) Given,y=3sint— 2 sin®t

Differentiate w. r. t. t

d
—~ =—(3sint—2sin%t
dt( )

d
=3 —(sint) — 2 (sint)?
L @) ~2(sint)

d
=3 cost—2(3) sinzta (sint)
=3 cost— 6 sin?t(cost)

=3 cost(1— 2 sin?t)

d
—y:3 costcos 2t

And, x =3 cost — 2 cos®t

Differentiate w. r. t. t

d
%:—(3 cost— 2 cos’t)
dt dt

=3 d (cost) —2 d (cos®t)
S dt dt
: d
= 3(—sint) — 2 (3) cos?t s (cost)

=—3sint— 6 cos?t (—sint)
=6 cos’tsint — 3 sint

=3sint (2 cos?t—1)

%: 3sintcos2t  ..... )
dt
Now dy §—¥ _3costcos 2t (From (1
’ dx__‘(’j—)t‘__Ssintcos 2t T
and (1]
dy
—=—cott
dx




1 1
Ex.3: |fx2+y2=t+Tandx4+y4=t2+t—2,then
d
show that X3y Y__ 1.
dx
Solution :
. 1
Given that, x* + y“:t2+t—2 ()
1
And X+y?=t+—

t
Squaring both sides,

sy =(1+7)

1

X+ 2xy?+yt=xt+yt+2 . [From (1)]
2 X%y2=2 xy2=1 ...(lD)
Differentiate w. r. t. X
d d
—(xy?)=—(1
o 0=
d d
X*—(y?) +y*—(x?) =0
o )y ()
X*(2y) ﬂﬂ/z (29 =0
dx
dy dy 2Xy?
X2 —— = — DxV2 2
Y dx X :>dx 2x%y
1
dy X[x_zj
Vi 2y ... [ From (11)]
dy -1 . dy
- . — =
dx x%y Xydx

Ex.5: Ifx=Va tandy=Va® ", then show that
X

Solution :  Given that,

Differentiate (I) w. r. t. t

1 1
Ex.4: Ifx=a (t—TJ andy="hb [t+ TJ’
dy b
then show that —— = —.
dx a¥

Solution :
. 1 1
Given that, x=a (t— TJ andy=hb (t+ Tj

e X ot-t mand Lote =
st Lot

Square of (I) — Square of (II) gives,

X2 y? . 1y’ t+12
a2 w‘( J ( J
=t2—2+——t2—2—i
2 2
a2 a

Differentiate w. r. t. X

1 d 1 d d
)= —(V)=— (-4
2 dx () b? dx(y) dx( )

x=a" tandy="a "t
e x="\ aSin"t o (|) and y= \[acos’lt

L @0~ @) =0
a? b? dx
a’ b? dx
2y dy 2x dy Db
B dx @ dx ay
dy b
dx ay
dy Y
X
)

d (= 1 d .
%:_( asn t] — __(asm t)
dt dt ZW dt

1

- d .
=————a" '-loga— (sin"'t
9 dt(l )

21 [asin’lt




B asin’lt . |Og a 1
T e AP
\Jasin 't | x log a
de_Nam tloga_ E% iy [From ()]
dt 2V1-¢ 2\1-t
Now y = Va«s 't
Differentiate (II) w. r. t. t
d (o 1 d
d_y:_[ aCOStj: __(acos t)
dt dt Zﬂacos’lt dt

. d
2% t.loga— (cos't)

1
PN dt
acos’lt . |Og a 1
- 2\/acos"t [_ \1-t2 j
d_y - Vacs 't log a:_%\/g_az. . (IV) ... [From (I1D]
dt 2\1 -2 -t

dy £ 7%
Now, d—iz—g’_i—z fﬁ: ..... [From (1) and (V)]
t Ned
&__y
dx X

1.4.3 Differentiation of one function with respect to another function :
If y is differentiable function of X, then the derivative of y with respect to x is d_y
X

Similarly, if u= f (x), v= g (x) differentiable function of X, such that (;_u =f'(x) and ? =0 (x)
X X

o

L ) Cdu 3 (X
then the derivative of u with respect to v is PV
&

g ()
@) SOLVED EXAMPLES ]
Ex.1: Find the derivative of 7*w. r. t. X'.
du
Solution : Let: u=7*and v = X, then we have to find v
du W And, v= X’
— = (D . .
dv _g—‘;_ Differentiate w. r. t. X
dv d
Now, u = 7 — =—X)=7x® )
) ) dx  dx
Differentiate w. r. t. X o .
du d Substituting (1) and (111) in (1) we get,
™ =&(7X)=7X|097 (1) ~ du_T7*log7
Todv 7x8

. .



Ex. 2 : Find the derivative of cos'x w. r. t. y1—x2.
du
Solution : Letu=cos'xand v= v1—x2 then we have to find —.
du @ dv
H dx
le. —= (1
v 0
Now, u = cos™ x
Differentiate w. r. t. X
du d
— =—_—(cos!'x) =— (N
dx  dx ( ) V1—x? (1n
And,v=11—-x2
Differentiate w. r. t. X
dv B d ( T57) = 1 d (1-x7) = 1 20
dx dx * )_2\/1—x2 dx 212
dv X
— == (1
dx \N1-x2
Substituting (I1) and (111) in (I) we get,
1
du s du 1
dv X dv x
1-x?
. . V1+x°—1 . 2X
Ex.3: Find the derivative of tan™'| ——— |w. r. . sm‘l( )
1+x2
VI+x2—1 _ 2X du
Solution : Letu=tan!{——|andv = sin™! , then we have to find —.
X 1+ x2 dv
du
dx
le.—= (1
v 0
VI+x-1
Now,u=tan!|———

Putx=tan0 .. 6 =tan' x

vl+tan?0—1 secO—1 050
u=tan'|————|=tan’ =|—eno
tan © tan ©
2 sin? \%\ 0
=tan" — —|=tan'|tan | 5
2sin|2 cos |3 2
L \2) 12/
6 1 |
u=5=5 tan~' x
Differentiate w. r. t. X
du 1d - 1 |
— =——(tan’'x) = Ce
dx 2dx 2(1+x?) an




. 2
And, vV :sm‘l[ X

v = 2tan'x
Differentiate w. r. t. X
il :Zi(tan*‘x): e (1])
dx dx 1+x2

Substituting (I1) and (111) in (1) we get,
1
du 20009 1

2t
i an 0
1+x2 1+tan? 0

j =sin™'(sin 20) =20

Wz 3
1+x?
( h
kEXERCISE 14 )
1) Findﬂ it (3) (i) Ifx=a+/secO —tan0, y=a+/secO +tano,
dx hen show th dy y
(i) x=at?,y=2at then show t at&_ ;
(i) x=acot0,y=Dhcosec0d (ii) If x = &3 y = g3 then
(i) x=+a>+m’y=log (a*>+m?) show tha dy  ylogx
(iv) x=sin0,y=tan0 dx  xlogy’
(v) x=a(l—cos8),y=Db(0—sin0) t+1 t—1
] 1)8 1 (li)If x = Y= , then
(vi) X:(HTJ Jy=a"t, t—1 t+1

)

wherea>0,a=1andt=0.
. 2t
(vii) x=cos™ ( . +t2j’ y=sec!' ({1 + )

,,, _ {2
(viii) x =cos™ (43 — 3t), y = tan™! (#j
t
Findﬂif
dx
(i) x=cosec?0,y=cot®0, at 6 :%
(i) x:ac0539,y:asin39,at9=g
. (mt it
x:t2+t+1,y:sm(—j+cos[—j,
2 2
att=1
(iv) x=2cost+cos2t,y=2sint—sin2t,

(iii)

T
att=—
4
(v) x=t+2sin(xnt), y=3t— cos(nt),
1
att=—
2

show that 2+d_y_0
y dx

(iv)If x=acos®t,y=asin®t, then

show that d_y =— [lJ g.
dx X

(V) Ifx=2cos* (t+3),y=23sin*(t + 3),

show that d_y =— /ﬂ.
dx 2X

(vi) Ifx=log (L +1t?),y=t—tan't,

showthatd—yz ver—1,
dx 2

(vii) If x =sin™! (et), y =1 — €7,

. dy
show that sin x + —=0.

dx
2bt 1—12
viil) If x = ,y=a ,
(i 1+t Y 1+ tzj
dx b2y
show that — = — —.
dy a2x

. .



(4) (1) Differentiate X sin X W. r. t. tan x. (v) Differentiate 3* w. r. t. log, 3.

2X
(i1) Differentiate sin! ( j

T+ 2 L , Cos X
X (vi) Differentiate tan™' T+sinx
— y2
W. r. t. cos™! m— : W. T t.sec! X
1+x2 S '
L ) X (vii) Differentiate X* w. r. t. x*"*,
(iii) Differentiate tan™ T
- X
N1+x2—1
1 (viii) Differentiate tan™! [—j
w. r. t.sec™! —1) X
A/ 1— x2
N . 1-x w.rttant | 202X
(iv) Differentiate cos™ T4 w. I. t. tan”! x. 1— 2x2

1.5.1 Higher order derivatives :

If f (X) is differentiable function of x on an open interval I, then its derivative f' (x) is also a function
on I, so f* (x) may have a derivative of its own, denoted as (f' (x))' =f" (x). This new function f* (x) is

called the second derivative of f (x). By Leibniz notation, we write the second detivative of

d (dyy d?%y

=f(x)asy"=f"X)=— | = |=—2=

y=fWasy =1" (9= (2] =
By method of first principle

. (f h) —f
f* (x) = LQ(MJ =%and
(f' (x+h) —f'(X)j _ dry

f" (x) = lim - ==

h—0

. . S d
Further if f (X) is a differentiable function of x then its derivative is denoted as d_[ ' ()] =" (x).
X

Now the new function f™" (x) is called the third derivative of f (x). We write the third of y =f (x) as

2 3
y"=f" ()= i (ﬂj = ﬂ . The fourth derivative, is usually denoted by f @ (x). Therefore
dx Ldx?) dx®
dy
f@(x)=—.
) ™
In general, the n™ derivative of f (x), is denoted by f ™ (x) and it obtained by differentiating f (x),

. : R d .
n times. So, we can write the n'"derivative of y =f (x) as y™ = f ® (x) = d_y These are called higher order
Xn
derivatives.

Note : The higher order derivatives may also be denoted by y,, y,, ..., Y.

= &




For example: Consider f (X) =x3— X
Differentiate w. r. t. X
d
f'X)=— | f(X)] =3x*—1
(9= [100]
Differentiate w. r. t. X
d
f"X)=— | f' (X)] =6x
(9= [1 (]

Differentiate w. r. t. X
d
flll X - fll X — 6
(x) ™ [ ()]

Which is the slope of the line represented by " (x). Hence forth all its next derivatives are zero.

Note : From the above example we can deduce one important result that, if f (x) is a polynomial of
degree n, then its n™ order derivative is a constant and all the onward detivatives are zeros.

@) SOLVED EXAMPLES ]

Ex. 1: Find the second order derivative of the following :
(i) x*+7x2—2x—-9 (i) x%e
(iv) x?log x (v) sin (log x)

(iif) e*sin 3x

Solution :

(i) Lety=x*+7x2—2x—9 (ii) Lety=x%e

Differentiate w. r. t. X

dy d
—=—3+7X*-2Xx—9
dx dx ( )
d

el =3x°+14x -2

dx

Differentiate w. r. t. X

d (d d
(—yj: — (32 + 14x - 2)
dx

dx Ldx
2
DY ex+14
dx?
L

Differentiate w. r. t. X

dy d -
o ax )
dy_

d d
__XZ_ eX +eX_ XZ
dx dx () dx ()
ﬂ: X2eX + 2xe* = e* (X2 + 2X)
dx

Differentiate w. r. t. X

d (d d
o (d—i} ax L& (T 2x)]

dx® d
=eX(2x+ 2) + (x> + 2x) (e9)
=(X*+4x +2) e

d’y

W=(x2+4x+2) e

d d
—— = — (X2+ 2X) + (x2+ 2x) — (&Y
X dx



(iii) Lety =e*sin 3x

(iv)

Differentiate w. r. t. X
dy
dx

j_i = e?(cos 3x) (3) + sin 3x (e%) (2)

d d d
= — (e*sin 3x) = e — (sin 3x) + sin 3x — (%)
X dx dx

dy
dx
Differentiate w. r. t. X

= e%(3 cos 3x + 2 sin 3x)

d(d d
™ (d—ij rm [e2¢(3 cos 3x + 2 sin 3x)]

2 d
3 32/— e — i (3 cos 3x + 2 sin 3x) + (3 cos 3x + 2 sin 3x) (eZX)
X

= e[3 (- sin 3x) (3) + 2 (cos 3x)(3)] + (3 cos 3x + 2 sin 3x) €2(2)

= e[~ 9 sin 3x + 6 cos 3x + 6 cos 3x + 4 sin 3x]

2
Y = e*[12 cos 3x — 5 sin 3x]
dx?
Lety = x2 log X (v) Lety=sin (log x)
Differentiate w. r. t. X Differentiate w. r. t. X
dy d & _9d
v (x2 log x) o dx [sin (log X)]
dy . d d W _ cos tog ) -2 (1o
o= g (09 %) +log x— () ™ (log x) - (log x)
dy 1 dy cos (log x)
T+ logx (20 W
dy 1+21 Differentiate w. r. t. X
&_x( 09 X) d (dyj_ d [cos (log x)
Differentiate w. r. t. X dx \dx/) dx X
i [ﬂj = i [x (1 + 2 log x)] d2y X 5 [cos (log x)] — cos (log x) % %)
dx \dx
& dxz X2
y
e d X_ (1+2logx)+ (1 +2log X) v (X) x [~sin (log X)] & (log X) — cos(log X)(1)
2 =
=x-Z+(1+2logx) (1) | S
dy ’ — X099 _ s65(log x)
=3+ 2logx =
dX X2
d?y  sin(log x) + cos (log x)
dx2 X2




d?y

Ex.2: —
dx?

Find

if, (i) x = cot”! ( Vlt_ v

Solution :

(i) x=cot’! [—“lt_tzj

1+¢2

and x = cosec™! ( j

Putt=sin® .. 0=sin"'t

V1 — sinzej= COtl(

sin 0
x =cot'(cotf) =0 Sox=sin't

X = cot™! [

no

sin 0

Differentiate w. r. t. t

)and X = COSec™

2

(1+t
2t

)(ii)x:acos3e,y= b sin®6 atezg
2
y=cosec‘(

e (5]

S O=tan't
j: sin"!(sin 26) = 20

1+

1+t
Putt=tan 0
2tan 0

=sin”! | ————
d [ 1+tan’6

y=2tan't

Differentiate w. r. t. t

dx d 1 dy d
—=—(sin™! = . _:2— tanilt: P “
gt~ a oY [\/Tﬁ) ® gt 2y 1+t an
We know that,
dy %’ 1+ dy 21—t
—= = ... [From (1) and (Il T e —
5 &I PO [1V+t2j
Differentiate w. r. t. X
ddy _d (241-¢
dx dx  dx 1+ 2
®y _d (JT-g) dt
—_— = —_— —_— X_
dx? dt 1+ dx
A+ SWT-0) -T-22@1+)] 1
=2 x X ——
2 dx
i (1+7) @
[+ L S(\I-0) -1-2(t 1
=2 x ( )Zﬂdtaﬂzf v (2 x —— [From (1)]
L 1-t?
(1+?) L (—20-2t(N1-0)
g, O 202 NTE
| 1+t
A+t -2 (NT-8)
=2 X 2V1(T+t2)2 X\/th
[t +)-2t(1 -1 —t— 13- 2t+ 28
:2)(_ (1+t2)2 :2)( (1+t2)2
[ t8— 3t
:2X_(l+t2)2:|
d’y  2t(t-3)
e (1+18)°
o SOe S



(i) x=acos*0,y=Dbsin®6 atezg

Solution :
Given that : x =a cos®6
Differentiate w. r. t. 0
dx d
do  do

dx )
—=-3a.c0s?0 sinO

y=Dbsin®*0

Differentiate w. r. t. 0

30) = 2 d d_y—i in30) — in2 i ;
—=—(acos*0) = a(3) (cos 9)%(0039) 4" do (b sin®0) = b (3) (sin?0) % (sin©)
dy .,
() %_Bbsm 0 cosO )

de

We know that,

dy g—g_ 3b sin®6 cos O
b =
0

dx :_g—_ —3ac0s?0 sin®
d b

Y- —-tan0

dx a

Differentiate w. r. t. X

d(d b d
AN ———(tan0)
dx| dx a dx

@y b d 4o
- L (tanf) x —
o = ade (nOxg

b 1
=——(sec’0) x -
a B
1
—3ac0s?0 sin®

b
=——(sec’0
— (s6c%0) x

dy b y sec? 0
d 3a cos?0sino
d’y  bsec'6

dx2  3aZsin®

When 6 _T
4

(dzyJ . bsec'(5) b(\2)*

na  3a’sin(%)  3a? (%)

d2y B 4\2b
(60)oz

a -~ 3a2

... [From (1) and (I1)]

... [From (1]

SOS
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Ex. 3 : Ifax?+ 2hxy + by?= 0 then show that % =0.
X
Solution :  Given that ax? + 2hxy + by?=0 ()
ax?+ hxy + hxy + by?=0
x(ax + hy) + y(hx + by)=0
y(hx + by)=— x(ax + hy)
Yy __axshy .
X hx + by

Differentiate (I) w. r. t. X

a2 0 +2n L )+ L =0
dx ax Y ax VT

dy
a(2x) + 2h ad

+y(1) [+b (2 dy—0
™ Y()} (Y)&—

2 ax+hxdy+h +b dy =0
ax Y|

(h +1:>)—Oly ax—h
X =—ax—
" 5 y

dy ax+hy

dx  hx+by

From (I1), we get

dy y

X )

Differentiate (III), w. r. t. X

d(dyy d(y

dx ldx]  dx| x

dy  xP-y@) x(¥)-y

d_xZ = dXX2 = (XXJZ ... [From (1) ]

2 —

dx2 X2
dzy  dy

Ex.4 : Ify=cos (mcos' x) then show that (1 — x?) F—x&+ m2y = Q.

X

Solution :  Given thaty = cos (m cos™ X)
cos'y=mcos!x
Differentiate (I) w. r. t. X
i (cos'y)=m i (cos' x)
dx dx

1 _dy m
1-y2 dx  1-x

‘



m —w—
Squaring both sides

dy)?
1=x) 12| =m2 (1 — 2
(1-0)-[G] = (1)
Differentiate w. r. t. X

(-0 2] +[ 2] 0w S

(1 xz)Z[dyj 4 (dyj [dyj (-2 =m? (- 2y)—

dx /) dx |dx dx

dy d?y dy dy
2(1 —x?)-— —=—2x|—| =—2m?y =
( X) dx dx? X[dxj mydx

d
Dividing throughout by 2d—i we get,

d’y dy

(1-x)-5 7~

dx? de -y

dy dy
(1 _Xz)'W_X&'F mzyZO

dry  dy
)W—x&—mzyzo.
Solution : Giventhatx=sint .. t=sin"'x
andy=e™ . y=emsmx (])
Differentiate w. r. t. X
% = %(ems"‘l x) = gmsin”x m d (sm X)
dy m-emsin ' x

&: \1—x2

dy
V1 —x2—=
X dx

Squaring both sides

dy)?
1=x) -2 =ma2
(1-x) [dxj m?2y

Differentiate w. r. t. X

(1- z)&(j_ij (%jzi (1- x2)=m25—x )

( ) (dxj ddX (gi) (dyj C2o=m (Zy)_

Ex.5: Ifx=sint, y=e™ then show that (1 — X

=my ... [From (1]

/,
. SOe
AN



dx dx? - dx dx

d
Dividing throughout by 2d—2(/ we get,

dy d? dy\? d
2(1—X2)- y._y 2X(_y) :2m2y—y

.dzy—

7 Xﬂz 2
dx? dx

mey

(1-x)

dy dy
1 -X)——-x—-m¥y=0
( X)dx2 de my

1.5.2 Successive differentiation (or n™ order derivative) of some standard functions :

Successive Differentiation is the process of differentiating a given function successively for n times
and the results of such differentiation are called successive derivatives. The higher order derivatives are
of utmost importance in scientific and engineering applications.

There is no general formula to find n™ derivative of a function. Because each and every function has
it's own specific general formula for it's N derivative. But there are algorithms to find it.

So, here is the algorithm, for some standard functions.

Let us use the method of mathematical induction whereever applicable.

Step 1 :- Use simple differentiation to get 1%, 2" and 3" order derivatives.

Step 2 :- Observe the changes in the coefficients, the angles, the power of the function and the signs of
each term etc.

Step 3 :- Express the n" derivative with the help of the patterns of changes that you have observed.
This will be your general formula for the n™ derivative of the given standard function.

@) SOLVED EXAMPLES J

Ex. 1: Find the n" derivative of the following :

(i) xm (i) L (iii) log x
ax+b
(iv) sin x (v) cos (ax + D) (vi) e¥sin (bx +c)
Solution :
(i) Lety=xm Differentiate w. r. t. X
Differentiate w. r. t. X i ﬂ —m-(m—1) i (x"-2)
dy d . dx | dx? dx
—=— (" =mx""!
dx —dx day—m(m—l (m—2)x"3
Differentiate w. r. t. X e ) )
d (dy d In general n™ order derivative will be
— | =Z=m—xm-! dn
dx (dxj dx Y =m-(m—-1)-(m-2)...[m—(n— )] x""
d2y dx"
—— =m:(m-1)x"? dny
dx o~ =m-(m—1)-(m-2)..[m—n+1] x" "

. .



case (i) :- If m>0and m>n, then
dy m-(m-1)m-2)..[m-(n-1]-(m-n).21

men
dx" m-n)-[m-n-1]..2-1
dvy _ombxnor
dx"  (m—n)!
case (i) :- If m>0and m=n, then case (iii) :- Ifm>0and m<n, then
dy nL.xm " nlx° dy
dx  (n—n)! 0! dx"
. 1
(i) Lety=—— (iii) Lety=log x
ax+b . .
Differentiate w. r. t. X
Differentiate w. r. t. X d
Y_ @ ogx) =2t
ﬂzi( 1 J -1 ( +b) dx dx J X
dx dxlax+b) (ax+b)? dX Differentiate w. r. t. X

dy_(Da d(dy) d (1
dx (ax +hb)? dx (&j ~dx (;]
Differentiate w. r. t. X d2y - 1 ) (- 1)t

d[dj - )()_[ 1 ) N GG
dx dx | (ax +b)2 Differentiate w. . t. X
0@ ) (Pl

(ax b)3 dx dx(dxzj T e
dzy: (- 1*2-1-a d3y . -2 (- 1)*1-2
dx? (ax + b)? e =D ( X3 j: X3

Differentiate . I’ t. X In general n' order derivative will be

V) crporael( t d 1y 11.2:3 1
dx | dx2 dx | (ax + b)® y_cyrit2s. -
dx" X"
Yot 0 b d !
T (- .2.1.92. ._ n 1y -1.(n— 1)
dx® D 4 (ax + b)* dx (8x +b) y:( D= 1!
dxn X"
dy (- 1)-3-2-1-a
d®  (ax +b)*

In general n" order derivative will be
dy (—D"n(n—1)..2-1a"
dx (ax + b)"*1

dy (- Dmnla"
dx"  (ax +b)"*?

/
. O@O .
AN




(iv) Lety=sinx
Differentiate w. r. t. X
dy
dx
dy . [n j

—=sin | +X

dx 2

Differentiate w. r. t. X

d (9 = d sin [E+xj

dx ldx | dx 2

2

a5 g5
W_COSZ X&Z X

d
=—(sin X) = cos X
dx

dzy | (n T )1
— = —+ -+

e sin 55 x| (1)
d2

y . (2n
W—Sln(z +Xj

Differentiate w. r. t. X

d (d?y) d sin 2n+
— | —Z|=—]sin|—=—+x
dx | dx? | dx 2

d®y 21 d (2n
W:COS(?+XJ& ?+X

I
=sin 2+ > +x|(2)
d®y 3n
%_Sln(z +Xj

In general n order derivative will be

dvy _(nx
——=sin|—— +X
dxn 2

v)

Lety = cos (ax + b)
Differentiate w. r. t. X

W _ 9 eos (@x + b)]
dx  dx ;
=—sin (ax + b) — (ax + b)
dx
T
=cos(5+ax+b) (@)
dy —acos(E+ax+bj
dx 2

Differentiate w. r. t. X

d(dyy d (n j
—|—|=—1]acos|-+ax+h
dx \dx ) dx 2

d (d d

Bl e =a— cos(E+ax+bj
dx | dx dx 2

se=e [ onlz e[ [pe ey
——al|-— —+ax+b||—|-+ax+
0 a Sin 2 ax ax |2 ax

T T

:acos(§+§+ax+bj(a)

dy 2n
W_a cos(2 +ax+bj
Differentiate w. r. t. X
d(dy)y df_ 2n

&[W :&[a cos( 5 +ax+ bﬂ

d (d?y , d 2n
&[W =a d—)({cos[2 +ax+bﬂ

ey [ . (2_n+ +bj ol(Z_rc+ +bj
W—a I Sin 2 ax & 2 ax

) (n 21 bj
= —+—_—+ax+
a2 cos PR ax (@)

ddy 5 (375 bj

— = —+ax+

Ve a’cos | -~ + ax

In general n order derivative will be

dn

dx"

nm
:a"cos(?+ax+b)




(vi) Lety=e*sin (bx + c)
Differentiate w. r. t. X

d _d [esin (bX + C)] = eaxi [sin (bx + ¢)] + [sin (bx + c)] l (e)
dx  dx dx dx

d d
= e*cos (bx + C)d_x (bx +c) +sin (bx +c) - e i (ax)

=e®[ b cos (bx + c) +asin (bx + ¢)]

= e™[a? + b? \/aszszOS(bX-I-C)-I-\/aZaTbZ sin(bx+c)}
b ) b b
Letm:SIn a’\/mzcosa’a:tawl (5] ()]
j—i=e“\/m[sina-cos(bx+c)+sin(bx+c)-COSa]
dy L
&:eﬁ‘x(a“bz)2 -sin (bx + ¢ + )

Differentiate w. r. t. X

d (d d L

&(d—ijzg{e”(aubzﬂ - sin (bx+c+a)}
L d

=(a?+b?)? -&[eax-sin(bx+c+oc)]

L d d
=(a?+b??2 {eax— [sin (bx + ¢+ a)] + [sin (bx + ¢ + a)] — [eax]}
dx dx
L d ) d
=(a?+b?2 |e*cos (bx +C + o) X (bx + ¢+ a) +sin (bx + ¢ + a)- eaxd—x (ax)

1
=e*(a2+ 0?2 [bcos (bx +c+a)+asin (bx +c+ a)]

1 b a
=e™(a?+h?)2 \a?+b? cos (bx+c+a) + sin(bx+c+a
( ) L/m ( ) \aZ+b? ( )}

2 2
d_xi,: e*(a2+b?)2 [sinocos (bx+c+a)+sin(bx+c+a)cosa] ...[from ()]

2y E
v e*(a’+b?)?2-sin (bx +c + 2a)

Similarly,

dy £l

W:eax(a2+b2)2-sin (bx + ¢ + 3a)

In general n order derivative will be

dvy no b
v e (a2 +b?)2- sin (bx + ¢ + na) where o =tan™" | —|.
a

= &




-(EXERCISE 1.51'

N J

(1) Find the second order derivative of the (vii) 1f2y=~/x+1+~x—1,

following : , show that 4(x — 1) y,+ 4xy, —y =0.

Q) 2X5—4X3—?—9 (ii) e - tanx (viii) Ify = log (X+\/m)m,

2
(iii) e* - cos 5x (iv) x® log x show that (x? + a?) ﬂ +X d_y -0
dx? dx
(v) log (log x) (iv) x* (ix) Ify=sin(m cos'x) then show that
o2 dy dy

(2) I:indd—x)zlofthe following : (1 _XZ)W_Xd_X"’mZy:O

(i) x=a(®—sin6),y=a(l—cos0) (x) Ify=log (log 2x), show that

(i) x=2at?,y=4at xy,*y, (1+xy)=0.

T
(ilf) x=sin 6,y =sin®6 when 6 = > (xi) If x2+ 6xy +y? = 10, show that
i 0 bsin6ato z Ty__&

(iv) x=acosO,y=bsin0at =7 e (Bx+y)

(3) (i) Ifx=at®andy = 2at then show that (xii) Ifx=asint—bcost,y=acost+bsint,
dy 0 dy X2 + 2
Woge T8 show that —. = — =Y,
dx? y?

(i) Ify=ema'x show that

d2y dy (4) Find the n™" derivative of the following :

@Q+x)—+2x—-m)—=0
e o () (ax+b)" (i) =
X
(ili) Ifx=cost,y=e™show that
d?y  dy (iii) ex*P (iv) arx+a
1 =% —— —x—2—m2/ =
( X)dx2 de m2y =0 _
(v) log (ax +b) (vi) cos x

(iv) Ify=x+tanx, show that
d? vii) sin(ax+Db viii) cos (3 — 2x
coszx-d—)z—2y+2x:0 (Vi) ( ) (vilf) cos )
(ix) log (2x + 3)
(v) Ify=e*-sin (bx), show that

1
y,—2ay,+(a+b)y=0 ) 3X—5
i X3 — 5y8
(vi) Ifsec (Y)(Tsillgj:m, (xi) y=e*-cos (bx +c)
d2y .. _abx, 6x + 7
show thatﬁzo. (xii) y=e®: cos (6x +7)
X

. .



/—ﬁﬁ Let us Remember

&% Ifafunction f (x) is differentiable at x = a then it is continuous at x = a, but the converse is not
true.

% Chain Rule : If y is differerentiable function of u and u is differerentiable function of x then y

L . : dy dy du
is differerentiable function of X and —=——
dx du dx
&% Ify =1 (x) is a differentiable of X such that the inverse function x = f ~!( y) exists then
1
dy dy
—=——,  Where—#0
dx  dy dx 7
dx
&% Derivatives of Inverse Trigonometric functions :
f(X) sin ' x cos ' x tan ' x cot 'x sec ' x cosec ! x
1 1 1 1 1 1
L) NI=%" | 1-x"| 1+% 1+x | x¥-1 | xx-1
X <1 x| <1 x c R XxeR x| <1 x| <1

&% This is a simple shortcut to find the derivative of (function) (function)

d
_f9=fg{%.f'+(|og f).g'i|

dx
&% Ify=f(t)andy =g (t) is a differentiable of t such that y is a function of x then
dy
dy dt dx
—=—+,  where—#0
dx  dx dt g
dt
% Implict function of the formx™y"= (x + y) ™*" ' m, n € R always have the first order derivative
dy y o dy
— = — and second order derivative — =0
dx x dx?
AN
r !
-L\MISCELLANEOUS EXERCISE 1 H

(I) Choose the correct option from the given alternatives :

(1) Letf(1)=3,f'(1)=— % g(l)=—4andg' (1) = —% . The derivative of \/[ f ()] + [g 0T

w.r.t.xatx=1Is

29 7 31 29
(A) — 3¢ (B) 3 © I (D) I

= &




)

©)

(4)

()

(6)

(1)

(8)

(9)

(10)

d
Ify =sec (tan"' x) then d_y atx=1,isequal to:
1 ’ 1
(A) % (B) 1 ©) N (D) N2
1
47
Iff(x)=sin"' 1+ g | which of the following is not the derivative of f (x)
2:4%log 4 4*+1log 2 4<+1log 4 22+ 1 Jog 2
() 9% B — = (0 —~ 0=
1+ 4% 1+4% 1+ 4% 1+2%
If x¥=y* thenﬂ =
, roliadt
R x(xlogy—vy) o y (ylog x—x) . y? (1 - log x) 5 y(1 - logx)
A y (ylog x —X) B) X (xlogy—y) (©) x*(1—logy) () x(1—logy)
dy
Ify=sin (2 sin”! x), then — = ...
y =sin (2 sin”! x), then i
2 —4x? 2 +4x? 42— 1 1 —2x?
A B C D
RN ® % © % O %
vt | — v sinl 2t | ]| hen & _
y =tan LT sin| 2 tan L+ x 1 en&_...
X 1 —2x 1 —2x 1 —2x?
A B C) —/—— D
W e ® % © i~ O %
If y is a function of x and log (X + y) = 2xy, then the value of y' (0) = ...
(A) 2 (B) 0 ©) -1 (D) 1
If g is the inverse of a function fand f' (x) = % , then the value of g¢' (x) is equal to :
+ X
(A) 1+x ®———  ©1+fg0] (O
1+[9(x)]
dy
IfX\/y+1+y\/x+1:Oandx¢ythen&:...
X
A B) - C) (1 2 D) ———
A o ® ~ 1 (© @+ (0) -7
a—X dy
Ify=tan'| | —— |, where —a<x<athen— = ..
a+x dx
A * B : C : D -
W) 7w ®) e © @ O o@x

. .



(11) Ifx=a(cos O +6 sinB),y=a (sin 6 — 6 cos 0) then[—z} .

d?y

dx? Je=7
82 82 ar 4~2
(A) V2 (B) - 82 € —— (D) V2
an an 82 an
d?y . dy
(12) Ify=acos (log x) and AF + B& + C =0, then the values of A, B, C are ...
X
(A) X% —x, -y (B) ¥ xy (C) x5 x -y (D) ¥, —xy
(I) Solve the following :
(1) f(x)=—x, for—2<x<0 g(x) =6 —3x, for0<x<2
2x—4
= 2X, for0<x<2 =3 for2<x<7
18 — X
= 4 for2<x<7

Let u(x) = f [ g()], v(x) =g [ f ()]

and w(x) =g [ g(x)].

Find each derivative at x =1, if it exists i.e. find u' (1), v' (1) and w' (1). if it doesn't exist then

explain why ?
(2)  The values of f (x), g(x), f* (x) and g' (x) are given in the following table.
X o) 1 9 | F' () | 9 ()
-1 3 2 -3 4
2 2 -1 =5 —4
Match the following.
A Group - Function B Group - Derivative
d I. -16
() 5 [f @) atx=—1
d 2. 20
®) —[g(fo-1)]atx=—1
%X 3. 20
(C)&[f(f(x)—3)]atx:2 4 15
d
(©) 5 [9(gea)]atx=2 5. 12

(3)  Suppose that the functions f and g
valuesat x=0and x = 1.
X 100 [ 90 [F () [9" (X)
0 1 1 5 i
3
8
1|3 | 4| ]2
3 3

and their derivatives with respect to x have the following

(i) The derivative of f [ g(X)] w. . t. xatx=0is
(i) The derivativeof g [f (X)]w. . t. xatx=01s

(iiii) The value of P [XO + f (X)]_z}
dx

X=

(iv) The derivative of f[(x +g(X)]Jw.r.t.xatx=0is

4




(4)

()

(6)

(7)

Differentiate the following w. r. t. X

o X IR B B
(1) sin|2tan 1+ x (i) sin?| cot [ —x

I - L+x—+1-
(i tan | <G —9 (iv) cos” VL*x =1 =X
| 1—3x 2
1 —10x? . V1+ X2+ X
(v) tan’! 2j+cot‘1[ Oxj (vi) tan‘{ —}
1+ 6x X 1+ X2 — X
d 2
Q) If\/y+x+\/y—x:c,thenshowthatd—i:%—/%—1.
d 1-y2
(i) Ifxxll—y2+yx/1—x2:1,thenshowthatd—i:— 1_;.

- : : dy sin’(a+y)
(i) If x sin (a +y) + sina cos (a +y) = 0, then show that&:W'

: : : dy sin’(a+y)
(iv) If siny =xsin (a +y), then show that - sna

dy x-—y

X
— 7 - =
(v) Ifx=eV ,thenshow that ax~ xlogx

: L . : d*x dy\” d’y
(vi) Ify=f(x) is a differentiable function then show that — = — .

dy? dx | dx?
1[ 2 1[ —y2
(i) Differentiate tan™! w w. . t. tan™! u )
X 1 —2x?
V1+x2+X
(ii) Differentiate log | ———|w. r. t. cos (log x).
V1 +x2—x
V1+x2—-1 1+1+x2
(iii) Differentiate tan”! | ———  |w.r.t. cos™! | [———— |.
X 241+ %
d’y a?b?
i) Ify?=a%cos?x + b?sin?x, showthaty + — = )
(i) Ify Y+ o v

2

d d
(if) Iflogy = log (sin x) — x?, show thatd—XZ + 4x d_i +(4x*+3)y=0.

de | dx

(iv) If y=Acos (log x) + B sin (log x), show that x*y, + xy, + y=0.

d? dy\?
(iii) If x=acos 6,y=bsin 6, showthata{y y+[ y”+b2:0.

(v) Ify=Ae™+Be™ show thaty,—(m+n)y + (mn)y=0.

|
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2. APPLICATIONS OF DERIVATIVES

@ Let us Study J

e Applications of Drivatives to Tangents and Normals e  Derivative as a rate measure

e Approximations
e Rolle's Theorem and Lagrange's Mean Value Theorem. e  Increasing and Decreasing Functions

e Maxima and Minima

|
e Continuous functions.
e Derivatives of Composite, Inverse Trigonometric, Logarithmic, Parametric functions.
e Relation between derivative and slope.
e Higher Order Derivatives.

Let us Recall ]

2.1.1 Introduction :

In the previous chapter we have studied the derivatives of various functions such as composite
functions, Inverse Trigonometric functions, Logarithmic functions etc. and also the relation between
Derivative and slope of the tangent. In this chapter we are going to study various applications of
differentiation such as application to (i) Geometry, (ii) Rate measure (iii) Approximations (iv) Rolle's
Theorem and Lagrange's Mean Value Therorem (v) Increasing and Decreasing functions and (vi)
Maxima and Minima.

%@; Let us Learn J

2.1.2 Application of Derivative in Geometry :

In the previous chapter we have studied the relation between derivative and slope of a line or slope
of a tangent to the curve at a given point on it.

Lety = f (x) be a continuous function of x representing a curve in XY- plane and P (x,, y,) be any
point on the curve.

d
Then {—y} =[f' (X)]<x1, v represents slope, also called gradient, of the tangent to the curve at
(E)

P(x,,y,). The normal is perpendicular to the tangent. Hence, the slope of the normal at P will be the negative
of reciprocal of the slope of tangent at P. Let m and m' be the slopes of tangent and normal respectively,

= 2




1

_ 5
E
(X, yl)

d
if {—y} £0.
dX Jo, vy

dy

Equation of tangent at P (x,, y,) is given by y=y,=mX-x)iey-y = {—} (X=x)
X3 ¥y

and equation of normal at P (x,, y,) is given by

1

y_y1=m'(X—X1)Wherem':—W
dx

dx

Ex. 1 : Find the equations of tangent and normal to the curve at the given point on it.

|

(iii) x=2sin*0,y=3cos*0at 06 =

1
(1) y:2x3—x2+2at(?2

4

Solution :

(i) Giventhat:y=2x3—x*+2

Differentiate w. r. t. X
d

dx

1
Slope of tangent at (?, 2

1
2

(2x3 — X2+ 2) = 6x> — 2X

nof3f

1
Slope of normal at (? 2) =m'=-2

Equation of tangent is given by

) 1 1 v 4 2x—1
A Y e
4y—-8=2x—-1=2x-4y+7=0
Equation of normal is given by

1
y—2:—2(x—3):>y—2:—2x+1

2x+y—-3=0

1

2

|

(i) xX*+2x?’y—9xy=0at(2, 1)

(ii) Given that : x* + 2x°y —9xy =0
Differentiate W. r. t. X
dy

dy d d
X+2 | X—=—4+y— X |-9|x—=—+y—X)|=0
( dx ydx( )j ( dx ydx( )j

3x2+2x2ﬂ+4xy—9xy—9y:0
dx dx
dy dy 9y —4xy — 3x?
2X2=9x)—=9y—4Axy—3x%.. —=
(2x°=9%) dx YRy dx 2x% — 9x

Slope of tangent at (2, 1)
(dyj _m_9(1)—4(2)(1)—3(4)_9—8— 12
dx) o -

2(4) —9(1) 8-9
—11
m=—— - m=11
-1
Slope of normal at (2, 1) =m'=— 1

Equation of tangent is given by
y=-1=11x—-2)=11x-y—-21=0
Equation of normal is given by

1
y—lz—ﬁ(x—2):>lly—11:—x+2

X+11ly—-13=0




(iii) Given that: y=3c0s%0 Now, x =2 sin®6
Diﬂerentiate w. r.t.0 Differentiate W.r.t. 0
d
dy 3 — (cos 0)% =9 cos? 6 — (cos 0) > 2 — (sm 0)% =6 sin? 6 — (sm 0)
de do
. d )
d—y:—9003295m9 —X:6sm290039
do do

We know that

dy_ g—i 9 co0s?0 sin 6 3

— = r=———————=——C(0t0

dx & 6 sin?0 cos 0 2
T

Slope of tangent at 6 = 2 IS

dy 3 T 3

—_— . = MmM=——c¢Cot| = |=——

[dxje—z 2 [4} 2
T 2

Slope of normal at (9 = —) =m'=—
4 3

When, 0 =~

en, =2

x:2:~:in3(EJ:2[iT:i
4 \/f 2
y=3003~°’(5)=3(ij3:i
4 N2 ) 22
Th P= ! 3
e point is (\/_ 2\/_j
Equation of tangent at P is given by
3 3 ( 1) 3 3x 3
y-——=— [ X — [ DYy ——=="—+ ——

242 2 \2 242 2 242
3 3
—X+y——:0 ie. 3x+2y—342=0

V2

Equation of normal is given by

3 2[ 1) 3 2x 2
y-——=—|X—"—|=>Yy— =—-—=

2z 3 2 22 2 32
2X 2 3
EIE AR
ie. 42x—6\2y+5=0 ... [ Multiply by 6~/2 ]




Ex. 2 :Find points on the curve given by y = x* — 6x? + x + 3 where the tangents are parallel to the line
y=X+5.
Solution : Equation of curve isy =x3— 6x* + x + 3
Differentiate w. I. t. X

dy d
_y:_(x3—6x2+x+3)=3x2— 12x+1
dx dx
Given that the tangent is parallel to y = X + 5 whose slope is 1.
d
Slope of tangent = d_y =1=>3¢—-12x+1=1
X

X (x—4)=0 so,x=0o0rx=4
When x=0,y=(0)*—6(0)>+(0)+3=3
When x=4,y=(4)*—6(4)*+ (4) +3=-25
So the required points on the curve are (0, 3) and (4, —25).

2.1.3 Derivative as a Rate measure :

If y = f (X) is the given function then a change in X from x  to X, is generally denoted by
dx = x, — X, and the corresponding change in y is denoted by dy = f (x,) — f (x,). The difference quotient
sy _ T —fx)
X X, X
geometrically as the slope of the secant line joining the points P (x,, f (x,)) and Q (x,, f (X,)) on the graph
of functiony = f (x).

is called the average rate of change with respect to x. This can also be interpreted

Consider the average rate of change over smaller and smaller intervals by letting X, to approach x, and
therefore letting 6x to approach 0. The limit of these average rates of change is called the instantaneous
rate of change of y with respect to x at x = x, which is interpreted as the slope of the tangent to the curve

y= f(x)atP (X, f(X))). Therefore instantaneous rate of change is given by

lim (Y _tim [ _f®) Zfx)
dX—0 SX X, =X, Xz_Xl

We recognize this limit as being the derivative of f (x) at x = x, i.e. ' (x)). We know that one
interpretation of the derivative f' (a) is the instantaneous rate of change of y = f (X) with respect X when
X = a. The other interpretation is f (X) at f ' (a) is the slope of the tangent to y = f (x) at (a, f (2)).

@) SOLVED EXAMPLES |

Ex. 1 : Astone is dropped in to a quiet lake and waves in the form of circles are generated, radius of the
circular wave increases at the rate of 5 cm/ sec. At the instant when the radius of the circular

wave is 8 cm, how fast the area enclosed is increasing ?
Solution : Let R be the radius and A be the area of the circular wave.

. .




A =n-R?
Differentiate w. r. t. t

dA d
Y (R
i
dA dR
A _oRr® L
dt dt M

Given that Z—T =5 cm/sec.

Thus when R = 8 cm, from (I) we get,
dA
— =2n(8)(5) =80x
dt
Hence when the radius of the circular wave is 8 cm, the area of the circular wave is increasing at
the rate of 80 cm?/ sec.
Ex. 2 : The volume of the spherical ball is increasing at the rate of 4x cc/sec. Find the rate at which the
radius and the surface area are changing when the volume is 2887 cc.
Solution : Let R be the radius, S be the surface area and V be the volume of the spherical ball.

V 4 R3 D
3
Differentiate w. r. t. t
dv 4t d
avo_sa (R%)
dt 3 dt
4 dR dv
4t = _n_st_ ... [Given — = 4r cc/sec |
3 dt dt
dR 1
- =— .0
dt R? (I
When volume is 2887 cC.
4
e 3 n-R¥=288n  weget,R*=216 > R=6 ...[From (I)]

dR 1
From (II) we get, — = —
(e eet 4= 36

. . . . 1
So, the radius of the spherical ball is increasing at the rate of % cc/sec.

Now, S = 4rnR?
Differentiate w. r. t. t.

ds

— = 475i (R?) =8nR d—R
dt dt dt

So, whenR=6cm

4
{d_S} = 871(6) 1 4=
dt |rR=6 36 3

.. . dnt
Surface area is increasing at the rate of Y cm?/ sec.

= 2




Ex. 3 :Water is being poured at the rate of 36 m?®sec in to a cylindrical vessel of base radius 3 meters.
Find the rate at which water level is rising.
Solution : Let R be the radius of the base, H be the height and V be the volume of the cylindrical vessel
atany time t. R, V and H are functions of t.

V =nR?H
V=n(3)*H=9zH ...[Given:R=3]
Differentiate w. . t. t
dv dH
dt dt
dH 1 dv
B ..(D
dt  9m dt
Given that,
dv
— =36 m¥/sec ... (1D
dt
dH 1 4
From (I) we get, —=—36)=—
dt 9n T

. 4
Water level is rising at the rate of — meter/sec.
T

EX. 4 : A man of height 180 cm is moving away from a lamp post at the rate of 1.2 meters per second.
If the height of the lamp post is 4.5 meters, find the rate at which (i) his shadow is lengthening.
(i1) the tip of the shadow is moving.
Solution : Let OA be the lamp post, MN be the man, MB = x be the length of shadow and OM =y be
the distance of the man from the lamp post at time t. Given that man is moving away from
the lamp post at the rate of 1.2 meter/sec. x and y are functions of t.
d : : : dx
Hence d_)t/ = 1.2. The rate at which shadow is lengthening = @
B is the tip of the shadow and it is at a distance of (X + y) from the post.
X Xty

i.e. 45x = 18x + 18y i.e. 27x =18y
1.8 45

X=-—
. 3 .
Differentiate w. r. t. t lamp

2 2 post
% =_x y =—x 1.2 = 0.8 meter/sec. \
dt 3 dt 3 man|

rate at which the tip of the shadow is moving is given by
d dx dy
dt &*y) dt dt

% (X +y)=0.8 + 1.2 =2 meter/sec.

Shadow is lengthening at the rate of 0.8 meter/ sec. and its tip is moving at the rate of 2 meters/sec.

. .




2.1.4 Velocity, Acceleration and Jerk :

If s =f(t) is the desplacement function of a particle that moves along a straight line, then f' (1) is
the rate of change of the displacement s with respect to the time t. In other words, f' (t) is the velocity
of the particle. The speed of the particle is the absolute value of the velocity, that is, | f* (t)|.

The rate of change of velocity with respect to time is valled the acceleration of the particle denoted
by a (t). Thus the acceleration function is the derivative of the velocity function and is therefore the

second derivative of the position function s = f (t).
dy d% .
Thus,a=—=—— lea(t)=v (t)=s"(1).
i M=V (t)=s"()

Let us consider the third derivative of the position function s = f (t) of an object that moves along a

straight line. s (t) =Vv" (t) = a' (t) is derivative of the acceleration function and is called the Jerk ( j).

3
Thus, j= % = % Hence the jerk j is the rate of change of acceleration. It is aptly named because

a jerk means a sudden change in acceleration, which causes an abrupt movement in a vehicle.

@) SOLVED EXAMPLES |

Ex.1: A caris moving in such a way that the | Ex.2: The displacement of a particle at time t

distance it covers, is given by the equation is given by s = 2t — 5t + 4t — 3. Find the
s = 4t> + 3t where s is in meters and t is in time when the acceleration is 14 ft/ sec?, the
seconds. What would be the velocity and the velocity and the displacement at that time.
acceleration of the car at time t =20 second ? | Solution : Displacement of a particle is given by
Solution : Let v be the velocity and a be the s=28-5t2+4t—3 ..(D
acceleration of the car. Differentiate w. r. t. t.
Distance traveled by the car is given by Velocity, v = ds _ d (26— 5€ + 41— 3)
s =4t2+ 3t dt dt
Differentiate W. r. t. t. v=6t"—10t+4 .. (ID)
Velocity of the car is given by Acceleration, a = % = di (612 — 10t + 4)
t t
v:§=%(4t2+3t)=8t+3 (@ ooa=12t-10 ... (I
and Acceleration of the car is given by Given : Acceleration = 14 ft/ sec?.
a:i(ﬂj:i(gus):g L 12t — 10=1A_f:>12t=24:>t=2 _
dt \ dt dt So, the particle reaches an acceleration of
Putt =20 in (I), 14 ft/ sec? in 2 seconds.
Velocity ofthecar,v,_,,=8(20)+3=163m/sec. \elocity, whent= 2 is
Put t = 20 in (II), SV, =6(2)— 10(2) + 4 =8 ft/ sec.
. Acceleration of the car, a,_,, = 8 m/sec”. Displacement when t =2 is
Note : In this problem, the acceleration is | - S._,=2(2)°—5(2)+4(2)—-3=1foot.
independent of time. Such a motion is said Hence the velocity is 8 ft/ sec and the
to be uniformly accelerated motion. displacement is 1 foot after 2 seconds.

/,
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. EXERCISE 2.1 |

N

)

(1) Find the equations of tangents and normals
to the curve at the point on it.
(i) y=x2+2e*+2at(0,4)
(i) x*+y*—9xy=0at(2,4)
(iii) X2 —3xy + 2y2=5at (\/3, 2)

T
(iv) 2xy+msiny=2rnat (1, Ej

] T T
(v) xsin 2y =Yy cos 2x at (Z Ej
T

(vi) x:sineandy:cos%ate:g

1
(vii) x:\/t_,y=t—\/—Tatt:4.

(2) Find the point on the curve y =+/x —3 where
the tangent is perpendicular to the line
6x + 3y —5=0.

(3) Find the points on the curve y = x3 — 2x2 — x
where the tangentsare parallel to3x—y+1=0.

(4) Find the equations of the tangents to the
curve x> + y> — 2x — 4y + 1= 0 which are
parallel to the X-axis.

(5) Find the equations of the normals to the

curve 3x? — y? = 8, which are parallel to the
line x + 3y =4.

(6) If the line y = 4x — 5 touches the curve
y? = ax® + b at the point (2, 3) find a and b.
(7) Aparticle moves along the curve 6y = x* + 2.

Find the points on the curve at which
y-coordinate is changing 8 times as fast as
the X-coordinate.

(8) A spherical soap bubble is expanding so
that its radius is increasing at the rate of
0.02 cm/sec. At what rate is the surface

area is increasing, when its radius is 5 cm?

(9) The surface area of a spherical balloon is
increasing at the rate of 2 cm? sec. At what
rate the volume of the balloon is increasing

when radius of the balloon is 6 cm?

(10)If each side of an equilateral triangle
increases at the rate of V2 cm/ sec, find the
rate of increase of its area when its side of
length 3cm .

(11) The volume of a sphere increase at the rate
of 20 cm? sec. Find the rate of change of its
surface area when its radius is 5 cm.

(12) The edge of a cube is decreasing at the rate of
0.6 cm/sec. Find the rate at which its volume is
decreasing when the edge of the cube is 2 cm.

(13) A man of height 2 meters walks at a uniform
speed of 6 km/hr away from a lamp post of 6
meters high. Find the rate at which the length
of the shadow is increasing.

(14) A man of height 1.5 meters walks toward a
lamp post of height 4.5 meters, at the rate
of f—j meter/sec. Find the rate at which

(1) his shadow is shortening. (ii) the tip of the
shadow is moving.

(15) A ladder 10 meter long is leaning against a
vertical wall. If the bottom of the ladder is
pulled horizontally away from the wall at the
rate of 1.2 meters per second, find how fast the
top of the ladder is sliding down the wall when
the bottom is 6 meters away from the wall.

(16) If water is poured into an inverted hollow
cone whose semi-vertical angel is 30°, so
that its depth (measured along the axis)
increases at the rate of 1 cm/ sec. Find the
rate at which the volume of water increasing
when the depth is 2 cm.

. SO0 .



2.2.1 Approximations

If f (X) is a differentiable function of X, then its derivative at x = a is given by

f@a+h-f(@

. _ i
(@)= hlino { h
Here we use = sign for approximation.
For a sufficiently small h we have,

fla+h) —f(a)
h

f'(a)#{

ie. hf'(@ =f@+h —-f(a
f@+hy= f(@+hf'(a)

|

This is the formula to find the approximate value of the function at x = a + h, when f' (a) exists.

Let us solve some problems by using this formula.

@) SOLVED EXAMPLES |

Ex. 1: Find the approximate value of \ 64.1.

Solution :
Let f (x) = Vx ...(D
Differentiate w. r. t. X.
1
f'X)=——= il
(X) 2V (1)

Leta=64,h=0.1
For x = a = 64, from (I) we get

f(a)="f(64)=64=8 ... (1)
For x = a = 64, from (II) we get

@)= f (64)= =

F@=t (64)_2m_16

f' (a) = 0.0625 .. (IV)

We have, f(a+h)= f(a)+hf'(a)
f(64+0.1) = f(64)+ (0.1)- f* (64)

f(64.1)= 8 +(0.1):(0.0625) . . .
[From (III) and (IV)]

= 8 +0.00625
f (64.1)=\64.1 = 8.00625

Ex. 2 : Find the approximate value of (3.98)°.

Solution :
Letf(x)=x® ... (D
Differentiate w. r. t. X.
f'(x)=3x%2 (1))

Leta=4,h=-0.02
For x =a =4, from (I) we get

f(a)=f(4)=(4)>=064 ... (1)
For x =a =4, from (II) we get
f'@=f"4)=3(4)>=48 ..(1V)

We have, f(a+h)= f(a)+hf'(a)
f[4+(—0.02)] = f(4) +(—0.02)- ' (4)
f(3.98) = 64 + (- 0.02).(48)
[From (III) and (IV)]
f(3.98) = 64 — 0.96
f(3.98) = (3.98)° = 63.04

/,
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Ex. 3 : Find the approximate value of
sin (30° 30" ). Given that 1° = 0.0175¢
and cos 30° = 0.866.
Solution : Let f (x) = sin x ...(D
Differentiate w. r. t. X.
f' (X) = cos x
Now, 30° 30" =30° + 30"'=30° + GJ
n . 0.1750¢
=+
6 2
30°30' = g +0.00875  ...(ID)

Leta= g, h = 0.00875

Forx=a= g, from (I) we get

f(a):f(gj:sin (gjzgzo.s...(m)

Forx=a= g, from (II) we get

T

T _ T _
f'(@)=f (6)_005 [6J 0.866...(IV)
We have, f(a+h)= f(a)+hf'(a)
T o Y T
f (E +0.00875 ) = f(Gj +(0.00875)- f (GJ
f(30°30') =0.5+(0.00875)-(0.866) ...
... [From (III) and (IV)]

=0.5+0.075775
f(30°30") =sin (30° 30") = 0.575775

Ex. 4 : Findtheapproximate value of tan'(0.99),
Given that © = 3.1416.
Solution : Let f (x) =tan"'x ...(D
Differentiate w. r. t. X.
con 1
f(X)—1+X2 1))
Leta=1,h=-0.01
Forx=a=1, from (I) we get
f(a):f(l):tanfl(l):g ... (IID)
Forx =a=1, from (II) we get
] _ 1 _ l _
F@=f)=175=05  ...(aV)

We have, f(a+h)= f(a)+hf'(a)
f(1)+(=0.01)] = f(1)+ (=0.01) f' (1)
£(0.99) = g— (0.01)-(0.5) . . . [From
(I11) and (IV)]
=T _0.005
4

N 3.1416 0005

= 0.7854 — 0.005 = 0.7804
£(0.99) = tan™' (0.99) = 0.7804

We have, f(a+h)= f(a)+hf'(a)
f(1+0.005) = f(1)+(0.005)- f' (1)

Ex.5: Find the approximate value of e1°%, Given that e = 2.7183.
Solution : Let f (x) = e* ...(D

Differentiate w. r. t. X.

f' (x)=e* ...(ID

Leta=1,h=0.005
Forx=a=1, from (I) we get

f(a)=f(1)=e'=2.7183 ... (1)
Forx=a=1, from (II) we get
f'(@=f"(1)=e'=2.7183 ..(1IV)

f(1.005) =2.7183 + (0.005) (2.7183) ...
... [From (III) and (I1V)]
f(1.005) =2.7183 + 0.0135915
= 2.7318915
f(1.005) =% = 273189

. .



Ex. 6 : Find the approximate value of Ex. 7 : Find the approximate value of
log,, (998). Given that log, e = 0.4343. f(X)=x3+5x*—2x+ 3atx=1.98.
1 . — y3 2
Solution : Let f (x) = log, x = log x Solution : Letf(x)=x3+5x>—2x + 3 ... (D
log 10 Differentiate w. r. t. X.
f(x) = (log,)-log x (D £ (X) = 3% + 10X — 2 ..
Differentiate w. r. t. X. Leta=2 h=-0.02
log,, e 0.4343 ’ '
f' (x) = gxlo Sl .. (1) For x =a =2, from (I) we get
Leta=1000, h=-2 f@=f(2)=02)0°+52)-22)+3
For x =a = 1000, from (I) we get s f@=27 ... (1D
f(a) =f(1000) = log,, 1000 For x = a = 2, from (II) we get
f(a) =3log,,10 =3 ... (1ID fr @) =F (2) =327+ 10Q2) - 2
For x =a = 1000, from (II) we get f* (a) = 30 %
' . 0.4343
f* (@) =f'(1000) = 1000 We have, f (a+h) = f(@)+hf'(a)

f' (a) = 0.0004343 .. (IV) f[(2) +(-0.02)] = f(2)+(-0.02) f' (2)
We have, f(a+h) = T(2)+h T (@) £(1.98) = 27— (0.02)-30). . . [From
f[1000 + (—=2)] = f(1000) + (=2) f' (1000) (I1I) and (1V)]
f(998) =3—(2) (0.0004343) . .. ~927-06

[From (III) and (IV)] f(1.98) = 26.4
=3 —0.0008686
f (998) = log (998 ) = 2.9991314

[EXERCISE 2.2}
(1) Find the approximate value of given (3) Find the approximate value of
functions, at required points. (i) tan'(0.999) (i) cot!(0.999)
G) V895 (i) V28 (i) V31.98 (i) tan"' (1.001)
(iv) (3.97) v) (4.01) (4) Find the approximate value of

(i) eo%» (ii) e>* given that e? = 7.389
(iii) 32 given that log 3 = 1.0986
(5) Find the approximate value of

(2) Find the approximate value of
(1) sin (61°) given that 1° = 0.0174¢,

V3=1.732 , .
(ii) sin (29° 30") given that 1° = 0,0175° (i) log,(101) given that log, 10 = 2.3026
V31730 ' ’ (i) log,(9.01) given that log 3 = 1.0986
(iif) cos (60° 30" ) given that 1° = 0,0175° (iii) log,,(1016) given that log, e = 0.4343
V32 173 ’ ) Find the approximate value of

(i) fx)=x*-3x+5atx=1.99
(i) fxX)=x*+5x—-7x+10atx=1.12
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(iv) tan (45°40'") given that 1° =0.0175¢.




2.3.1 Rolle's Theorem or Rolle’'s Lemma :

If a real-valued function f is continous on [a, b], differentiable on the open interval (a, b) and f (a)
=f (b), then there exists at least one C in the open interval (@, b) such that f' (c) = 0.

Rolle's Theorem essentially states that any real-valued differentiable function that attains equal
values at two distinct points on it, must have at least one stationary point somewhere in between them,
that is, a point where the first derivative (the slope of the tangent line to the graph of the function) is zero.

Geometrical Significance :

Let f (X) be a real valued Yt Yt

function defined on [a, b] A B
and it is continuous on [a, b].
This means that we can Lo fal [Tl 7o
draw the graph f (X) between /(@) @) L fo)
the values x = a and x = b, | X' - ———c— X S X
Also f (x) is differentiable v N
on (a, b) which means the Fig. 2.3.1

graph of f (x) has a tangent
at each point of (a, b). Now the existence of real number ¢ € (@, b) such that f ' () = 0 shows that

the tangent to the curve at x = ¢ has slope zero, that is, tangent is parallel to X-axis since f (a) = f (b).
@ SOLVED EXAMPLES J

Ex. 1: Check whether conditions of Rolle's theorem are satisfied by the following functions.

(1) fX)=2x3—5x2+3x+2,x € {Oﬂ (i) f(X)=x2—2x+3,x € [l,4]
Solution :
(i) Given that f(X)=2x3—5x2+3x +2 ..(D

f (X) is a polynomial which is continuous on {0, g} and it is differentiable on (O, gj

Leta:O,andbzg,

For x =a =0 from (I) we get,
f(@=f0)=2(0)>°-50)y+30)+2=2
Forx=b= (gj from (I) we get,

3 2
f(b) =f(§j:2(§j —5(§j +3(§j+2 _54_45 .9,
2)7°\2 2 2 8§ 4 2

f(b)y =f (EJ:W+2:2

2
So, heref(a)=f (b)i.e. f(0)=f [g) =2

Hence conditions of Rolle's Theorem are satified.

. .




(i) Given that f(X)=x>—2x+3

()

f (X) is a polynomial which is continuous on [1, 4] and it is differentiable on (1, 4).

Leta=1,andb=4

Forx=a=1 from (I) we get,
f@=f()=>10)y2-2(1)+3=2
For x =b =4 from (I) we get,
f(by=f(4)=4)y—-24)+3=11
So, heref(a) #f(b)i.e. f (1) #f (4)

Hence conditions of Rolle's theorem are not satisfied.

Ex. 2 : Verify Rolle's theorem for the function

f(X)=x—4x+ 10 on [0, 4].

Solution :

Giventhat f(X)=x*>—4x+10 . (D

f (X) is a polynomial which is continuous on
[0, 4] and it is differentiable on (0, 4).

Leta=0,andb=4

For x =a =0 from (I) we get,
f(@=f(0)=(0)>—-40)+10=10

For x = b =4 from (I) we get,
f(by=f@4)=(4)>*—-44)+10=10

So, heref(a)=f(b) ie.f(0)=f (4)=10

All the conditions of Rolle's theorem are
satisfied.

To get the value of ¢, we should have
f'(c)=0 for some c € (0, 4)
Differentiate (I) w. r. t. X.

f'"(xX) =2x—4=2(x—4)

Now, for x =,
f'(c)=0=2(c-2)=0=c=2
Alsoc=2 € (0,4)

Thus Rolle's theorem is verified.

Ex.3: Given an interval [a, b] that satisfies
hypothesis of Rolle's theorem for the
function f (x) = x® — 2x% + 3. It is known
that a = 0. Find the value of b.

Solution :

Giventhat f(X)=x>—2x*+3 ...(D

Letg(X)=x3—2x2=x2 (X —2)

From (I), f®X)=g(x)+3

We see that g (X) becomes zero for x = 0 and

X=2.

We observe that for x = 0,
f(0)=g(0)+3=3

and for x = 2,
f(2)=g(2)+3=3

We can write that f (0) =f (2) =3

It is obvious that the function f (X) is
everywhere continuous and differentiable as
a cubic polynomial. Consequently, it satisfies
all the conditions of Rolle's theorem on the
interval [0, 2].

So b=2.
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Ex. 4 : Verify Rolle's theorem for the function f (X) = e* (sin X — cos X) on E %Tﬂ

Solution : Given that, f (X) = €* (sin X — cos X) (D
We know that e, sin x and cos x are continuous and differentiable on their domains. Therefore

f (x) is continuous and differentiable on E, %Tn} and (g, %j respectively.

Leta:E,andb:E)—7T
4 4

Forx=a= % from (I) we get,

= (()=eifn(f) (g o

Forx=bh= (%j from (I) we get,

f(a):f(%rj:e%n {sin (%j—cos (%Tnﬂ:e%n (—%+%}z0
fay=f) ie.f Gj = f (%"j

All the conditions of Rolle's theorem are satisfied.

To get the value of ¢, we should have f' (c) = 0 for some ¢ € E %ﬂ
Differentiate (I) w. r. t. X.

f'(X)=e*(cos X + sin X) + (sin X — cos X) e*= 2e*sin X

Now, forx=c¢, f'(c) =0=2ecsinc=0.Asec#0 foranyc € R
sinc=0=c¢=0,%£m,+2m, £+ 37, ...

Itisclearly seenthat = E %} LC=7

Thus Rolle's theorem is verified.

2.3.2 Lagrange's Mean Value Theorem (LMVT) :

If a real-valued function f is continous on a closed [a, b] and differentiable on the open interval

(a, b) then there exists at least one € in the open interval (@, b) such that

f(b)—f
- O-1@

Lagrange's mean value theorem states, that for any real-valued diffenentiable function which is
continuous at the two end points, there is at least one point at which the tangent is parallel to the the
secant through its end points.

. .




Geometrical Significance :

Draw the curve y = f (X) (see Figure 2.3.2) and take the end vt B0

points A (a, f (a)) and B (b, f (b)) on the curve, then

Sl f the chord AB =
ope of the chor —

f(b)—f(a)

Since by statement of Lagrange's Mean Value.

) -f@

Theorem f'(c) —

f' (c) = Slope of the chord AB.

@\

This shows that the tangent to the curve y = f (X) at the point x = ¢

is parallel to the chord AB.

@) SOLVED EXAMPLES ]

Ex.1: Verify Lagrange's mean value theorem

for the function f (x) = \/x + 4 on the

interval [0, 5].

Solution : Given that f (X) = \yx + 4

The function f (x) is continuous on the
closed interval [0, 5] and differentiable
on the open interval (0, 5), so the LMVT
is applicable to the function.

Differentiate (I) w. I. t. X.

fr(x)=

(1T
N (1)

Leta=0andb=5

From (I), f(@a)=f(0)=+0+4=2
f(b)y=f(5)=~5+4=3

Letc € (0, 5) such that

. _f)-f@)
f'(c) B

1 :3_2 :1
2\c+4 5-0 O

\/c+—4:g:c+4=24—5.'.c=%€(0,5)

Thus Lagrange's Mean Value Theorem

1s verified.

:

Ex. 2 : Verify Lagrange's mean value theorem
for the function f (x) = x + % on the
interval [1, 3].
(D Solution : Given that f (x) = x +% ...

The function f (x) is continuous on the
closed interval [1, 3] and differentiable
on the open interval (1, 3), so the LMVT
is applicable to the function.
Differentiate (I) w. r. t. X.

\ B 1
f (x)—l—ﬁ ...(ID
Leta=landb=3
From (1), f(a)=f(1)=l+%:2
1 10
fhy=f3)=3+=—="
(b)=f(3)=3+5=3

Letc € (1, 3) such that

f(b)—f(a)
f'(c = -
() 1ob_a
1 _3-2
c? 3—-1
4
1 :izg
c? 2 3

c?=3=c=++3
c=+3e(l,3)andc=—+3 ¢ (1,3)

4




(1)

-
\EXERCISE 2.3 |

N

J

Check the validity of the Rolle's theorem for
the following functions.
i fX)=x2—4x+3,xe[l,3]

(i) f(x)=e™sinx, x € [0, «]
(i) f(x)=2x*—5x+3,x € [1, 3]
(iv) f(X)=sinx—cosx+ 3, x € [0, 2nr]

v) fX)=x2if0<x<2
=6—-Xif2<x<6

(vi) f(x) :x%, Xe[-1,1]

Given an interval [a, b] that satisfies

hypothesis of Rolle's thorem for the function

f(xX)=x*+x?—2.Itis known thata= — 1.

Find the value of b.

(3) Verify Rolle's theorem for the following

functions.
(i) f(X)=sinx+cosx+7,xe[0,2nr]

(i) f(x)=sin GJ x e [0, 2n]
(i) f(X)=x2—5x+9,x € [1, 4]

2.4.1 Increasing and decreasing functions :

Increasing functions :

4

(5

(6)

(7)

If Rolle's theorem holds for the function
f)=x3+px2+qgx+5,xe[l,3] with

1
c =2+ —, find the values of p and q.

V3
Rolle's theorem holds for the function
f(x)=(x—2)logXx, x € [1, 2], show that the
equation x log x =2 — x is satisfied by at least
one value of x in (1, 2).
The function f (X) = x (X + 3) e*% satisfies all
the conditions of Rolle's theorem on [—3, 0].
Find the value of ¢ such that f* (c) = 0.
Verify Lagrange's mean value theorem for
the following functions.
(1) fX) =logx, on[l,e]

(i) f)=x-1)(x=2)(x—3)on][0,4]
(i) f(X)=x*—-3x—1,x e {—% g}
(iv) f(x)=2x—x*x¢€e[0,1]
W f0=2"Lons)

X—3

Definition : A function f is said to be a monotonically (or strictly) increasing function on an interval
(a, b) if for any X , X, € (@, b) with if x, <X, , we have f (x)) < (x,).
Consider an increasing function y = f (x) in (a, b). Let h > 0 be a small increment in x then,

X < Xx+h
f(x) < f(x+h)
f(x+h) > f(x)
fx+h)y—f(x) > 0

f(x+h)—f(x) S

o 0

lim {w} > 0
h—0 h -

f'x)y > 0

[x=x,x+h=Xx]

[f(x)<f(x)] Y

>

X'




If f' (@) > 0, then in a small &-neighborhood of ai.e. (a — 8, a + 8), we have f strictly increasing if

f(a+h)—f(a)>0
h
HenceifO<h<g, f(a+h)—f(@>0and f(a—h)—f(a)<0
ThusforO<h<3g, f(a—h)y<f(a)<f(a+h)
Decreasing functions :

for |h| <&

Definition : A function f is said to be a monotonically (strictly) decreasing function on an interval (a, b)
if forany x,, X, € (a, b) with x, <x, , we have f(x))>(x,).
Consider a decreasing function y = f (x) in (a, b). Let h > 0 be a small increment in x then,

X+h > x [X=Xx,x+h=X] v
F00 > fOcrh) [F00) < ()]
f(x+h) < f(x)
fx+h)—f(x) < 0
f(x+h)y—f(x) <0
h X'+—g X
lim {—f(’”h)_f(x)} <0 v
"0 h - Fig. 2.4.2
f'x) <0

If ' (a) <0, then in a small -neighborhood of a i.e. (a — 8, a + &), we have f strictly decreasing

f(a+h)—f(a)<0
h
HenceforO<h<3g, f(a—h)>f(a)>f(a+h)

because for|h| <o

Note : Whenever f' (X) = 0, at that point the tangent is parallel to X-axis, we cannot deduce that
whether f (x) is increasing or decreasing at that point.

@ SOLVED EXAMPLES J

Ex. 1: Show that the function f (x) =x3+ 10x + 7 | EXx. 2: Test whether the function
for x e R is strictly increasing. f (x) =x3+ 6x* + 12x — 5 is increasing or
Solution : Given that f (x) =x3 + 10x + 7 decreasing for all x € R.
Differentiate w. I. t. X. Solution : Given that f (X) = X3 + 6x> + 12x — 5
f'(x)=3x*+10 Differentiate w. r. t. X.
Here, 3x>> 0 for all x € R and 10 > 0. f'(X)=3x2+12x+ 12=3(x*+4x + 4)
X*+10>0=f"(xX)>0 f'(x)=3(x+2)
Thus f (x) is a strictly increasing function. 3(x + 2)% is always positive for x #—2
L frx)>0forallx e R
Hence f (X) is an increasing function for all X € R.

= 2



Ex. 3: Find the values of x, for which the funciton f (x) = x® + 12x*> + 36x + 6 is (i) monotonically

increasing. (i1) monotonically decreasing.

Solution : Given that f (X) =x® + 12x> + 36x + 6
Differentiate w. I. t. X.
f'(x) =3x2+ 24x + 36
=3(x>+8x+12)
f'(x) =3(x+2)(x+6)
(i)  f(x)is monotonically increasing if ' (x)>0
1.e.3(X+2)(X+6)>0,(x+2)(x+6)>0
then either (X +2)<0and (x + 6) <Oor (X +2)>0and (x +6)>0
Case (I): x+2<0andx+6<0
X<—2andX<-6
Thus for every x <—6, (X + 2) (X + 6) > 0, hence f is monotonically increasing.
Case(Il):x+2>0andx+6>0
X>—2andX>—06
Thus for every x >—2, (x +2)(x + 6) > 0 and f is monotonically increasing.
From Case (I) and Case (II), f () is monotonically increasing if and only if X <—6 or x > —2.
Hence, x € (c0,— 6) or X € (— 2, ) = f is monotonically increasing.
(if)  f(x) is said to be monotonically decreasing if f' (x)=0
ie. 3(X+2)(x+6)<0,(X+2)(x+6)<0
then either (X +2)<0and (X +6)>0or (X+2)>0and (x+6) <0
Case(l): x+2<0andx+6>0
X<—2andX>—-06
Thus for x € (— 6, — 2), f is monotonically decreasing.
Case(ll):x+2>0andx+6<0
X>—2and X<-6

This case does not arise. . . . [check. why ?]

. .




2.4.2 Maxima and Minima :

Maxima of a function f (x) : Afunction f (x) is said to have a maxima at X = ¢ if the value of the function
at x = c is greater than any other value of f (x) in a 3-neighborhood of c. That is for a small & > 0 and for
X € (c—9,c+ ) we have f(c)>f(x). The value f () is called a Maxima of f (x). Thus the function f (x)

will have maxima at x = ¢ if f (x) is increasing in ¢ — & <X < ¢ and decreasinginc<x<c + d.

Minima of a function f (x) : Afunction f (X) is said to have a minima at x = ¢ if the value of the function
at x = c is less than any other value of f (X) in a 8-neighborhood of c. That is for a small 3 > 0 and for x
€ (c—9,c+0d) we have f (c) <f(x). The value f (C) is called a Minima of f (X). Thus the function f (X)
will have minima at x = ¢ if f (x) is decreasing in ¢ — & < x < c and increasing inc <x<c + 4.

If f' (c) = 0 then at x = ¢ the function is neither increasing nor decrasing, such a point on the curve
is called turning point or stationary point of the function. Any point at which the tangent to the graph

is horizontal is a turning point. We can locate the turn points by looking for points at which Y- .

dx
At these points if the function has Maxima or Minima then these are called extreme values of the

function.

Note : The maxima and the minima of a function are not necessarily the greatest and the least values
of the function in the whole domain. Actually these are the greatest and the least values of the
function in a small interval. Hence the maxima or the minima defined above are known as local
(or relative) maximum and the local (or relative) minimum of the function f (x).

To find the extreme values of the function let us use following tests.

2.4.3 First derivative test :
A function f (x) has a maxima at X = C if
1 f'(©)=0
(i) f'(c—hy>0 [ f(X) is increasing for values of X < C ]
(i) f'(c+h)<o0 [ f(X) is decreasing for values of X > C ]
where h is a small positive number.
A function f (x) has a minima at X = ¢ if
i) f'(c)=0
(i) f'(c—-h)y<o0 [ f (X) is decreasing for values of X < C ]
(iii)) f'(c+h)>0 [ f () is increasing for values of X > C |
where h is a small positive number.
Note: Iff'(c)=0andf'(c—h)>0,f"'(c+h)>0o0rf'(c—h)<0,f'(c+h)<O0 then f(c) in neither
maxima nor minima. In such a case x = c is called a point of inflexion. e.g. f (X) =x3, f (X) =x°
in[-2,2].

= 2




@) SOLVED EXAMPLES |

Ex. 1: Find the local maxima or local minima of f (x) = x® — 3x.

Solution : Given that f (X) = x® — 3x ..
Differentiate (I) w. r. t. X.
f'xX)=3x*-3=3(x*-1) ...(IDn
For extreme values, f* (X) =0
X*—=3=0 e.3(x*-1)=0

iexX—-1=0=20=>x*=1=>x=+1

The turning points are x =1 and x =—1

Let's consider the turning point, x =1

Let x=1 —h for asmall, h >0, from (II) we get,
f'(1-h)y=3[1-h?*-1]1=31-2h+h>-1)=3h(h—2)
f'(1—h)<0...[since, h>0,h—2<0]

f' (x) forx=1—h = f(x) is decreasing for, x > 1.

Now for x =1 + h for a small, h > 0, from (II) we get,
f'"(1+h)y=3[(1+h?-1]=3(1+2h+h>=1)=3 (h*+ 2h)
f'A+h)>0...[since, h>0,h?+2h>0]
f'(X)<0forx=1+h=f(x)isincreasing for, x < 1.
f'X)<0forl —h<x<l1

f'(X)>0for1<x<1+h.

x =1 is the point of local minima.

Minima of f (x),isf(1)=1*-3 (1)=-2

Now, let's consider the turning point, x = —1

Let x=—1 —h for a small, h >0, from (II) we get,
f'(~-1-h)y=3[(-1-h?=1]=3(1+2h+h?-1)=3(h?+ 2h)
f'(~=1—h)>0...[since, h>0,h?+2h>0]

f'(x)>0 forx=—1—h = f(x) is increasing for, x <—1.
Now for x =—1 + h for a small, h > 0, from (II) we get,
f'(-1+h)y=3[(—-1+hy—1]=3(1-2h+h?-1)=-3h(2-h)
f'(-1+h)<0...[since, h>0,2-h>0]

f'(x) <0 forx=—1+h=f(x) is decreasing for, x > —1.
f'(X)>0for—1—-h<x<-1

f'(X)>0for—1<x<-1+h.

X =—1 is the point of local maxima.

Maxima of f (x), isf(=1)=(-1)*—3(-1)=-1+3=2
Hence, Maxima of f (x) = 2 and Minima of f (x) = —2

:



2.4.4 Second derivative test :
A function f (x) has a maxima atx =ciff'(c)=0andf" (c) <0
A function f (x) has a minima at x=ciff'(¢c)=0and f" () <0

Note : Iff" (c) =0 then second derivative test fails so, you may try using first derivative test.

Y 4 Yt 1@
L, (/@) L, L,

: : (c.f(e)

w7 N\ L i

E IAC) : :

' < o X' < ;X
X 0 c—-8 ¢ ¢+ >X 0 c—-8 ¢ c+$§

" Fig. 2.4.4 (a) Fig. 2.4.4 (b)

Maxima at A : Consider the slopes of the tangents (See Fig 2.4.4a) Slope of L, is +ve, slope of L, =0

and slope of L is —ve. Thus the slope is seen to be decreasing if there is a maximum at A.

Minima at A : Consider the slopes of the tangents (See Fig 2.4.4b) slope of L, is —ve, slope of L, = 0
and slope of L, is +ve. Thus the slope is seen to be increasing if there is a minima at A.

@) SOLVED EXAMPLES

Ex. 1: Find the local maximum and local minimum value of f (x) = x3 — 3x? — 24x + 5.
Solution : Given that f (X) =x3—3x?—24x+5 ... (])

Differentiate (I) w. r. t. X.
f'(X)=3x?—6x—24 ...(ID
For extreme values, f' (xX) =0
3X—6x—241ie.3(X*—2x—8)=0

For maximum of f (x), put X = =2 in (I)
f(—2)=(-2)*—3(-2)2— 24 (-2) + 5= 33.
For x = 4, from (III) we get
f"(4)=6(4)—6=18>0

ie.x? —2x—8=01ie.(Xx+2)(x—4)=0
=>x+2=00rx—4=0=x=-2o0rx=4
The stationary points are X =—2 and x = 4.
Differentiate (IT) w. I. t. X.

f"(X)=6x—6 ... (100
For x = -2, from (III) we get,
f"(-2)=6(2)-6=-18<0

At x =-2, f (x) has a maximum value.

:

At x = 4, f (X) has a minimum value.

For minima of f (x), put x =4 in (I)
f(4)=(4)°—3(@42—24(4)+5=-75
Local maximum of f (x) is 33 when x =—2
and

Local minimum of f (x) is =75 when X = 4.




Ex. 2:

Awire of length 120 cm is bent in the form
of a rectangle. Find its dimensions if the
area of the rectangle is maximum.

Solution : Let x cm and y cm be the length and

the breadth of the rectangle. Perimeter of
rectangle = 120 cm.

2(x+Yy)=120 so,x+y =060

y =60 —X ..(D

Let A be the area of the rectangle

A=xy =X (60—x)=60x—x2 .. [From (I)]
Differentiate w. I. t. X.

dA
— =60—-2x ...(Dn
dx dA
For maximum area — =0

dx
1.e.60—2x=0=x=30
Differentiate (IT) w. r. t. X.
d?A
—==2 .. (IIX
v (I11)

For, x = 30 from (III) we get,

d?A
dx? ) x=30

When, x = 30, Area of the rectangle is
maximum.

Put x =30 in (I) we gety = 60 — 30 =30
Area of the rectangle is maximum if length
= breadth = 30 cm.

Ex. 3:

A Rectangular sheet of paper has it area 24
sg. meters. The margin at the top and the
bottomare 75 cmeachand at the sides 50 cm
each. What are the dimensions of the paper,

ifthe area of the printed space is maximum ?

Solution : Let x m and y m be the width and the

length of the rectangular sheet of paper
respectively. Area of the paper = 24 sq. m.

xy=24:>y:% ... (D

:

75 cm

50 cm| 50 cm y

75 cm

X
Fig. 2.4.5

After leaving the margins, length of the
printing space is (X — 1) m and breadth of
the printing space is (y — 1.5) m.

Let A be the area of the printing space

24
A =x—-1)(y-15=(x- 1)[7— 1.5)

24
=24 — 1.5X—7+ 1.5 ... [ From (I)]

24
Differentiate w. . t. X.
dA 24
—=—15+— .. (1T
i 2 (I11)

. " dA
For maximum printing space F™ =0
X

24
1.5x+—2:O:>1.5x2:24:>x:ir4,x;é—4

X
Xx=4
Differentiate (IIT) w. I. t. X.
d?A 48
—=—— ... (IV
R av)

For, x =4, from (IV) we get,

d?A 48
- =———<0
(deJXﬂ* (4)?

When, x = 4 Area of the rectangular
printing space is maximum.
Putx=4in(I)wegety:%:

Area of the printing space is maximum

when width printing space = 4 m. and
length of the printing space = 6 m.
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Ex. 4: An open box is to be cut out of piece of

square card coard of side 18 cm by cutting
of equal squares from the corners and
turning up the sides. Find the maximum
volume of the box.

Solution : Letthe side of each of the small squares

cut be x cm, so that each side of the box to
be made is (18 — 2X) cm. and height x cm.

T
:

Ce—ma—
Fig. 2.4.6

Let V be the volume of the box.
V = Area of the base x Height
= (18 —2x)?x = (324 — 72X + 4x?) X

V =43 -72x*+324x ... ()
Differentiate w. r. t. X
dv
—=12x*—144x+324 ... ()
dx

) av
For maximum volume d_ =0

X

12x2— 144x+324=0=>x2—12x+27=0
X=3)Xx—9)=0=>x-3=00rx—9=0

x=30rx=9,butx#9 .. x=3
Differentiate (IT) w. . t. X

d?v

—— =24x— 144 ... (IID)
dx?

For, x = 3 from (III) we get,
(%%Jx3zz4ey—m4=—7z<o
Volume of the box is maximum when x = 3.
Maximum volume of the box
=(18—-6)?(3)=432c.c.

:

EX. 5: Two sides of a triangle are given, find the

angle between them such that the area of
the triangle is maximum.

Solution : Let ABC be a triangle. Let the given

sides be AB =c and AC =b.

A

Note : sin A is maximum (=1), when A = —

7 C
Fig. 2.4.7
Let A be the area of the triangle.
A:%bcsinA oD
Differentiate w. . t. A.
3%=%COSA ... (ID

) dA
For maximum area — =0
dA
bc T
—C0SA=0=cosA=0=>A=—
2 2
Differentiate (II) w. r. t. A.

... (1)

T
For, A = > from (II) we get,

d2A bc (= bc
dA2 A:E 2 2 a

When, A = % Area of the triangle is

maximum.

Hence, the area of the triangle is maximum

s
when the angle between the given sides >

T
2

4




Ex. 6: The slant side of a right circular cone is I. Show that the semi-vertical angle of the cone of
maximum volume is tan™! (v'2).

Solution : Let x be the height of the cone and r be the radius of the base.
So,r2=12-x? ..(D
Let V be the volume of the cone.

1 T
V =—arx=—(I>—x)x
3 3

Vo= (x—x)
3

Differentiate w. r. t. X

‘;_\Xlzg(lz—w) L)

) dv

For maximum volume — =10
dx
2

, n I
e. —(P-3)=0=>x2=—
3 3

I I | . . .
X=4-—==X=—= or x=——=1Is the stataionary point but, x # —

e
e

V3 V3 V3
Differentiate (IT) w. . t. X
dxv
— |=—2nx ... (II1
%) )
|
For, x = — from (III) we get,
73 (III) we g
[dZVj i <0
— _L -
dx)x=w= V3
Volume of the cone is maximum when height of the cone is x = %
| | V142
Putx =—1in (I) we get, r = IZ—(—j =
3 (I) we g 33

Let a be the semi-vertical angle.
r LI 75

Then tan a=;:£:\/§

a=tan"' (V2)

EX. 7: Find the height of a covered box of fixed volume so that the total surface area of the box is
minimum whose base is a rectangle with one side three times as long as the other.

Solution : Given that, box has a rectangular base with one side three times as long as other.
Let x and 3x be the sides of the rectangular base.
Let h be the height of the box and V be its volume.

. *




V = (x) (3x) (h) =3x%h ... [Observe that V is constant]

Differentiate w. T. t. X.

d_V :3X2ﬁ+hi(3xz)
dx dx dx
3x2ﬁ+6xh:0:>@=—ﬂ .. (D
dx dx X
Let S be the surface area of the box.
S=(2 x 3x?) + (2 x 3xh) + (2 x xh) = 6x? + 8xh
Differentiate w. . t. X.
d_S :12x+8[xﬁ+hi(x)j
dx dx dx
d—S:12X+8|:X[—2—h)+h] ... [ from (I) ]
dx X
= 12x + 8(—2h + h)
d—S:12x—8h ...(ID)
dx
For minimum surface area
d—S:0:>12x—8h:0:>h:2
dx 2

Differentiate (II) w. I. t. X.

2
(d—SJ=12—8%=12—8(—ﬁj=12+£m (I . L [ from (1) ]
dx? dx X X

Both x and h are positive, from (IIT) we get,

2
(d_SJ:12+£m>o
dx? X

3
Surface area of the box is minimum if height = > x shorter side of base.

( )
. EXERCISE 2.4
§ J
(1) Test whether the following functions are (i) fX)=3+3x—-3x2+x3
increasing or decreasing. (i) f(X)=Xx>—6x2—36x+7

(2)

(i) f=x—-6x*+12x—16,x € R

- (3) Find the values of x for which the following
(i) f(xX)=2-3x+3x*—x3,xeR

1 functions are strictly decreasing -
Find the values of x for which the following
functions are strictly increasing -

(i) f)=2x—3x2—12x+6 (iii) f(X)=x>—9x? + 24x + 12

= 2

() fo=x+
X




(4) Find the values of x for which the function
f(X)=x3—12x°— 144x + 13

(a) Increasing (b) Decreasing

(5) Find the values of x for which
f(X)=2x3—15x2— 144x — 7 is
(a) strictly increasing

(b) strictly decreasing

(6) Find the values of x for which f (x) = 1 is
(a) strictly increasing
(b) strictly decreasing

1
(7) Show that f (x) = 3x + X increasing in

1 11
(—, 1J and decreasing in (—, _j_
3 9’3

(8) Show that f (x) = x — cos X is increasing for
all x.

(9) Find the maximum and minimum of the
following functions -

(i) y=5x3+2x2—-3x
(i) f(x)=2x3—21x*+36x—20
(iii) f(X)=x3—9x* + 24x

. , 16
(iv) f(x)=x +?

(vi) f(x)= _Io)g(; X

(10) Divide the number 30 in to two parts such
that their product is maximum.

(v) f(x)=xlog x

(11) Divide that number 20 in to two parts such
that sum of their squares is minimum.

(12) Awire of length 36 meters is bent in the form
of a rectangle. Find its dimensions if the area
of the rectangle is maximum.

(13) A ball is thrown in the air. Its height at any
time t is given by h = 3 + 14t — 5t Find the
maximum height it can reach.

(14) Find the largest size of a rectangle that can be
inscribed in a semi circle of radius 1 unit, So
that two vertices lie on the diameter.

(15) An open cylindrical tank whose base is a
circle is to be constructed of metal sheet so
as to contain a volume of na® cu. cm of water.
Find the dimensions so that sheet required is
minimum.

(16) The perimeter of a triangle is 10 cm. If one of
the side is 4 cm. What are the other two sides

of the triangle for its maximum area ?

(17) A box with a square base is to have an open
top. The surface area of the box is 192 sq.cm.
What should be its dimensions in order that
the volume is largest ?

(18) The profit function P (x) of a firm, selling X
items per day is given by
P (X) = (150 — x)x — 1625. Find the number
of items the firm should manufacture to get
maximum profit. Find the maximum profit.

(19) Find two numbers whose sum is 15 and when
the square of one multiplied by the cube of
the other is maximum.

(20) Show that among rectangles of given area,
the square has the least perimeter.

(21) Show that the height of a closed right circular
cylinder of a given volume and least surface
area is equal to its diameter.

(22) Find the volume of the largest cylinder that
can be inscribed in a sphere of radius 'r' cm.

(23) Show that y = log (1 + X) —

,X>—11s
2+X

an increasing function on its domain.

4 sin
(24) Prove thaty = >

——— —0isanincreasin
+ cos 0 g

function of 6 e {0, %} )

. .
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Let us Remember

&% Equations of tangent and Normal at P (x,, y,) respectively are given by
dy
y—y,=m(X—X)wherem=| =
ENA)

dx
1 . dy}
Jif | — +0
El E

Approximate value of the functionf(x) atx =a+ hisgivenbyf(a+h)= f(a)+hf'(a)

y—y,=m (X—X) where m'=—

(X, yl)

%

% Rolle's theorem : If real-valued function f is continous on a closed [a, b], differentiable on the
open interval (a, b) and f (a) = f (b), then there exists at least one C in the open interval (a, b)
such that f' (c) = 0.

&% Lagrange's Mean Value Theorem (LMVT) : If a real-valued function f is continous on a
closed [a, b] and differentiable on the open interval (a, b) then there exists at least one ¢ in the

f (b) - f (a)

open interval (@, b) such that ' (c)= b_a

&% Increasing and decreasing functions :
(1) A function f is monotonically increasing if f' (x) > 0.
(i) A function f is monotonically decreasing if f' (x) <0.
(iii) A function f is increasing if f* (x) > 0.
(iv) A function f is decreasing if f ' (x) <0.

&% (i) First Derivative test :
A function f (x) has a maxima at X = C if

@) f'(©=0
(i) f'(c—h)>0 [ f(X) is increasing for values of X < C ]
(iii) f' (c+ h)<0 [ f(X) is decreasing for values of X > C ]

where h is a small positive number.
A function f (x) has a minima at X = c if

(i) f'(©=0
(i) f'(c—h)<o0 [ f(X) is decreasing for values of X < C ]
(iii)) f'(c+h)>0 [ f(X) is increasing for values of X > C ]

where h is a small positive number.
(i)  Second Derivative test :
A function f (x) has a maxima atx=ciff'(c)=0and f" (c) <O.

A function f (X) has a minimum atx =c if f' (c)=0and f " (c) > 0.

= 2




iM ISCELLANEOUS EXERCISE 23

(I) Choose the correct option from the given alternatives :

(1)

)

3)

4

(5)

(6)

(7

®)

©)

(10)

If the function f (x) = ax® + bx? + 11x — 6 satisfies conditions of Rolle's theorem in [1, 3] and

1
f' (2 + —j =0, then values of a and b are respectively.

\3
(A) 1,-6 (B) 2,1 (©) -1,-6 (D) —1,6
x2—1
Iff(x)= 1 for every real x, then the minimum value of f is -

(A) 1 (B) 0 ) -1 (D) 2

Aladder 5 min length is resting against vertical wall. The bottom of the ladder is pulled along
the ground away from the wall at the rate of 1.5 m/ sec. The length of the higher point of
ladder when the foot of the ladder is 4.0 m away from the wall decreases at the rate of

(A) 1 B) 2 (C) 25 (D) 3

Let f (x) and g (x) be differentiable for 0 <x <1 such f (0)=0, g (0) =0, f (1) = 6. Let there
exist a real number c in (0, 1) such that f' (c) = 2g' (c), then the value of g (1) must be

(A) 1 (B) 3 (C) 25 (D) -1

Let f (X) = x®— 6x? + 9x + 18, then f (X) is strictly decreasing in -

(A) (oo, 1) (B) [3, ) (C©) (-0, 1]U[3,%0) (D) (1,3)
If x=— 1 and x = 2 are the extreme points of y = o log x + Bx? + x then

1 1 1 1
(A) a=-6,p=" B) a==6,p=—7 (€) a=2,p=—"- (D) a=2p="

The normal to the curve x2 + 2xy — 3y?=0at (1, 1)

(A) Meets the curve again in second quadrant. (B) Does not meet the curve again.

(C) Meets the curve again in third quadrant. (D) Meets the curve again in fourth quadrant.

X

The equation of the tangent to the curve y = 1 — e 2 at the point of intersection with Y-axis is

(A) x+2y=0 (B) 2x+y=0 (C) x—y=2 (D) x+y=2
If the tangent at (1, 1) on y? = X (2 — X)? meets the curve again at P then P is

(%) (4,4 ®) (1,2 © G.6) ® [(37)
The appoximate value of tan (44° 30") given that 1° = 0.0175.

(A) 0.8952 (B) 0.9528 (C) 0.9285 (D) 0.9825

. .



(1) (1)

(2)

3)

4

(5)

(6)
(7

(8)

)
(10)

(11)
(12)

(16)

(17)

If the curves ax? + by? = 1 and a' x* + b' y? = 1 intersect orthogonally, then prove that
1 1 1 1

2 b a b
Determine the area of the triangle formed by the tangent to the graph of the functiony =3 —x2

drawn at the point (1, 2) and the cordinate axes.

Find the equation of the tangent and normal drawn to the curve y* — 4x* — 6xy = 0 at the
point M (1, 2).

A water tank in the form of an inverted cone is being emptied at the rate of 2 cubic feet per
second. The height of the cone is 8 feet and the radius is 4 feet. Find the rate of change of the
water level when the depth is 6 feet.

Find all points on the ellipse 9x? + 16y? = 400, at which the y-coordinate is decreasing and the
x-coordinate is increasing at the same rate.

Verify Rolle's theorem for the function f (x) = on[—1, 1].

e+ e X

The position of a particle is given by the function s(t ) = 2t? + 3t — 4. Find the time t = ¢ in the
interval 0 <t <4 when the instantaneous velocity of the particle equals to its average velocity
in this interval.

Find the approximate value of the function f (x) = Vx? + 3x at x = 1.02.

. . 2
Find the approximate value of cos ' (0.51) given ©t = 3.1416, — = 1.1547.

V3

Find the intervals on which the function y = x*, (x > 0) is increasing and decreasing.

Find the intervals on the which the function f (x) = , Is increasing and decreasing.

log x

An open box with a square base is to be made out of a given quantity of sheet of area a2, Show
3

6v3

Show that of all rectangles inscribed in a given circle, the square has the maximum area.

the maximum volume of the box is

Show that a closed right circular cyclinder of given surface area has maximum volume if its
height equals the diameter of its base.

Awindow is in the form of a rectangle surmounted by a semi-circle. If the perimeter be 30 m,

find the dimensions so that the greatest possible amount of light may be admitted.

Show that the height of a right circular cylinder of greatest volume that can be inscribed in a
right circular cone is one-third of that of the cone.

A wire of length I is cut in to two parts. One part is bent into a circle and the other into a
square. Show that the sum of the areas of the circle and the square is least, if the radius of the
circle is half the side of the square.

= 2



(18)

(19)

(20)

1)

A rectangular Sheet of paper of fixed perimeter with the sides having their length in the ratio
8 : 15 converted in to an open rectangular box by folding after removing the squares of equal
area from all corners. If the total area of the removed squares is 100, the resulting box has
maximum valume. Find the lengths of the rectangular sheet of paper.

Show that the altitude of the right circular cone of maximum volume that can be inscribed in
. . Ar
a shpere of radius r is 3
Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of
. . 2R
radius R is —. Also find the maximum volume.

V3

Find the maximum and minimum values of the function f (x) = cos? X + sin x.

\/ \/ \/
0’0 0’0 0.0




3. INDEFINITE INTEGRATION g

\; Let us Study J
\

e Definition and Properties

e Different Techniques : 1. by substitution 2. by parts 3. by partial fraction
Introduction :

In differential calculus, we studied differentiation or derivatives of some functions. We saw that

derivatives are used for finding the slopes of tangents, maximum or minimum values of the function.

Now we will try to find the function whose derivative is known, or given f (X). We will find g (X)
such that g' (X) = f (X). Here the integration of f (X) with respect to X is g (X) or g (X) is called the primitive

d
of f (X). For example, we know that the derivative of X3 w. . t. X is 3% So ™ x® = 3x?; and integral of
X

3x?W. r. t. X is 3. This is shown with the sign of integration namely ' f '. We write f 3x%-dx = X3,
In this chapter we restrict ourselves only to study the methods of integration. The theory of

integration is developed by Sir Isaac Newton and Gottfried Leibnitz.

f f (x)-dx = g (x), read as an integral of f (X) with respect to X, is g (X). Since the derivative of constant
function with respect to X is zero (0), we can also write

f f (x)-dx =g (x) + ¢, where C is an arbitarary constant and ¢ can take infinitely many values.

A

Y
For example :

f (X) = X? + ¢ represents familly of curves for

different values of C.

f' (X) = 2x gives the slope of the tangent to
f(x)=x*+c.

In the figure we have shown the curves

y=xt, y=xt+4,y=x"-5. <

Note that at the points (2, 4), (2, 8) (2, —1) k
respectivelly on those curves, the slopes of tangents
are 2 (2) = 4.

Fig. 3.1.1

= &




3.1.1 Elementary Integration Formulae

(1)

(i)

(iii)

(iv)

V)

(vi)

(vii)

(viii)

(ix)

x)

d /x"! (n+1)x"
J— = —_— ,n;é_l
dx\n+1 (n+1) 1
= X = o [xtdx= +c
n+1
d ((ax+b)“”j (n+1)(ax+b)"
dx L (n+1)-a (n+1)
(ax + b) [ax+ by =D 1
— n = n, — R
n+1 a
This result can be extended for n replaced by any rational P .
d f a* ax
_ =a,a>0 fax-dx: +C
dx \ loga loga
ax+b
Ao dx = —+¢,A>0
logA a

I eX - eX
dx

d

— sin X = cos X
d

d

— Ccos X=—sin X
dx

d
— tan X = sec? X
dx

d

— sec X =sec X - tan X
dx

d
X

d

— cot X = — cosec? X
dx

d 1
—logx =—,x>0
X

dx
1 1
alsof -dX=log(aX+b)-g+C

(ax + b)

d—COSCC X=—cosec X cotX =

[ex-dx=ex+c

[em+b dx =g+ §+c

fcosx- dx=sinx+c

fcos (ax + b)- dx:sin(ax+b)-é+c

fsinx- dx=—cosx+cC
fsin(ax+b)-dx=—cos(ax+b)-é+c

fseczx- dx=tanx + ¢

fsec2 (ax + b)- dx =tan (ax + b)- é+c
fsecx-tanx- dx=secx+cC

fsec (ax + b)- tan (ax + b)-dx = sec (ax + b)- é+c
fcosecx- cotx-dx=—cosecX+C
fcosec(ax+b)-cot(ax+b)- dx=—cosec (ax+b)-é+c
fcoseczx- dx=—cotx+c

1
fcosec2 (ax + b)- dx = — cot (ax + b)- g+ c

1
f;dleogx+c,x¢0.

We assume that the trigonometric functions and logarithmic functions are defined on the

respective domains.

4
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3.1.2

7

Proof : 1.

.

Theorem 1 :

Theorem 2 :

Theorem 3 :

If f and g are real valued integrable functions of X, then

f[f(x)"'g(x)]'dX=ff(X)-dx+fg(x).dX

If f and g are real valued integrable functions of X, then

JUE) =g ()1 - dx=[f(x) - dx— [g () - dx

If f and g are real valued integrable functions of X, and k is constant, then
JKIT@1-dx=k [ f(x)-dx
Let [f(x)-dx=g, (X)+c, and [ g(x)-dx=g,(x)+c, then
S e o=t and L IG,0+c)] =90
1o, @+ ) + (6,09 +c)]
SR CHORE) PR (CRORES)
=f(x) +9(x)
By definition of integration.
(9, ) +¢c) + (9,00 +c,)

[T dx+ [ g(x) - dx

[ ) +9x

Note : Students can construct the proofs of the other two theorems (Theorem 2 and Theorem 3).

@) SOLVED EXAMPLES ]

Ex.:  Evaluate the following :
1. [(x3+3%) - dx
Solution : [(x3+3%) - dx

[x3- dx + [3% dx

x4 K

4  log3

+C




1 1
_ inxX+—+-—5—|-
2 f(smx < &j dx
Soluti i : -3—1 d
: +—+ :
olution j(smx . &j X

1 1
= fsinx-dx+f;- dX+JW' dx
1

1 o1
- fsinx-dx+f;- dx+fx 3. dx

—
= —cosx+10gx+1—+c
-—+1
3

2

X3
= —cosx+10gx+7+c

3. f(tanx+cotx)2-dx

Solution : [(tan x+ cot x)” - dx
= f(tan2 X + 2 tan X-cot X + cot® X) - dx
= f(temszrZJrcot2 X) - dx
= f(seczx—1+2+coseczx—l)-dX
= [(sec? x + cosec? x) - dx
= fsec2 X - dx + fcosec2 X - dx
= tan X+ (—cotXx)+cC

= tanX—cotX+cC

3
\/X_+ 1 e410gx_e510gx
4. . 5. f—
X+ VX x X &
\/; . 1 - fe4logx_ eSlogX
ion - ) Solution : — dx
Solution : fx+\/f dx NG
_ elogx4_elogX5
3 \/X +1 . dx = f—s dx , ralgaf®=f (X)
WK +1) "
X4_X5
fl d i f( X jldx
= N X |
- IEN X
= log(x)—x+c
= 2+x+c
2X+ 3
6. fX - dx 2 2
5x—1 _ - =
2X+3=—0Bx-1)+3+
N . 5 5
Solution : E:Q+E 17
5 _
2 | = f—+ S | dx
5 5 5x —1
5x—1) 2X+32 2 171 S | 1
— = —X+— — c—+
2x—€ 5x 5 og (5x )5 c
_ + 2 171 |
= —X+— - +
2 17 5x 55 og(5x—1)+c
3+——?




- dx

f\/3x+1—\/3x—5

Solution :

f - dx
V3Xx+1—-+3x-5

j_(x/3x+ 1+V3x-5

1
_f[\/3x+1—\/3x—5 V3X+1+43x—5

V3Xx+1+vV3x-5
3X+1—-3x+5
V3x+1++43x—-5
6

:%-f[@x + 1)% +(3x — 5)%) - dx

- dx

- dx

—i- f(3x+ 1)%- dx + f(3x— 5)% - dx
6

( 1 1
(3x+1)2 (3x—5)2

(3] (3]

—d—(3x+ +—(3x — +
g3 BxF D2+ (=52 +c

+1 +1

4 +C

1
6

Zi{(3x+1)2 +(3x— 5)3}

(x—l)(x2+x+1) 1

ER
. J o

XX
—+—+Xx+tlog(x—1)+c
3 gx=1)

X3

9. f - dx
Xx—1

Solution :

| = fx3—1+1
Xx—1
x—1 1
x—1 x-—1

x=1

X2+ x+1+
x—1

j.dx

8 JZX ! dx
' V3x -2

Solution : Express (2x — 7) in terms of (3X — 2)

2 23 2 :
iy u— — 4+ ——
X—17 3(x ) 3 7

(2 1
=3 (X=2) 73

[ 2 17
I 3(3)(_2)_3 - dx
V3x—2

2 17
3(3x—2)

| V3x—2

3 |
\/BXJdX

3X —

17 1
dx — —
vV3x — 2

=3f(3x-2)%.

2 (x-2)? 2)2 L_Ez (\/T)

B

: 3 2% 343 2%
= —(3x — ——(3x — +
S (3 -2)7 (- 2)7 +c

35

. :



11. fcos3 X - dx

Solution :  cos 3A =4 cos*A — 3 cosA

1
— (cos 3x + 3 cos X) - dx
4 (

1
= Z(sin3x-—+3-sinx)+c

3

1 ; 3
= — +— +
12sm X 4s1nx C

13, [sin*x - dx
Solution :

| = [(sin?x)*- dx

f(l(l — Cos 2X)j - dx

f(l 2 cos 2x + cos? 2X) - dx

1
_ﬂl—2cosZX+E(l+cos4X)]dX

I 1
- +—+— :
f (1 2 cos 2X 5+ cos 4XJ dx

3 1
(E—2cos 2X+Ecos4xj-dx

2 2 4
3

4>|~4>|-4>|»—4>|~4>|~4>|

3 1 1 1
{EX 2 sin 2X + — + — sin 4X - —}+C

—sm2X+—s1n4X}+C

12, [NT+sin3x - dx

Solution :

3X 3X 3X
| f cos —+sm —+2sm7 0057 dx

3X 3X
f\/ cos —+s1n—) dx

3x 33X d
= — +sin— |-
f COS 2 S 2 X

S 1 33X 1
= sm7-E—cos7-E+c
2 2
2 ( 3 3X
= E sm;—cos; +C

14. fsin 5x - cos 7x -dx
Solution : We know that

2sinA - cos B=sin(A+B)+sin (A—B)

1 .
I = Ef231n5x-cos7x-dx
1
= 3 f[sin (5x + 7x) + sin (5x — 7x)] - dx
1
= 3 [[sin (12x) + sin (~2x)] - dx

1
= 3 [ (sin 12x = sin 2x) - dx

1 1 1
= —.|= —+ — |+
5 cos 12x - 0 cos 2X - > c
1 1

= —— +— +
| 24(:0512X 4cos2x C

fsin3 X — cos® X

- - dx
sin® X-cos? X

) sin® X cos® X
Solution: 1= - —— - dx
sin® X-cos®> X  sin® X-cos? X

sinX  cos X
- 2y inly | dx
cos?X  sin® X

15.

| sin X | cos X
= . - — - — - dx
COSX COosX sinX sinX
= f(secx-tanx—cosecx-cotx) - dx
= secX— (—cosecX)+cC

| = secX+cosecX+cC

. .



1
1 —sin X
Solution :
| = J( 1 j(lJrsinxj
- 1 —sin X 1 +sin X
f 1 + sin X
= ——— - dXx
1 —sin? X
1+ sin X
= o dx
cos® X
J( 1 sin X j
= + - dx
cos’X  cos?Xx
= f(seczx+secx-tanx) - dx
= tanX+secXx+CcC
Activity :
COS X — cOos 2X
18. — - dx
1 —cos X
Solution :

17.

dx | =

cos X

JEe)e

Solution :

Ccos X

f( j(l+cosxj
- dx
1 —cos X 1 +cos X
Jcosx(1+cosx)
-d
f( sin? X j X
cossz
+ - dx

f cos X
sin?X  sin®? X

f(cosec X - cot X + cot? X) - dx

1 —cos? x

cos X + cos? X)

f(cosec X - cot X + cosec? X — 1) - dx
(— cosec X) + (—cotX) —x+¢C

—cosec X —cotX—X+C

fcosx—cos2x
— . dx
1 —cos X
cosSX— (.ot
—f ( )
1 —cos X
COSX ™ v v
:J - dx
1 —cos X
fcosx(l—cosX)Jr ..........
= - dx
1 —cos X
_ f{cosx+ .......... - dx
1 —cos X

f(1+ZCosX)-dX

= X+2sinX+¢C

f[cosx+ (1 +cosx)] - dx




19. fsin’1 (cos 3x) - dx 1 — sin x
: 21. ftanl — - dx
Solution : 1 + sin X
. on Solution :
I = fsm‘1 sin——3x | - dx
2 _ m_
|1 —cos [— X]
. | = tan! 2 - dx
= f(?—ij dx I+ cos(7 —x]
T X2 = .[tanl 2 sin” [% _ %j - dx
s X
= ?x—3?+c 2 cos? (5 — 5]
T X
sin 2X = f tan”! [tan?| — — —) dx
20. tan' | |- dx 4 2
1 + cos 2X y
T
Solution : = jtan‘{tan (T - 7]} - dx
1 + cos 2X
I = cot!'|——————|-dx T X
sin 2X = a2 ) dx
2 cos?X 2
a2, RN
2sin X - €os X 4 2 2
f cot™!(cot x) - dx T X2
= —X——+¢C
X2 4 4
[x - dx 5 tC
EXERCISE 31 |
N Y,
I. Integrate the following functions W. . . X : III. Evaluate :
22 ‘ X 4x + 3
D ¥+x—x+1 (i) xz(l—;j O IR @] 5 +1
1 [5x+2
(iii) 3 sec? X ——+ X 7 (iii) a4 dx (iv) \/— - dx
3 4 3 —2x+5 -
(iv) ¢ =5x+ —+— (V) ——F=— W) f 2X=T - d ) J sin 4x
X X xVx vax — 1 cos 2%

II. Evaluate :

(i) [tan?x - dx
sin X
(ii1) o X dx
sin X

) jsmzx cos? X o (v) -[1+s1nx o

tan X

(vii) j —————dx (viii) [VI+sin2x-dx
sec X + tan X

(i f sin 2X

CoS X

(i) f cos 2x

sin? X

(ix) [¥T—cos2x - dx  (x)fsin4x-cos 3x-dx

(viii) [cos? x-dx

(vii) [T +sin5x - dx

, 2
(ix) f—\/Y— i3 dx

| s
®) == vi—s =

3 11
IV. f'(X):X—?,f(l)=7thenﬁndf(x).

‘ .



3.2 Methods of integration :

We have evaluated the integrals which can be reduced to standard forms by algebric or trigonometric
simplifications. This year we are going to study three special methods of reducing an integral to a

standard form, namely —
1. Integration by substitution
2. Integration by parts
3. Integration by partial fraction
3.2.1 Integration by substitution :
Theorem 1 : Ifx = ¢ (t) is a differentiable function of t, then [f(x) - dx = [ [¢ ()] ¢' (t) dt.
Proof : X = ¢ (1) is a differentiable function of't.
dx
i o' ()
d
Letff(x) dng(x):&[g(x)]zf(x)

By Chain rule,
d d dx
<lo0] = loWl- o
dx
=f(x) —
04

=f[o ] ¢' (1)
By definition of integration,
g0)=Jf[¢ M- ¢ (O - dt
[169 - dx=[fLo O] ¢ (1) dt

For example 1 : [3x2 sin (x3) - dx

3x? dx = dt
= [sint - dt
=—cost+c

=—cos (X}) +c¢C

= &




Corollary | :
If [f(x) - dx=g (x) +¢C

1
thenff(ax+b)-dx:g(ax+b)g+c
Proof : LetI= [f(ax+b) - dx
put ax +b =t

Differentiating both the sides

1
a-dx=1-dt:>dx:§dt
1
o= (f@) —-
[t - dt
1
_;ff(t)-dt
=7 90+
1
=—. +b) +
a g(ax+hb)+c
1
ff(ax+b)-dx=g(ax+b)g+c
For example : [sec? (5x — 4) - dx
1
:gtan(SX—4)+C

Corollary 111

jf'(X)d =1 f +
f(X)-X_ Og( (X)) c

f'(x)
f ()
put f(x) =t

Proof : Consider -dx

Differentiating both the sides
f'(x)-dx =dt

1
R
t

=log (t) + ¢

=log (f(x) +c

¢
Jf(i);)-dx=log(f(x))+c

Corollary 11 :
nel
JLEEo1- f'(x)-dx:%+c, n#-1
Proof : LetT=[[f(x)]"*" - ' (x)-dx
put f(X) =t
Differentiating both the sides
f'(x)-dx = dt
| =[] dt

tn+1

= +cC , n+#-1
n+1 i

LS
= Ther €

[f(><)]““+
n+1

co JIEEOT - f(x)-dx =

(sin "'x)3

T-%

1
= f [(sin 'x)?] - ( == ij- dx

o 1 y)4
_ (sin 'x) N
4

dx

For example : j

C

For example : [cotx - dx
CcosS X
= - . dx
Sin X
d

— sin X = cos X

dx

d .
:f &smx_dX
sin X

=log (sinx) + ¢




Corollary IV

f'(x)
W-dxzzw(xﬂc

f* ()

Vi)

Proof : Consider -dx

put f(x)=t
Differentiating both the sides
f'(x)-dx =dt

=2+t+c
=2Vf(X)+c

£ (%)
W-dx=zm+c

f
f

Using corollary 111, f

functions.

3.2.2 Integrals of trignometric functions :

1. [tan x - dx
Solution :
| = ftanx-dx
sin X
- fcos X
—sin X
- f cos X

—log (cos X) + ¢

log (sec X) + ¢

For example : f .
XV log X

=2+logx+c

" (%)
) -dx = log ( f (X)) + ¢ we find the integrals of some trigonometric

Activity :

2. [cot (5x — 4) - dx
Solution :

- dx




3. [sec x - dx =log (sec X + tan X) + C

Solution :  Let I = [sec x - dx

(sec X) (sec X + tan X)

sec X + tan X
fseczx+secx-tanx

sec X + tan X

fsecx-tanx+seczx
= . X
sec X + tan X

d
d—(secx+tanx)=secx-tanX+secZX
X

[sec x - dx =log (sec X + tan X) + C

Also,
X T

[sec x - dx = log [tan (7 + Tﬂ +cC

@) SOLVED EXAMPLES |

Ex.:  Evaluate the following functions :
cot (log x
X
cot (log X
Solution : LetI :f(Tg) - dx
put logx =t
1
—-dx=1"-dt
X
= fcot t - dt

=log (sint) + ¢

= log (sin log x) + ¢

Activity :
4. [cosec X - dx = log (cosec X — cot X) + C

Solution :  LetI= Jcosec X - dx

(cosecX) (..ovonnn... )
_ J’ ................ - dx

dx

= log (cosec X —cot X) +C

fcosec x - dx = log (cosec X — cot X) + C
Also,

X
fcosec x - dx = log tan7 +cC

fco\s&\/Y

Solution : LetI=J

2. - dx

cos VX
VX

- dx
put Vx=t

1
Z—W-dx—l-dt

1
\/—?-dX—Z-dt

=2 [cost-dt

=2-sint+¢C

=2 -sinVXx+c¢

:



sec® X
3. - dx
cosec X

1
Solution : I = jsec7x - sec X -

1
:fsec7x- - sin X - dx
cos X

= [sec” X - tan X - dx

= [sec® x - sec X - tan X - dX

put secx=t

sec X - tan X - dx = dt

= [te - dt
t7
=—+
7 c
sec’ X
= +
7 c
5, f55x-5X-dx
Solution : I=f55x-5x-dx
put 5=t
5¢-log5-dx=1dt
1
5-dx—log5-dt
R
- 'logSI
= . t,
log 5 ot dt
1 - 1
= . . +
log 5 log 5 ¢
1\
= .55 +
(logS} e
. fex(1+x)
' cos (X - &)

Solution: put x-e*=t
Differentiating both sides
(x-ex+e - 1)-dx=1dt
e (1+x)-dx=1dt

cosec X

1
4 wa;'dx
. f 1
Solution: | = x+\/Y'dX

1
e

put Vx+1=t
1
T&dx:ldt
1
— . dx=2-
7x dx dt

1

t
1
t

=2-log(t)+c
=2-log(Wx+1)+c
1
6. J —- dx
1+e
1
Solution: I = f —. dx
1+e*

1
= J " - dx
1+
1
J e+ 1 - dx
o

_f ¢ 4
= ex+1.x

%(eul) -dx = e

=log[e*+1]+cC

1
S
cos t

= [sect - dt
=log (sect+tant) +c

= log (sec (xe¥) + tan (xe¥)) +C

:



-

Solution :

o [

Solution :

33X+ 7x™"

1
- dx

1
3+ X

1
f 7.dx:f
X+ —
Xn

X0
3+ 7

put 3x"'+7=t

Differentiate w. r. t. X

3(n+1)x"-dx=dt

Consider f dx

dt

XK= gn T

1
:J 3(n+1) -dt
t

-log(t)+c

- 3(n+1)

- 3(n+1)

sin (X + a)
cos (X — D) F

1

3Xn+1 +7 :

Xn

log (3x™ +7) +¢

jsin[(x—b)+(a+b)] |
- dx

cos (x — b)

9.

dx

Solution :

[ (3x+2) VXx=4 - dx

put x—4=t
X=4+t

Differentiate

1-dx=1-dt

[[3(4+1t)+2]T dt

1
[(14+3t)-t2 - dt

6

28 3 >
L2 Xx-4)Z+—(x—4)Z +c
3 5

sin (X —b) - cos (a + b) + cos (X — b) - sin (a + b)

J

cos (X —b)

cos (X —Db) - sin(a+ b)

f{sin(x—b)'cos(a+b) s

cos (X —b)

cos (X — b)

[[cos (a + b) - tan (x — b) + sin (a + b)] - dx

cos (a+b) - log (sec (x — b)) + x-sin (a+ b) + ¢




e*+1
11. J - dx
e—1

Solution :

ee—1+2
| = | — - dx
er—1

(ex—l 2 j

:f eX—1+eX—1 - dx
)

:fl‘l-ex_l - dx

foos [ 2
= + [ — .
X ex(l1—¢e?) X
:J'ldx+2fl_

put (1-e>)=t

Differentiate w. r. t. X
(€™ (-1)-dx=1dt
eX-dx=1dt
1
| = fldx+2JT-dt
=x+2-log(t)+c

=x+2log(l—e*)+cC

e+ 1
o1 -dx=x+2log(l—e*)+cC

To evaluate the integrals of type j

1
12. f—-dx
1 —tan X

Solution :

1
I = sinx'dx

CoS X

f cos X
~J cos x— sinx

COS X
= - dx

\/5(\/%008 X—\/%COS Xj

1 CosS X
_\/7 o .. - dx
cos—cosx—sm—smx
4

COS X q
- OX
\/_ COS

put X+—
4

Differentiating both sides
1-dx=1-dt

i
costcos—+ smtsmz
\/_j cost - dt

:T-I[T-l-ﬁtant]dt

% T[t+10g(sect)]+c

1
—X+—+logsec X+ }+C
2{ 4 ( 4]

acos X + b sin X

C cos X + d sin X

- dx, express the Numerator as

Nr =X\ (Dr) + p (Dr)', find the constants A & p by compairing the co-efficients of like terms and then

integrate the function.

= &



EXERCISE 3.2 (A)

Integrate the following functionsw. r. t. X :
3

| (logx)"
' X
3 1+x
~ X-sin (X + log X)
e3X
5.
e¥+1
. e* - log (sin €¥)
' tan (")
9. sin*X-cos®X
1. x%-sec?(x')
13 Vtan X
" sin X-cos X
5 2 sin X-cos X
" 3 cos?X + 4 sin? X
10 X° + 10%log 10
17.

10 + x'°

19. (2x+ 1)Vx+2

21.(5-3x)(2— 3x)’%

f 1 d _1
wra XT3

1 1
3. fﬂ-dx—glog

1 1
- — -1
f = dx a sec

(¢+2)

(sin"'x)2
VI—-x
X-sec? (x?)

Vtan® (x?)

X +tan"! x

SR

14.

18.

3.2.3 Some Special Integrals

tan™! (
a

a+Xx

X

a_

J+c
)+

1
3. fﬁ-dx=log(x+vx2—a2)+c

&

e*+1
e*—1

1
4x + 5x7!1

. edloex (x4 + 1)’1

(x— 1)’
x>+ 1)2

1

i
anl

T

@

7+ 4x + 5x2
3
(2x +3)?

J+e

4

23.

9 — x5

1

25.
x-log x-log (log x)

Integrate the following functionsw. r. t. x :

4ex—25
S E— 8.
2ex—5
3e*+5
_— 10
4e>*-5
11. tan® X 12
13. tan 3X-tan 2X-tan X
14. sin® X-cos® X 15
sin 6X
16. 17.

cos 3X — cos 4x

sin 3X + sin 4X
sin (X — a)
cos (X + b)
1

sinX-cos X + 2 cos?X

sinX + 2 cos X

3sinX + 4 cosX

sin 10x-sin 4x

f 1 d _1
a2 P70

1
fﬁ - dx = sin™

log(

1
f@?f?

3

-dx=log (x+Vx2+a?) +¢

X

X
X

X (x¢=1)

COS X
sin (X — a)

1
2+ 3 tanXx

20+ 12 e*
3er+4

. cos® x-cot X

. cos’ X

. 3eosxegin 2X

sin X-cos® X

1 + cos®

—a
+a

J+
J+c




While evaluating an integral there is no unique substitution, we can use some standard substitutions and try.

No. Function Substitution

1. Va2 —x? X =a-sin 0 (X = a-cos 0 can also be used.)
e

2. a’ X =a-tan 0

3. Xt —a’ X =a-sec 0

4. a—x X =a-cos 20

atx
1 X
1 S5 dx=—tan'| —|+¢C
Xc+a a a
Proof :
1
Let T = ﬁ-dx
Xra Alternatively
X
putx:a~tan9:tan9:E Cosider,

X d[1 (X
i.e.Q:tanl[Ej dx PR R
sdx=asec?0-do dfl1 X d

= — —t -1 — +_C
'j 1 P dx{a an (aﬂ dx
~) @t anzo+az 5 0
2 1 1 d (xjﬂ)
:]Lce.dg T a x)2 dx (a
a¥(tan?0 + 1) 1+ 2
20
:J sec 4o 1 1 1
a-sec?0 =—- ST
a 1_’_X a
1 -
=—[de &
a 1
1 Ta? al+ x2
—0+c at+X
a a2
1 (X - !
=—tan'| = |+¢C
a an a X2+a2
1 b (X Therefore,
2+a2-dx—gtan E +C
X by definition of integration
1 1 X
- 1 1 X
e.g.f -dx=—tan1(—)+c . f cdx = — tan | — | +
X2 + 52 5 5 L N dx atan a c




> f L k= pog[ X2
Ldx = — +
’ X2 —a? X 2a 8 X+a ¢

Proof :

1
ot 1= o

1
-fm'dx
1 7 1 1 7
. — - dx
2a [x—a Xx+aj
1 o1 1 7
- || — - dx
2a J|[x—a x+a]

1
_ ) +a)]+
. [log(x—a)—log(x+a)]+c
1 o[ X2
- +
2a "% x+a ¢
f 1 i = 1 1 X—a
x—at T 2a %% x+a)"©

f 1 i = 1 1 X—3
e.g. -9 X‘z(g) %8|y 43 )¢

Activity :
s dem o tog[ S
cdx = — +
) e X 23 08| T, c
Proof : Consider,
1
| = az—Xz-dX
oo
= | —— . dx
(..00. )
1 [ 1 1 7 q
= —. + .
2a | ... ] g
— 1 . L] d
“2a)| a+rx|

=2ia-[1og(a+x)_1og(a—x)]+c

1
=—. +
2a log[““) ¢

.f 1 d : 1 o
cdx = — +
Y X 22 198 3¢ c

f L k= log[
Cdx = +
2O ) e ™ T 2@y Bla—x)"

1 X
. dx=sin'| — |+
Proof :

1
1= [

put X=asinf =

) X
sin@ =—
a

X
0 =sin™! (—j
a

dx=a-cos0d0O

-a-cos 06dO

1
! f VaZ - aZsin?®

I _f a-cos 0
~ Jay1—aZsin?0

fcose 46
cos O

[1-do

0+cC
fe s
Nraeal X =sin 2 +C

1 X
- . =sin’'| —
e.g. f R dx = sin (9j+c

. D0 '



5. fﬁ-dXZIOg(X+m)+C
Proof : Let I = jﬁ-dx
put X=asecb = 0=sec’! [gj
dx = a-sec O-tan 6-dO
1
I = fm -a-sec 0-tan 0-d6

a-sec O-tan 0
Ve eo-1)
a-sec O-tan 0
Vet ang 09
a-sec O-tan 0
- f a-tan®

= fsece-de
= log(secO +tanB) +cC

= log(secO++sec?0—1)+cC

X X2

B PR PO A
X X2

I PR PO A

X+ X —a
= log|——— | +¢
a
= log(x+\/x2—a2)—loga+cl
= 10g(X+\/X2—a2)+C
where c=c, —loga
1
- X = +yxe—a?)+
Jm dx = log (x + Vx2—a?) + ¢
1
.g. ———dx= + X2 — +
e.g fm dx =log (x + VX2—16) +¢c

Activity :

1
6. f—-dleog(x+\/a2+x2)+c

aZ + X2
Proof : use substitution X =a - tan0

Activity :

. f 1 g 1 (X
—_— = — 1 — | +

. =g A= gsect| ] FcC

1
iz o
X
put x=asec6 = 0O=sec’ (Ej

Proof : Letl

dx = a-sec O-tan 0-d0O

1
| = fasecew e

tan O

|
o
D

1 11
| |
D> —
+ =
(@] o
D

1 X
—sec’!|—|+¢C
a a

1 1 X
= dx=—sec'| —|+¢C
XVx2—a a a

1 1 X
-, - -1 —
e.g. Jx T —¢d dx g See (8]+c

/
. O@O .
AN



3.2.4

1 1
In order to evaluate the integrals of type f ot bt dx and f Jacibxrc dx
we can use the following steps.

b c
(1) Write ax> + bx+ cas, a (XZ + 3 + gj , a> 0 and take a or \/a out of the integral sign.

b b
2 (XZ + " Xj or (E X — ij is expressed by the method of completing square by adding and

1 2
subtracting [E coefficient of X] :

(3) Express the quadractic expression as a sum or difference of two squares
ie. ((x+B)2+a?)or(o2— (x + B)2)
(4) We know that [f)dx=g(X)+c = [f(x+p)dx=g(x+p)+cC
ff(OLX+B)dX=é9(0tX+B)+C

(5) Use the standard integral formula and express the result in terms of X.

3.25
1

asin?X+bcos®x+c

In order to evaluate the integral of type f
we can use the following steps.

(1) Divide the numerator and denominator by cos? X or sin? X.
(2) In denominator replace sec? X by 1 + tan? X and /or cosec? X by 1 + cot? X, if exists.
1

-t
at?+ bt+c

(3) Puttan X =t or cot X =t so that the integral reduces to the form f

(4) Use the standard integral formula and express the result in terms of X.

3.2.6
1
To evaluate the integral of the form f . - dx, we use the standard substitution
asinX +bcosx+c
X
tan - =t.
an -
If X h i 2 X : dx=1-d
tan > =t then (i) sec 5 X=1-dt
) 2 2 2 dt
Le.dx = xdt = xat= Tt
secZE 1+ tanzz
X
2 tanE 2t
(i) sinx= o X = e
tan E

. .



X
l—tanZE 1 — 12

(ii1) cosXx = X = i
1+ tan25

1
a sin 2X + b cos 2x+ ¢

1

Weput tanx=t for the integral of the type j

therefore dx = Tt -dt
. 2t d
sin 2X ie t
-t g
and cos 2Xx = v e t
1
With this substitution the integral reduces to the form o+ bxtc dx. Now use the standard
integral formula and express the result in terms of X.
@ SOLVED EXAMPLES |
Ex.:  Evaluate:
! 2 f L
1. .f4X2+11.dX : a2 —b2x? X
1 ) 1
Solution: | = f— . dx Solution: | = |—— 5 -dx

4(x2+1—1j
4
1 ; = lj;dx
= Zf \/ﬁ z'dX bz a 2 2
X“(Tj ( j‘x

b
i ! y f 1 d l1 a+x
.. - . e p— +
fz—'dX=—tan1[—j+c ' 2-x " "2a Bla-x)"°
X2 + a? a a a
11 b
Ir 1 X | = = ‘1o +c
I = — - tan™! c 2 £l a
4 (mj an (mj b Z(i) - X
I I b
2 2 .
Lo D X .
= —. . c
= : tan™! X +c T i—x
2411 V1T 2|5




1
s e

Solution : | = f— - dx

f : Wz-dx
s ()

1 1

| —=-d
[t

.t

-dx=log | x+Vx2—a?|+c

1 , (V7Y
-log(x+ X_(\/_éj J+C

1 , 7

\/—é-log(x+ X—§J+C

- dx

@l

Jo=

al

1
> f\/3x2—4x+2

1
J - dx
N
XT3 X'

(3o = (5[5

Solution: =

I
:f - dx
4 4 4 2
. 2 .=
@/X 379 973
B
- =

j 414 7 4y
J@La*+3}(§—a)

1
4 Jx2+8x+12'dx
) 1
Solution : I = fx2+8x+16—4'dx
_ f 1 q
- Jrap—p ™

f 1 d 11 X—a
—_— = — +
X2 —a? X 2a 08 X+a

| (X+4)—2
2(2)'1°g((x+4)+2j+c

1 X+ 2
ZIIOg X+6 e

1 1
fx2+8x+12'd =

24

1
f—m-dleog|x+\/m|+c

olf3) T )




1
o J3—10x—25x2 o

Solution :

- SERPRN

1 2
{(— coefficient of Xj

- GE)-E)-%)

2 11
JR— —_ +___
25 (X T 5% 5 25

P Ty

lf | ;
25°) 3 ( 2 1) X
X2_

1 f 1 ;
25°) 4 ( 2 1)' X
X2__

I
N
01‘_‘
R

Activity :

1
7. f—h+x—x2'dx

Solution: | :J - dx

2

(zen)-(3)-4)

1 2
{(— coefficient of xj




. f sin 2X y e%
: sy A qin2 - OX 9 J—.d
3sin*X—4sin® X+ 1 : Jex— ex X
Soluti 'I—j sin 2 d Solution :
olution : = 3 (sinz X)2—4 (Sil’l2 X)+1 - ax ofution : \/_
eX
put sin’x =t - 2 sin X-cos X-dx = 1-dt | = fl—'dx
sin 2x-dx = 1-dt o ex
1
B f3t2—4t+1'0't = f—ve_ - dx
B J 1 " 1—(e¥)
_ 3| t? 4'[ : | ¢
[ — +_
33 f Vex ]
1 _ ? 1- (e’
> coefficient of t V&
(LAY (24 i Jx/e_\/e_ ;
- 2073))7U3) 9 B —ey
1 1 eX
| = —. - dt — f—dx
3 4 4 4 1 2
S A A Ji=
t 3t+9 9+3
1 1 put er=t
= — dt
S PP A T exdx = 1-dt
3 9 9
1
| 1 _f
- ) I = - dt
RO
t—— | | =
3 3 = sin!'(t)+c
A — sinl(e¥) +c
_l 3) 3 |,
T3 1y 8 oy 1 |7°¢ o
2 3 t_g +? fm-dx=sinl(ex)+c
11 3t—3
= —. +
21083~ )7
3 1 3sin?x—3
B E-log 3sin?x—1 te
j’ sin 2X d
3sin X —4sin2x+ 1 X
11 3sin?x—3
_ IR O
2 %8| 3ginx—1 )" ¢
o



10. f(Ntan x + +/cotx ) - dx

1
Solution : | :f( tan X + \/taT(} dx
tan X + 1
= Tk - dx
put Vtanx=t .. tanx=t2 .. Xx=tan't?
1-dx = T+ (7 +1(t2)2 2t dt
sec? X -dx = 2t- dt
2t 2t 2t
ox = secZX'dX: 1+tan2X'dXz 1+t4'dt

fﬂ+1 2t | 2fﬁ+1 ;
N T E R

SIS CTARA
TR
Pt t dt t t?

= 2-tan'|—— |+cC

72 ; t2—1
= 2- tan 7t +C

tan X — 1

= . A —
V2- tan 77 me)w

1
TR

X
Solution :  put tanE:t
g y 1—t2
X = e t and cosx= R

(e,
2
jL.dt
1 —t2
5_4(1+ﬁj

2

1+
- dt
5(1+t)—4(1-1?)
1+t

Js s aied
soste-4-42 O

|
\‘
[{e]
—
N

_|._
—_

o

—

1
%
[
[u—
(o
—

2 1
z8
3
2 1 t
=9 ‘tan”! +cC

2
§~tan‘1 (2t)+c

2 (5 X
—_— - J— +
3 tan tan 2 C

f 1 4 2 (5 X
. D — = — - — | +
. 5—4COSX X 3tan tan2 C

= &




1
12 Jm'dx

Solution :  put tanx =t

1 2

sin 2X =

=1 L +0

1+ﬁ
2(1+)-3(21)
1+F

J
- J + 212 -

1 2
coefficient of tj

+C

1 2t—3-+5
dlog | 7—F%——F=
245 2t—3++5

1 | 2tanx—3—\/§
= . +
2v5 %% | 2tanx-3+v5 )¢

1
at= Juﬁ—ﬁ+nﬂt

1
13 f3—2sinX+SCosX - dx
X

Solution :  put tanE:t
g 2
e
. 2 1 —1t2
sin X 1+t2'dt and COSX ="

2
1+t
=f «
3(1+t)-2Q20+5(1-1t?)
1+t
- f3+3t2 at+5—see Ut
- jg stz 0
_ f !
a 4 —2t—t2 dt
= .[ '[
4— m+m)
- f4 w+m+1—n -t

js—a2+m+1)dt

1
e

1 V54 (t+1)
2(V5) Og( V5 (t+1)}+C

X
1 \/§+1+tan5

‘log X
25 \/g—l—tanz

+C

. .




- = 1
Activity : 14. fsinx—\@cosx - dx
X
Solution :  put tanE:t L=
Slnx: ........ and COSX: """"
(e
+2
++/3
2
1+ t2
| «
1 +12
2
| «
_ f 2 dt
_ \/§(1 (tz itD
V3
_ 2 ! dt
- V3 2 1 1
-t —t+ -
V3 3 3
_ 2 ! dt
= ' 2 1y 1
AR PR
V3 3 3

V3

R

2 1
= . dt
@f (o 2=(... )
2 1

= ﬁmlog( —) +C

B S

X

1 1+\/§tan5

= E-log — [|*¢
3—\/§tan5

Alternative method :

1
14. .[sinx—\/?cosx - dx

Solution : For any two positive numbers a and b,

we can find an angle 0, such that

) a b
sin0=——— and cosO=

/a2 _ b2 a2 _ b2
Using this we express sin X — /3 cos X
=1+ 3 (cos 0-sin X — sin 0-cos X)

=2-sin (X — 0)

el
T

2-sin (X—E

1 o
E-fcosec (X — Ej - dx

1 s T
E-log (cosec (X —gj —cot (X —EJ j +C
1 X =

E-log (tan (E + gj ) +C

/)
. O@O .
N



1
15. J - - dx
3 +2sin?X + 5 cos? X
Solution : Divide Numerator and Denominator
by cos? x

cos? X
3+ 2sin?x + 5 cos? X

- dx

cos? X
sec? X

f3sec 2x+2tan?x+5

- dx

sec? X

3(1+tan®x) +2tan’x +5 - dx

sec? X

5tan? X+ 8 O

sec X

tan? X+—

put tanx =t .. sec?x-dx = 1-dt

e
= —. g -
5 t2+_

5

1 1
= g- W.dt
t2+ -
®
1 1 t
= ——— tan’'

5" 3 V8
V5 V5
11 V5t
= \/_3'2\/7'&“11[2\/7)-”:

1 1 \/5 tan X
= ————.tan’!| — | +
2410 W T2V ¢

+C

1
. .]‘3+2sinzx+5cosledx_

1 1 \/5 tan X
(X
2y10 P T2y )T

cos 0
16. J -do

cos 30
f cos 0 d6
4c0os°0—3cos0

1
f400529—3 +do

Divide Numerator and Denominator by cos? 6
1

|- f cos? 0 . de
4 cos?6—3
cos? 0

sec? 0
—.do
4—3sec’0

Solution : |

sec® 0
f - do
4 —3 (1 +tan® 0)

sec? 0
[0
1 —-3tan’ 0

put tan© =1t .. sec?0-d0O=1-dt

_jld
b= 1 —3e o

+C

1 | 1++3tan 6
L (1*N3tan®h
2v3 % 1-V3tano

fcose 46 1 | 1++3tan 0
) —. =— _ |+
" J cos 30 23 g 1—+3tan 0

. @O .



Evaluate the following :

1
1. j4xz_3-dx

1
I B
38

j 9+x g
7. py—

1
o e

1
3 f Soa-me ¥

16

1
) .f\/8—3x+ sz-dx

1
19, .[cos 2X + 3 sin? X-dx

EXERCISE 3.2 (B)

1
= st "o X

1
o
V11 —4x? X

o [
. 2_X-X

1
11. J—
1+ Xx—x? dx

1
e
- —
B N e
sin X
20. J -dx
sin 3X

Integrate the following functionsw. r. t. x :

1
L f3+25inx.dx

1
T R —
3+2smnX—cosX

1
/. j3+2s,inzx+4coszx'dx8

1
= f4—500sxldX

1
dx > f3—2c032x.dx

1
—————dx
cos X — sin X

12.

15.

J
J

1

7+ 2x2 ‘X

1
——— -dX
V2x?—5

J 10 +x d
V10—x &

J
J
J

J
J
J

VX2 + 8x—20

1

ai—20x+17 X

1
-dx

1

4 + 3 cos? X.dX

1

2sin2x—3

2 + cos X — sin X

1
dx

1

cos X — /3 sin X

dx



pX+q
3.2.6 Integral of the form o+ bxt C bx+ . Nevararerd
. pX+q . . . )
The integral of the form | —————" dx is evaluated by expressing the integral in the form
axt+bx+c

d
A — (ax? + bx+
dX(ax X+ C)

.[ ax?+ bx+c

- dx + f ~— v dx for some constants A and B.
X2+ bx+c
d
The numerator, px+q= A - i (ax?+bx+c) +B

d
1.€. Nr=A-—Dr+B
dx

The first integral is evaluated by putting ax? + bx+c =t

The Second integral is evaluated by expressing the integrand in the form either

1 1 1
A2+t20rt2_A20rA2_t2

and applying the methods discussed previously.

X +
The integral of the form f \/% dx is evaluated by expressing the integral in the form

d
A — (ax® + bx+
dx(ax X+ C)

B
Jax +bx+c -dx + f JaCibxic dx for constants A and B.

d
The numerator, px+q= A - i (ax?+bx+c) +B

The first integral is evaluated by putting ax® + bx+c =t

The second integral is evaluated by expressing the integrand in the form either

1 1 1
or or
\ A2 + 12 V12 — A2 VA2 —

- and applying the methods which discussed previously.
t




@ SOLVED EXAMPLES J

. f 2x—3 d
' 3C+ax+5
. d
Solution: 2x-—3 =A-d—x(3x2+4x+5)+B
2x—3 = A(6x+4)+B

(6A) x + (4A + B)

compairing the sides/ the co—efficients of like
variables and constants
6A=2 and 4A+B=-3

A—1 d B 13
= =3 an = 3
1 d a2+ Ay + 5 13
+4Xx+5)+ | ——
j‘sd GeredTg)
3X2+4x+5
fd (3x? +4x+5)d 13 1
3X2+4x+5 X_3 3x2+4x+5lx
J 6Xx + 4 13 1
= —. dx——| —— dx
32 +4X+5 3J 32+4x+5
=l-L .. (1)
_f 6x + 4
x2+4x+5

put 3x*+4x+5=t

(6x + 4)-dx=1-dt
1 jl ’
=3 t.t

1
:E-log(t)+cl

:%-1<>g(3x2+4x+5)+c1

:%-log(3X2+4X+5)

SO

13 ]

| =— | ——————.dx
2 3 3X2+4x+5
131 ]
"33 4 5

2+_ + —
XrgXT s

1 2
{(— coefficient of tj

-dx

2

~(26))-(5)-

13 1

o) 4 a4
3 9 9

13 1

?. X2+ix+i+£
3 9 9

R

5-dx

3
- dx

- dx

|
|
:
H
g
s\
:
_
+
O

13 y 3X+2
sy @ VIT
thus, from (1), (i1) and (iii)
f 2Xx—3 d

I +ax+5

(

5|

3X+2
7T

4

9

}

Jee

¢, +¢,=c)

4




2. f/i:i-dx
: (x=5) -(x-3) [ (x=5)
Solution : I = f (x—7)-(x—5)'dx = fm-dx

A-;—X(x2—12x+35)+B

X—35

X—35

A(2x-12)+B
(2A) x+ (— 12A +B)

compairing, the co—efficients of like variables and constants
2A=1 and —12A+B=-5

1
= A=— and B=1

2
Ld (- 12x + 35) + (1 1
—— (X2 —12x
| 2 dx )+ (M) o :f -dx
I = -dx 2 A2 —
77x2—12x+35 Xc—12x+ 35
1
—12x+35) =f -dx
_Jd 1 dx VX2 —12x+36— 1
VX2 —12x + 35 \/x2—12X+35 f 1
_ . = -ax
= |1+ |2 ..... (1) (X_6)2_(1)2
2x— 12 1
— -dx f—-dleog (X +VXZ=A7) +¢
f VX~ 12x + 35 VXE - A
put X*—12x+35=t ,  =log((x-6)+V(x—62—1) +c,
(2x — 12)-dx = 1-dt
[ f1 :log((x—6)+\/x2—12x+35)+c2
L = W'dt ..... (iii)
1
= f ﬁ'dt Thus, from (i), (i1) and (iii)
_ X—35
:\/t +C f .
. —7 dx
=\Vx2—12x+35+c¢c, ..... (ii) :'\/xz—12x+35+10g((x—6)+’\/xz—12X+35)+C
(c+c,=c)

. .



Activity :

3 f 8 — X
_ 2 8—
Solution: = f/(g X)xg ;-dx =f\/%-dx =f\/(8X:X)X2-dx
X _

d
8§—x = A-d—x(sx—x2)+B
8—X = A )+B
= (8A + B) — 2Ax

compairing, the co—efficients of like variables and constants

SA+B=... and —2A =-1
= A=— and B=...
9 sc-x)+ @) =4 dx
fz d 8 2 -dx ? 8X — X2
X — X
1
d (8X X2) = f\/_( )dX
__f dx+4-f o TG
Vex—x2 \8x — X2 J’ 1
f8 2X f 1 =4 \/ —( )-dX
J— dX+4' 'dX ..................
\V8x —x2 V 8X — X2 f |
- - = 4. -dx
b+ (@) Vo — (x4
| IJS—ZX d 1 d (X
=— -dx E— |+
1 2 8X—X2 \/W X Sin A C
Put e, =t X —
I —4-sin‘( j+02 ..... (ii1)
(R )-dx = 1-dt 4
=l L-dt thus, from (i), (ii) and (iii)
2 \/Y 8 —X
f 1 j -dx
= — .dt
2Vt X—4
:\/8x—x2+4-sin1( }+c
=T+ c, 4
=V8X—X2 +¢C, ..... (ii) (¢ +c,=c)
/,
o OG0 S
AN



.\
{ EXERCISE 32 (C) |
I. Evaluate :
. j 3x+4 g 5 ]2x+1 g ; J 2x + 3 d
' x2+6x+5lx ' x2+4x—5'x ' 2x2+3x—llx
x+4 7x + 3 j X—7
4. e —— ) ¢ 5. ——dX 6. -dx
V2x2+ 2x+ 1 N3+ 2x— %2 X—9

[o¢]
\O

. f 9—xd f 3 cos X g feSX—eZXd
' X X ' 4sin® X +4sinx—1 X ' v oeX+1 X

3.3 Integration by parts :

This method is useful when the integrand is expressed as a product of two different types of

functions; one of which can be differentiated and the other can be integrated conveniently.

The following theorem gives the rule of integration by parts.

3.3.1 Theorem : Ifu and v are two differentiable functions of X then

Juv-dx = u-fv-dx—f (C?—Xu) (Jv-dx)-dx

: dw y
Proof : Let Jvdx=w ...() = V= ... (ii)
) d
Consider, ix (u-w)= u-& w + W-& u
_ du
=u-v+ Wd_X

By definition of integration

ﬂ du }
u-w = ||luv+w-— |-dx
dx

d
= fu-v-dx + fw-d—i-dx
du
= fu-v-dx + jd—x-w-dx
du
u-fv-dx = fu-v-dx + f&-jv-dx-dx
d
Juv-dx =u-fv-dx — f(d—xuj (Jv-dx)-dx

Inshort,  Juv=u-fv—[(u fv)

. .




For example :  [x.ex.dx xJex-dx — f(dé—?-jex-dxj-dx
= x-e*— [(1)-ex-dx
= x-e*— fexdx
= x-e*—e‘+c

now let us reverse the choise of U and v

[ex-x-dx

d
X (yvl.dy — ox(y.dy-
e [x!-dx fdxejxdxdx

X2 X?
e*-— — JeX—dx
2 ] 2

—1 X, y2 IJ'XZd
= 2.e.X Z.e.x.x

We arrive at an integral [e*-x2-dx which is more difficult, but it helps to get [e*-x2-dx

Thus it is essential to make a proper choise of the first function and the second function. The first

function to be selected will be the one, which comes first in the orderof L | A T E.

L g
L Logarithmic function.

Inverse trigonometric function.

A Algebric function.
T  Trigonometric function.
E  Exponential function.
& &
For example :  [sin x-x-dx
= [x-sinx-dx ... by LIATE

= x.fsi d—fd fsin xdx-d
= X-|S1in X-dx dX'X' S1n X:-AdxX-ax

=x-(— cos X) — [(1) (- cos X)-dx
=—X-cos X + Jcos x-dx

=—XcosX+sinX+cC

= &




@ SOLVED EXAMPLES )

1. [x2-5%dx
Solution: | =
[x2.5odx =

2. [x-tan'x-dx

Solution: |

[x-tan"'x-dx =

4

X2 [5%.dx — fi-xz-ISX-dx-dx
dx

1 1
X2- 5% —JZX-5X- -dx
log 5 log 5

1 d
X2 5% — { x-[5%dx — | —-x-J5*dx-dx
log 5 log 5 dx
: 2.5 2 5 : f 1 (5 : j d
XX — X-5X. — Xo—— |-QX
log 5 log 5 log 5 M) log 5
1 2 1 1
X254 — 1 X-5% — -5%.dx
log 5 log5 ( log5 log 5
2 1 1 1
X2.5% — ) X-B*. — .5x. +C
log 5 log5 ( log5 log 5 log 5
X2.5% — X-B% + B+
log 5 (log 5)? (log 5)®

o* 2X 2
X2 - + +C
log 5 log5 (log5)>

[(tan'x-)x-dx ... by LIATE

d
tan~' X- [x-dx — f&-tanlx-fx-dx-dx

X2 1 X
tan ' X-— — —dx

2 1+x2 2

1 _— 1 X2
EX -tan X_Ef1+x2'dx
1 . I [1+x2-1
EX-tan X—E L2 X
1 o 1 1
EX-tal‘l X—E {I_I-FXZ}d
1 2 -1 1 -1
Ex-tan X—E[X—tan X]+c

2 -1 l 1 -1
Ex-tan X—EX+Etan X+cC




-

J

X

1 —sin X

Solution: | =f

X

1 —sin X

-dx
X (1 + sin x)
1 —sinx (1+sinX)

X (1 + sin X) X (1 + sin X) 1 sin X
——dXx= | ————dx= [ x- + -dx
1 —sin® X cos? X CcOs’ X  COos? X

x-(sec?x + sec x-tan X)-dx

[x-sec?x-dx + [x-secX-tan x-dx
d d
(X-fseczx-dx - f& X-fseczx-dx-dXJ + (X-J.sec X-tan X-0dx —f&-x-fsec x-tanx-dx-dxj

x-tanx — [(1)-tanx-dx + X-secx — [(1)-sec x-dx
X-tanX — log (secX) + X-secX — log (secX + tanXx) + C

X-(secx + tanX) — log (secX) — log (secX + tanX) + C

-dx = x-(secx + tanx) — log [(secX) (secX + tanx)] + C

4.  [e? sin 3x-dx

Solution :

| = fe? sin 3x-dx

Here we use repeated integration by parts.

To evaluate [e>- sin (bx + ¢)-dx; [e*- cos (bx + ¢)-dx any function can be taken as a first function.

. d :
e [sin 3x-dx — f&-ezx-fsm 3x-dx-dx

1 f 1
2| — — | = 2X, — — .
e ( cos 3X 3J e 2( cos 3X dex

1 2
- g-ezx-cos 3X + 3 [e*-cos 3x-dx

Len 3+2 . [cos 3x-d Jd . [cos 3x-dx-d
3-6 COos oX 3e-cosX-X &'E'COSX'X'X

L eecos 3+ 2 | e[ sin 3x- fez-2- | sin 3 .
— —.e2x. + — | p2x. — | — [e2x.2. —
3 e<*-cos aX 3 e S1In oX 3 e SIn oX 3 X

1 2 _ 4 _
——-e%-cos 3X + —-e*:sin 3X — E-fe”-sm 3x-dx

3 9
——e%-cos 3x + E-ezx-sin X ——I1
3 9 9
e e
9[—30053X+251n3x]+c = 13[25in3X-3cosSX]+C
er 2X
9 [2sin3x—3cos3x]+cC . Je*- sin 3x-dx = 3 [2sin3x—3cos3x]+c

/,
GG .
AN



Activity :

Prove the following results.

ax

(i) [e* sin(bx+c)-dx = 210 l[asin(bx+c)+bcos(bx+c)]+c

ax

(i) [e® cos (bx +c)-dx = po -[asin (bx+c) —bcos (bx+c)] +¢

: } -dx
(log x)?

[log (log x)-1-dx + J

5. '][ log (log X) +

Solution: | -dx
(log x)?

d
= log (log x)-J1-dx — J& log (log x) J1-dx +j

-d
(log X2

1o
O P S
og (log X)-x = | 30 % W * | g wr &

1 i
P S S
0g (log X)X = ] 302 * | ogwr &

= log (log X)-x — {(log X) - f1-dx + f(;j—x (log X)™' - [ 1-dx-dx } + f (log X -dx

-dx

= log (log X)-X — {(log X)-x — [ — 1(log x)Z.%.x.dx } + f (log ¥’

= log (log X)-x — (log X)'-x — f(log X) 2-dx + f (og X)? -dx

X 1 1
= X-log (log x) — —_[ -dx+J. -dx
0g (log X) log X (log x)? (log x)?

j[ log (log x) + } -dx = x-log (log x) — +C

1
(log x)? log x
Note that :

To evaluate the integrals of type [sin' x-dx; [tan"'x-dx ; [sec' x-dx; [log x-dXx, take the second function
(v) to be 1 and then apply integration by parts.

[Vaz—x2-dx; [vaz+x2-dx; [vx?—a? -dx

. OO .




6. [va2—x2-dx
Solution : Let I = [va2—x2-1-dx

d
Va2 —x2-f1-dx - fd—x-\/az—x2 J1-dx-dx

1/a2_X2,

X—Jz\/%(—zx)-(x)-dx
X2
\/ﬂ-x+j\/ﬂ-dx
a?— (a®—x?)
= a2—x2-x+f{ il —(az_XZ) -dx
Vaz-x2 +a?-x?
1
1

X
X-Va?2— x2+ a2-sin! [—j +C
a

vaz—x2-x+

-dx

X-VaZ—x2 + a? -dx — [va2 — x2-dx

dx—1

I = x-\/az—x2+azf

I+1 =
| X a> (X C
= ova = Xt+oesin | — |+ o
2 2 a 2
X a? X c
JNa?—x2.dx = E-\/az—x2 +E-sin" (;) +C, Where ¢=%

2 2

X 9 X
e.g. JN9—x -dx=—-\/9—X2+—-sin1(?j+c

with reference to the above example solve these :

X a

7. j\/a2+x2-dx=?\/x2+a2+?log(x+\/x2+a2)+c
X a’

8. j\/xz—az-dx:?\/xz—az—E-log(x+\/x2—a2)+c




9. [x-sin”'x-dx

Solution : 1 = [sin'x-x-dx ..... by LIATE
= sin‘lx-fx-dx—f:—x-sin‘lx-fx-dx-dx
VL S L.
2 Ji-x 2
1 , 1 X?
= Ex-sm X—Efﬁ-dx
I S
= Ex-sm X_E —m -adx
R | (1-x)
= Ex-sm X_Ej{\/l—xz_\/l—xz}dx
= %Xz-sinlx—%j%+%f\/ﬁ-dx
= %Xz-sin‘X—%sin'X+%{gm+%sinl(x)}+c
1 1 1
= Exz-sin*‘x+zx 1—x2—zsin*1x+c
Ix-sinflx-dx:ixz-sin*‘x+lx l—Xz—lsin"X+C
2 4 4
Activity :

10. fcos" \/;-dx

Solution :  put Vx =t
X =t
differentiating w.r.t. X
l-dx =2t-dt
| = [cos't-2t-dt

refer previous (example no. 9) example and solve it.

‘



11. [V4+3x—2x2 -dx
Solution : 1 = [V4—2x2 + 3x-dx

[ 2l 2 o
J\/?-Jz—(xz—%xj-dx

L s f2_1 3
2 coetficient of X - 2 2

X a? X
[Na2—x?-dx= —-Va?—x*+sin™ (;} +C

2 2
3] e
_ 2 i o i -
3
= \/? 4 .\/(Ej_(x__j.p 4 .sin! —4 +C
2 4 4 Va1
4
4x — 3 3 41 4x -3
= \/E{ . 2+—X—X2+—-sin‘1(—n+c
8 2 32 V41
4x — 3 41 4x -3
o N+ 3x =22 dx=——— 4+ 3x— 2+ -sinl( j+c
8 16 V2 Va1
Note that :
3.3.2:
To evaluate the integral of type [( px+ q) Vax2 + bx+ ¢ - dx
d
we express the term px+ q = A-d—x(aX2+bX+ c)+B ... for constants A, B.

Then the integral will be evaluated by the useual known methods.

/,
. OG0
AN



3.3.3 Integral of the type fex [f(X)+f"(X)] -dx=e*-f(X)+C
Let e*-f(x) =t
Differentiating w. I. t. X
e [ () +1 (9] |=
~dx
[EX) + 1 (X)] = o
e [F()+1 (0] =
By definition of integration,
Jex[fe)+f ()] -dx=t+c
Je[fe)+f (] dx=e*-f(x)+c

e.g. fex[tanx+seczx]-dx:ex-tanx+c
(.dt —_ 2)
i an X = sec? X
@ SOLVED EXAMPLES ]
! j’x 2 + sin 2X d 5 fx X+ 2 d
' T+ cos 26 ) ¥ ' ° (x+3) §
Solution : Solution :
f 2 + 2 sin X-cos X J [x+3—-1
| = e( 3 cos X j-dX | =|e _W}-dx
~ JX 1 sin X-cos X _fex_X+3 . -1 dx
- e coszx+ cos? X X - [(x+3)* (x+3)?
= fex[sec2x+tanx]-dx :fex_ ! + - .dx
Xx+3 (x+3)?
= fex[tanXJrsecZX]-dx -
f(x)=tanx=  f'(X)=sec?x L =TT f'(><)-(X+3)2
e [Fe)+F (0] dx=ex- f(x) +c c e )+ ()] - dx=ex-f(x)+¢C
| = eXtanx+c _ (]
R CTEY A
f 2 + sin 2X d
. X S = aX. + X
s ]e T cos 2x X=e*-tanX+C _ e ‘e
X+3

f X+ 2 d ex
X . = +
e{(x+3)2} X=x+3 "¢




3. J-etanlx {

Solution :

Here

=

1+Xx+x2
1+x2 ‘dx

put tan'x =t
X=tant

differentiating W. I. t. X

-dx=1-dt

1 +x2
Jet-[1+tant+tan®t ]-dt
Jet-[tant+ (1 + tan?t)]-dt
Jet-[ tant+ sec?t ]-dt
f(t)=tant
frt)=
et-f(t)+c

sec? t

et-tant+¢c

etanilX -X+cC

1+x+x?

j(x2+1).ex
x+1e %
Solution :
[ X2+ 1
! :fex_(x+1)2}'dx
_f ¢o1+2]
- | (x+ 1) } X
_f ) x2—1 2
-J¢ (x+1)2+(x+1)2}'dx
jx Xx—1 .\ 2 d
®lx+1 (erl)z}'X
Xx—1
Here f(X)ZXJrl
S o = x+1(1)— (X—l)(l) 2

(x + 1)? (x+1)2
[FE)+f (X)]-dx=ex-f(x)+c

1)
| =ex. +C
X+ 1

fetan_lx (

1 +x2 j-dx= eu X x+¢

f(x2+1) ex Xx—1
. = eX. +
e X8 xF) e
| EXERCISE 33
I. Evaluate the following :
. [x2log x-dx 2. [x2-sin 3x-dx 3. [x-tan! x-dx
4. [x2-tan”! x-dx 5. [x3tan™' x-dx 6. [(log x)? -dx
7. [ sec® x-dx 8. [x-sin? x-dx 9. [x3log x-dx
10. e cos 3x-dx 1. [x-sin™ x-dx 12. [x%-cos™ x-dx
log (log X t-sin!t
3. ng)-dx 14.f dt 15. fcos Vx-dx
X V1 —t2
sin (log X)?
16. [ sin 0-log (cos 6)-d0 17. [x-cos®x-dx 18. f-log-x-dx
log x
19. o 20. [x-sin 2x-cos 5x-dx 21. Jeos (¥x)-dx
/)
o OG0 S
N



Il. Integrate the following functionsw. r. t. x :

1. e%-sin 3X
4. b5x°+3
7. Nae@+a)

10.  sec?Xx-v/tan? X+ tan X — 7

2. e*-cos2X

5. xeai—xt

8. (x+1)V2x2+3
1. x2+2x+5

I11. Integrate the following functionsw. r. t. X :

1. (2+cotXx— cosec? X)-e*

X X
" ((x+ 1)2}'e

; - (x+\/1—x2j
. @sin X,/ -
V1-x2

9. cosec (logx) [1— cot (log X)]

3.4 Integration by partial fraction :

If f(x) and g (x) are two polynomials then

g (x)

called improper rational function.

f(x
If degree of f (x) > degree of g (X) i.e.

) Remainder
the form Quotient +
g (x)

Lets see the three different types of the proper rational function

denominator g (X) is expressed as

, 0 (X) # 0 where

(1+sinxj
2. — | ¥
1 +cos X

5. % [x (log x)? +2 (log X)]

8. log(1+x)4+0

f(x
g (x)

(
g ()
Remainder

g (x)

(1) a non-repeated linear factors

(i1) repeated Linear factors and

(
g (X

3. sin (log x)

6. Vx=3)7-x)
9. xV5—4x—x2
12. V2 +3x+4

3 [1 lj
e —=—
X X

. . X - logx+ 1
. e X

, g (X) #0 is called a rational algebric function.

is called a proper rational function provided degree of f (X) < degree of g (X) ; otherwise it is

is an improper rational function then express it as in

is proper rational function.

X)
, 0 (X) # 0 where the

(i)  product of Linear factor and non-repeated quadratic factor.




No. Rational form Partial form
(1) pX2+gx+r A . B . C
x—a)(x—b)(x—rc) (x—a) (x—-b) (x-¢)
(ii) pX2+qgx+r A . B . <
(x—a)’(x—b) x—a (x—a? ((x—¢c)
(iii) pX2+gx +r A . Bx+C
(x—a) (x*+bx +c) (x—a) x*+bx+c
: PX? + OX + 1 , . : :
Type (i) : J (x—2) (x—b) (x—0) - dx i.e. denominator is expressed as non-repeated Linear factors.
@ SOLVED EXAMPLES |
3X2+4x -5
J(xz— Hx+2)
_ 3X2+4x -5
Solution : | =

TN T N
3X2+4x—5 A B C
XD+ D)x+2) -1 D) x+2)
_A(x+1)(x+2)+B(x—1)(x+2)+C(x—1)(x+1)
X=1x+1)(x+2)
X+HAX—=5=AX+1)Xx+2)+BXx—-1)x+2)+C(x—1)(x+1)
atx =1, 3(12+4(1)-5 =A(2)(3)+B(0)+C(0)

Consider,

|
2 = 6A A =—
= 3

atx=—1, 3(-12+4(-1)—5 =A(0)+B (-2)(1) + C (0)
—6=-2B = B =3

atx=—2,  3(2%+4(-2)-5 =A(0)+B(0)+C(-3) (1)
1

_1=3C C ———
= 3

5) -3)
X2+ 4x—5 3 3 3

= + — 4+
X=DX+DHx+2) (x—1) x+1) (x+2)

Thus,

1 1
(?j 3 (_Ej | 1
| :f{(xl)+(x+l)+(x+zj.dx :glog(X—1)+3log(x+1)_310g(x_|_2)_|_C

1 {(x—l)(x+1)9}+c f B +ax=s 1 {(x—l)(x+1)9}+
“3%8 T x+2) Sle-na+2) T T3 % T x+2)

= &




f 2x2—3
2 (x2—5) (x2+4)'dX

Solution :  Consider,

2X2—3
(x*=5)(x2+4)

Let X2=m

B 2m -3 . '

TS m+a) proper rational function.

2m -3 A B A(m+4)+B(m-5)
NOW, = + =

(m—=5)(m+4) (m—=5) (m+4) (M —5) (m + 4)
2m-3 =A(m+4)+B(m—5)
atm=>, 25)-3  =A(9+B(0)
7

7=9A = A =—
9

atm=—4,  2(-4)—3 =A(0)+B (-9)
11

_11=-9B B =—
= 9

v BB . B®

TS =S m+d) o5 med T R-50C+h) -5 xi+4

| 5 )

X2—=5 X2+ 4

11 1
+— -dx
9 X2+ (2)?

7 f L
"9 e-EE

T x=vV57 11 1 ](x]
—gﬁ ogLH_ \/g}+—-—-tan —tcC

A S CY ﬂ(xj+
_18(V§)'Og{x4-dg} I A

. j 2x2 -3 e x—+5 L1 ILXJ+
§ (X2—5)(X2+4)'X_18(\/§)-0g{>‘+\/§} w2

. .



1
f (sin 0) (3 + 2 cos 0) -9

- 1 J sin 0
Solution : I = J(sine) (312 cos 0) 6 = (1 —cos?0) (3+2 cos 6)'de

_J sin 0 "
- (1—cosG)(l+cosG)(3+2cos9)'

put cos 0=t S, —sin0-do=1-dt
sin 0-d0 =—1-dt
Consid -1 A . B . C
R M- a+y @2y T -t (a4t @)

CAF)B+20)+B (I -t)B+2t)+C(1—t) (1 +1)
- (1-t)(1+t)(3+2t)
-1=A(+t)3+2t)+B(1—-t)B+2t)+C(1—-t)(1+1)

att=1, —1=A(2) (5)+B(0)+C (0)
|
“1=10A = A =——
10
att=—1,  —1=A(0)+BQ)1)+C (0)
|
—1=2B B =——
= 2
3 noremonacle )]
att=—=,  ~1=A0+BOC|+5 ||
5 4
“1=-4C =cC=¢

-1 (_%j . (_%] X (%j

(1-t)(1+t)@B+2t) =(1—t) (1+t) (3+2t)

WENSN

A-t) (1+t) @+2t)|

Thus,

1 11 4 1
=——log(1-t)——— log(1+t)+§log (3+2t)—+c

10 -1 2
1 1 4
=—log(1—cosO)——log(l+cos@)+—10g(3+2cos@)+c
10 2 10
1 (1 —cos 0)(3+2cos0)* | |
=— + . m"=m-
o | 108 (1 + cos 0)F c - loga™=m-log a

= &



1
4 f2 cos X + sin 2X-dx

Solution : | :J

1 J 1
2 cos X + sin 2x'dx ~J 2cos X+ 2 sin X-cos X ‘X

1

- f2(cos %) (1 +sinx) &

B j‘ cos X dy = lf cos X q
T2 coszx(1+sinx). X_?. (l—sinzx)(1+sinx). X

put sin X =t o cos x-dx=1-dt

‘lj 1 o ‘IJ 1
T2 a-tHa+t) T T2 )a-vHa+na+t)

.y
)

1

(1-t)(1 +t)2'°'t

(1—t)(1+1)

. 1 A B C _A(l+t)2+B(1—t)(1+t)+C(1—t)
Consider, NN a-1 + a+0 + TER =
1=A(1+t))+B(1-t)(1+t)+C(1—-1)
att=1, 1 =A(2)?%*+B(0)+C(0)
1 =4A = A:%
att=-1, 1=A0)+B(0)+C(2)
1=2C = C=%
att=0, I=A0)y+B1)(1)+C()
1=A+B+C
1—1+B+1 B_l
T4 2 T Ty
1 1 1
e &) )
Thus, =

= + +
A=A+t  a-t) (@Q+t) (1+t)
a! 1 1
fm =) [
= + +
L (1-t)  (L+t)  (L+t)
1
2

1 1 1 1 -1
—log(l1—-t)——=+— log(1+ t)+?ﬁ}+c

L4 -1 4

1 +sin X

J’ 1 d 1 | 1 +sin X 2
. = — J— +
2 cos X + sin 2X X 8 8 1 —sin X 1 +sin x

1 + sin X

2

17 2 1
=3 —log (1 —sin X) + log (1 + sin X) — . }+C =§{log(

1 —sin X

j_

1 + sin X

‘

1 (-1
__|:_ Og( - ) +_10g(1+t)+ 2 (1+t)

J+c

}+c



tan 0 + tan® 0
f_T:EEEﬁ
(tan 0) (1 + tan? 0) (tan 0)-(1 + tan? 6) tan 0 - sec? 0
1 + tan® 0 a0 = 1 +tan® 0 0= Jm
put tan 6 = X o sec?0-do = 1-dx

- [ o= [ n e
e P T a0 a—x+e) ™

X A Bx+C
= +
(1+x)(1—x+x2) 1+x  (1—-x+x?)

Solution: | =

Consider,

_A(l—x+x2)+Bx+C(1+x)
- (1+x)(1—x+x2)

X A0 —-x+x2)+(Bx+C) (1 +x)=A—Ax+Ax?*+Bx +Bx>+ C + Cx
0x*+1x+0=(A+B)x*+(—-A+B+C)x+(A+C)

compairing the co-efficients of like powers of variables.

0=A+B .. (D
1=-A+B+C ...(Il) and
0=A+C ()]
Solving these equations, we get A =—
3) [
_ _X+_
X 3 3 3

(LX) (1 =x+x2) " ] +x +(1—x+x2)

3) \3%73 f f X+ 1
-— + —_— . +_ .
1+x  (I1—x+x?) 1+x 1 —Xx+x?

Thus,

IJ dx + jZX_IHd 0 Xt 1=2x—1
=—— (X + —- -dx — X=X+ 1=2x—
3 1+x 3 2 ¥-x+1 dx

lf 1 g 1 lf2x—1+3 d
=—_. . .

3J1+x X 3 2 X—x+1 X

1 1 1 2x—1 1 3
=—— X+ — | ——-dx+ — | —— -dx

3J1+x 6 X2—X+1 6 X2—X+1

[+ +1, . (1V)

= &




IJ 1 1
l, =—— -dx Z—E[log(ler)]

=—%log(l+tan9) (V)

| _1]2x—1 L
il v -dx —6[og(x—x+1)]

1
:€log(tan26—tan6+l) (VD)

_1f 1 B 1 , t(1 AR
= 2 —_— - dx . (Ecoeﬁicwntoij _(E(_l)j_(_EJ_Z

2tan 0 —1
—j+c .. (V)

ftan 0+ tan® 0

dJo=—— +— — +—tan’!| ———— |+
|+ tan 0 3 og tan 6 og | tan tan @ tan c

V3

(

L EXERCISE 3.4
I. Integrate the followingw. r. t. x :
X2+ 2 5 X? ; 12x+ 3
xX—1)(x+2)(x+3) e+ (2-2)(x*+3) © o BX2+ 13x— 63

. .



10.

22.

2X X2+ x—1 6x3+ 5x2 —7

4—3x —x? X2+ Xx—6 o3 -2x—1
12x2—2x—9 . 1 o 2x2—1
(4 —1)(x +3) COXe+ 1) CoxXM+ 9%+ 20
X2+ 3 . 2X . 2"
x*—1)(x*-2) C(2+x)(3+x7) S 4 =3-2%-4
3x—2 » 5x2+20x + 6 s 1
(x+ 1) (x+3) X+ 2%+ X COX(1+4x3+3x°)
1 . (3sinXx—2) - cos X 5 1
x3—1 " 5—4sin X — cos? X " sin X + sin 2X
1 1 1
. . 200 ———— 21. =
2 sin X + sin 2X sin 2X + cos X sin X - (3 +2 cos X)
S5 -ex ’ 2logx+3
(ex+1)(e*+9) " x(3logx+2)[(log x)?+ 1]

3.5 Something Interesting :

Students/ now familier with the integration by parts.

d
Theresultis  [u-v-dx =u-fv-dx — j(d_xuj (Jv-dx)-dx ,

u and v are differentiable functions of X and u-v follows L I A T E order.

This result can be extended to the generalisation as -

Juvedx =uev, = Uty Uty Ut

4

(") dash indicates the derivative.

(,) subscript indicates the integration.

This result is more useful where the first function (u) is a polynomial, because

"u
= ( for some n.
Xn

For example :  [x?-cos 3x-dx

o 1 1 1 ‘ 11
=X '(Sm 3X'§j —(2%) (— cos 3X'§'§j +(2) (— sin 3x-§-§j —(0)

1
=—Xx*sin3X+ —Xx-cos 3X——sin 3x+ ¢
3 9 27

verify this example with usual rule of integration by parts.

= &



/‘W Let us Remember

&% We can always add arbitarary constant C to the integration obtained :

d
) i.e.d—x-g(x):f(x) = [t -dx=gX+c

f (x) is integrand, g (X) is integral of f (X) with respect to X, C is arbitarary constant.

() ff(ax+b)-dx:g(ax+b)é+c

f n+1 i
(mn (1 f[f(x)]“-f'(x)-dx=%+c (2) ff(i);)-dx=log(f(x))+c

(3)[\/f dx=2vf(x) +c

-l

(V) (1) [x"-dx= -+ ) f— dx=2x+c
(3) [constant (k) - dx =kx + ¢ 4) [a-dx= Oga+c
S “dx=eX+ 6 : dx =1 +
(5) Jer-dx=e*+c (6) f?- x = log (X) + C
(7) fsinx-dx=—cosx+c (8) fcosx-dx=sinx+c
9) ftanx-dX:log (secx) +cC (10) fcotx-dX:log (sinx) + ¢

11) fsec X -dx= log (secx+tanx)+cC (12) fcosec X-dx = log (cosec X — cot X) + C

R RO

(13)J.sec2 X-dx=tanX+C (14) fcoseczx- dx=—cotx+c
(lS)fsecX-tanX-dX:secX+c (16) fcosecx-cotx-dX:—cosecX+C
f . x= sin 18 f —L 1
. = u + . — = +
(17) J1-x X=sin'x+¢c (18) J1-x X= cos'X+¢C
f 1 dy = § f -1 dy = §
(19) i X=tan' X+ ¢C (20) [ X=cot'Xx+cC
(21)f ! dx X+ C (22) f 1 X +C
X - Vx2—1 X - Vx2—1

. .



23]1 = = tar [~ 24]1 e
G | e e 2 FE & e e 5 e

25 f : d 11 arx 26 f : d [ =
dx = — + — . dx=sin'| — | +
(25) az — x? X 2a 08 a—x ¢ (26) vaz—x? X=sm a ¢

1 1
—_— = 2 _ n2 . — 5 >
27) f oz~ O log | x +Vx@=aZ| + ¢ (28) f—x2+a2 dx=log| x+x2+a2|+c

. f 1 d 1 1 X
- dy=—cect| | £
(29) = X asec a C

X a? X
(30) f\/ﬂ dx ZE\/W+ESin71 (gj +C

X a2
(31) f\/W- dx:5m+?log(x+m)+c

X

a2
(32) fm-dngm—zlog(x+m)+c

d
(V)  Ifuandv are differentiable functions of X then [u-v-dx = u-fv-dx — f(d_xuj (fv-dx)-dx
where U-v follows the LI AT E order.
(V1) fe"[f(x)+f'(x)] ~dx=ex-f(X)+cC

f(x f(x
(VII) For the integration of type f % - dx, g (X) # 0 where ) proper rational function.

g9 ()
(1) non-repeated linear factors (i1) repeated Linear factors and
(i11) product of Linear factor and non-repeated quadratic factor.
1 — 1 f . ! -dx
(V1) fx2+a2.dx fm'dx as1nxx+bcosx+c
1 Method of completing put tan (Ej —t

square

fxz—az.dx f—px+q - dx
/ 1 ax?+hbx +c
f : - dx f o d

2% asin?X +bcos?x+¢ px+q:Ad—(ax2+bx+c)+B
—Divide Nr and Dr by cos?x X

1
(VIII) f—-dx —j 1 _
Ve +a? i vax?+bx +c ox
- dx /
- dx

1
o=
px+q q
- x/ax2+bx+c' X

=




>,

:L\M ISCELLANEOUS EXERCISE BA:

L

(1) Choose the correct option from the given alternatives :

(1

)

©)

(4)

()

(6)

(7

(8)

‘

1+x+Vx+x2
VX+THX

(A) %x/x+1+c

dx =

2 3
(B) g(x+l)7+c

1 X
fx_|_x5-dX—f(x)+C,thenfx_l_x5

(A) logx—f(x)+c

f log (3X) _
Xlog (9x)

(A) log (3x) —log (9x) + ¢

(C) log 9 — (log x)-log (log 3x) + ¢

sin™X

_’- m+2 d

cos™*2x

tan™ " 'x

m+1

-dx =

(B) f(x)tlogx+c

X =

(A)

+cC (B) (m+2)tan™"'x +¢C

| tan (sin"'x)-dx =
(A) (1—X2)_%+C (B) (1—X2)%+C

X — sin X
f .dx =
1 —cosXx
X
(A) xcot (Ej +cC

sin”' X

N1 —x2°

(B) —xcot (g] +C

Iff (x) =

(A) e (sin'x— 1) +¢

(C) ™. (sin'x+ 1) +¢

3

(C) Vx+1+c (D) 2(x+1)2 +c

(€) f(x)—logx+c (D) %Xsf(x)ﬂi

(B) log (x) — (log 3)-log (log 9x) + ¢

(D) log (x) + (log 3)-log (log 9x) + ¢

tan™ X

© +¢c (D)(Mm+1)tan""'x+cC
tan™X %
(C)m+c (D) —V1I-x2+cC

(C) cot (gj +cC (D) xtan (gj +cC

g (x) =€ then [ f (X)- g (x)-dx =

(B) ™ *- (1 —sin'x) +c

(D) ™ . (sin'x — 1) +¢

| 1
If [tan® x-sec®x-dx = (EJ sec™X — (F) sec"X + ¢, then (m, n) =

(A) 5,3) (B) 3.5)

(D) 4.4)

11
© (E’ 5)




(9)

(10)

(In

(12)

(14)

(15)

(16)

1
———dx=
COS X — COS“ X

X

(A) log (cosec X — cot X) + tan [Ej +C

X
(C) log (sec x + tan X) — cot (Ej +C
f v cot X

- .dx =
S X -cos X

(A) 2+cotx+c
fex (x— 1)-dx:

X2
X X

(A) - +c (B) Z+c
[ sin (logx)-dx =

(A) ; [sin (log X) — cos (log X)] + ¢
(€) ; [cos (log X) — sin (log X)] + ¢
[ x* (1 +log x)-dx =

1
(A) > (1+logx)*+c (B) x*+c

3 _u
[cos 7 x-sin 7 x-dx =
_4
(A) log(sin 7 X)+C
4
(C) ——tan 7 xX+cC
4
cos? X — sin? X
ﬁ'dx:
COS” X +smn” X

(A) sin2x+c

j dx
- {dx =
cos X V'sin? X — cos? X
(A) log (tanx— Vtan® X — 1 ) +cC

(C) 1+sin!(cotx)+c

(B) -2 vcotx+cC

(B) cos2x+c¢

(B) sin2x—cosX+¢C

(D) cos2x—sinx+cC

© %\/cotx+c (D) Vcotx+c

© (x—%j e+ c (D) xe*+c

(B) ; [sin (log X) + cos (log X)] + C
(D) % [cos (log x) — sin (log X)] + C

(C) x*logx+c (D) x*+c

4
(B) 7tan7x+c

3
(D) log(cos7 X)+C

(C) tan2x+ ¢ (D) 2sin2x+¢c

(B) sin'(tanX) +cC

(D) log (tanx+\/tanzx— 1 ) +cC




log x B
(17) f(l ex)z-dx—

1
(A) +C (D)

1 +logx 1 —logx

+C (B) x(1+logx)+c (C)

+C
1+10gx

(18) | [sin (log X) + cos (log X)]-dx =

(A) xcos (logx) +c¢ (B) sin (logx) +c (C) cos (logx) +c (D) xsin(logx)+c

(19) J'cos 2x— 1 .

cos 2x+ 1
(A) tanx—Xx+¢C (B) x+tanx+¢c (C) x—tanx+c (D) —x—cotx+c
20 j‘e2x+92x d
—_— X:
20) |—;
X — + X+ + x4 + x— +
(A) e a5 C (B) e 365 C (C) e a5 c (D) e a5 c
(1) Integrate the following with respect to the respective variable :
X’ 3
(1) (=27 VX @ (3) (6x+5)?
@ t3 ) 3-2sinX ®) sin® O + cos® O
(t+1)? cos? X sin? 0 - cos? 0
cos 7X — cos 8X 1 +sin X
(7) cos 3X - cos 2X - cos X (8) (9) cot™!
1 +2 cosbx cos X
(111) Integrate the following :
1y LrlosXr (2) ot (1-x+x) @ —
B - —X X -
X cot™( X - sin? (log X)
3 3 X X2
4 X X2)- tan (x 2 5) log(1+ X) — X- tan | = 6
@ FseolD) () 6 gl o3| 6 e
1 1
7 8) log (log Xx) + (log X)? 9
X (1 —cos 4x) (3 — cot 2x) (%) log (log %) + (log ¥ ® 2 cosX + 3 sinX
10 : (11 X1 12) log (X2 + 1
— — X
( )x3 x—1 )\/W (12) log ( )
XZ
13) e-sinX - X 14 15) ————
(13) &%+ simx - cos U D Gx= 1) Bx=2) (15) S %+ sin 2
(16) sec?X- 7 + 2 tan X — tan? X (17) X+ (18)
Sec X+ an X — tan < —
' X3+ 3x2—X—3 X-(xX*+1)
tan X
(19) — (20) sec* X -cosec? X
Sin X * CoS X
DR




4. DEFINITE INTEGRATION

—_—

\: Let us Study J

e Definite integral as limit of sum.

¢ Fundamental theorem of integral calculus.

e Methods of evaluation and properties of definite integral.

4. 1 Definite integral as limit of sum :

In the last chapter, we studied various methods of finding the primitives or indefinite integrals of

b

given function. We shall now interprete the definite integrals denoted by I f (X) dx, read as the integral

a
from a to b of the function f (X) with respect to x. Here a < b, are real numbers and f (X) is definited on

[a, b]. At present, we assume that f (X) > 0 on [a, b]

and f (X) is continuous.

b
J f (X) dx is defined as the area of the region

bouniled by y = f (X), X-axis and the ordinates X = a
and x = b. If g (X) is the primitive of f (X) then the area
isg(b)—g(@.

The reason of the above definition will be clear
from the figure 4.1. and the discussion that follows
here. We are using the mean value theorem learnt
earlier. Divide the interval [a, b] into a equal parts
by

a=X, <X <X, <...<X <X =b.

Draw the curve y = f (X) in [a, b] and divide the interval [a, b] into n equal parts by

a=X, <X <X, <...<X <X =b
n-1 n

Divide the region whose area is measured into their strips as above.

Note that, the area of each strip can be approximated by the area of a rectangle M, M

shown in the figure 4.1, which is (X _
and Q.

1

/,
. GG
AN

Y x=b
N
B
y=f() /
x=a //
P ‘Q/
//
A
< (, 0) X X (b,0) X
y Mr Mr+]
Fig. 4.1
r+1 QP as

—X) x f(T) where T is a point on the curve y = f (X) between P



The mean value theorem states that if g (X) is the primitive of f (X),

gX,.)—gkx)= (&, —x) -f(t) where X <t <X .

Now we can replace f ( T ) by f (t) given here and express the approximation of the area of the

—X) - f(t)where x <t <x_ ..

r+1

n=1
shaded region as Z (x
r=0

Now we can replace f( T ) by f(t) given here and express the approximation of the area of the
shaed region as

n=

S (% =) -f(tr)=29(xm)—g x)=9(®) -9 ()

r=

Thus taking limit as n — «©

g -g@ =, > (., —x)-f(t)
— lim S

~ n—oo Yy

b
:_[f(x)dx

a
The word 'to integrate' means 'to find the sum of'. The technique of integration is very useful in

finding plane areas, length of arcs, volume of solid revolution etc...

@ SOLVED EXAMPLES )

2
Ex.1: j(2x+5) dx

1
2 b

Solution : Given, | (2x +5) dx = [ 00 ax
1 a

f(x)=2x+5 a=1;b=2

=N f(a+rh) = f(1+rh) od  h=P—2
n
= 2(1+rh)+5
) 2-1
= 2+2rh+5 h=——
= 7+ 2rh nh=1

b o
Weknowjf(x) dx=pm, > h-f(a+rh)

a

. OO .



2

| @x +5) dx

1

3
Ex.2: 7% dx

2
3

Solution :
2

f(x) =7
= f(a+rh)

We know

7* - dx

|
|

f(x) dx =

= }f{‘mi h- (7 + 2rh)
=im, > (7h + 21
= [7h§n: 1+ 2h2§n: rj

= 15 :7h.(n) - th(n (n2+ I)H

im i 1
= :'I—m; 7nh + hznz(l + Fj:|

:3300:7 (1)+(1)Z(1 *#H

=7+1(1+0)=8

b

Given, [7*-dx = J 0 dx

a

a=2:;b=3
f(1+rh) and  h=

= 72+rh

= 72. 7rh

a2 0 - f @+ rh)

1
| =

W
N

=l Yo (7 7)
= 72-§n:h -7
r=1

=fm 72 h- [T+ T T T 4 7]

~ noow ~ now

7h— -1

h (7(1) —
=lim 72_ M
n—oo 7h_1
h

T (7-1)  (49(1)(6) | 294
~ log7  log7

" log 7

QD

: ‘

i 72,h,[7h [y - 1] J i 72_[ (- 1)

SO

nh=1



4
Ex.3: I(x—xz)-dx
0

4 b
Solution : [(x=x3) - dx= [ 00 ax
0 a
f(x)=x—x? a=0;b=4
= f(a+rh) = f(0+rh) and
= f(rh)
= (rh) — (rh)?
= rh—r’h?
We know [ f(x) dx =, > h - [f(a+rh)]

|
|

(x—x2)-dx =m Z h - (rh - r?h?)
= lim | Z (rhz — r?he)
=m (hz -zn:r—h3-zn: rzj

~ now

2

lim _hz( n(n+ l)j_ h{n (n+1)@2n+ I)H

~ now

2

_hz 1+i h? 1+i 2+l
im ‘n-n n ) henen 2 -

6

~ now

2

I R )

~ now

2

L@ (1+0)  (@(1+0)(2+0)
B 2 - 6

(69)2)
6

Cim _(4)2(1+%J - (4)3(1+%N2+%}]




2
Ex.4: I sin X - dx
0

2 2
Solution : I sinx-dx=I f (x) dx
0 0
. T
f (X) = sin X a=0;b:?
—  f(a+rh) = sin(a+rh) - =0
= sin (0 + rh) and h= L
= sinrh nh:%
b ) n
Weknowjf(x)dx:gﬁth-[f(a+rh)]
3 r=1
2
j sin X - dx —:{ﬂth-sinrh
0 =1
:Eﬂwh-Zsinrh
:Eiwh-[sinh+sin2h+sin3h+...+sinnh] ..(D
Consider,

Zsin rh =sinh+sin 2h+sin3h +. ..+ sin nh

h h h h
=2sin?-sinh+2sin7-sin2h+2sin7-sin3h+...+2sin?-sinnh

2sin A - sin B=cos (A—B) — cos (A + B)

. h & . ho = h 3h 3h 5h 5h 7h
2s1n?-z; sin r =|| cos 5 ~Cos 5 | 4| COS 5 T COS 5 | 4| COS 5 T COS T |+ ...

SNWCTmETY

] h_ 2n+ 1 h

= _cos7 CcoSs 5

[ h 2nh  h

= 0052 Ccos 5 +7

= Jege N m,h g he
= COS?—COS 74'? . nn = 2

h
cos - t sm7

/
. O@O .
AN




h e h
cos o+ sin o

rZ:sinrh = - h
Sll’l?

Now from I,

2 n
I sin X - dx :L‘Eth-sinrh
=1

0

h ~h

] 0037 + sm?
— m h .
n—oo h

2 sin7

T 1
nh:Z asn—>oo:>h—>0(F—>0J

h e h
. oS + sin—-
= N> h
h—0 .
2-sm7
h

cos0 +sin0

1+0

= =1
) 1
2

2
jsinx-dXZI
0

EXERCISE 4.1

Evaluate the following integrals as limit of sum.

(1) | (3x—4)-dx (2) | x%dx

4) (3x2—1)-dx (5)

(3) [erdx




4.2 Fundamental theorem of integral calculus :

Let f be the continuous function defined on [a, b] and if J f(x)dx=g(x)+c

b
then j f (x) dx

a

b
Thus j f (x) dx

a

b

(g0 +c|’
[(g®)+c)-(g(@@)+c)]
g(b)+c—g(@-c

g (b)- g (2)

g(d-9(@)

5
Ex. : I(xz—x) dx =
2

[ER4)
(5-9-3-%)

125 25 8 )
3 2 372

117 21 _ 234-83

In J‘ f(x) dx ais called as a lower limit and b is called as an upper limit.

a

Now let us discuss some fundamental properties of definite integration.

These properties are very useful in evaluation of the definite integral.

421

a
Property I : J f(x)dx=0
a

Let j f (x) dx

J%f(x) dx

a

g(x)+c

[g(x)+cJ:
[(g@+c)-(g(@+c)]
0

3 »13
X
Ex. xdx = {—}
J; 21
2 1P 9 1
= 2 272 274

i 3 276
151
J(xz—x)dx: 3
2
b a
Property II : j f(x)dx=— j f (x) dx
a b

Let jf(x)dx = g(X)+c

.-.jbf(x) dx= [g (x)+c]b
a [(g®)+c)—(g@+c)]

= g(b) -9
= —[g@-9g®]
= —ff(x)dx
b
Thus.kff(x)dx= —Jqf(x)dx
a b

1 2!
Ex. jxdx = {7}
3 3
1219
= 2 2" 2 2774
¢




o

b
Property III : I f(x)dx = '[ f(t) dt
a

Let jf(xa)dx = g(x)+c
LH.S. ;jbf(x) dx = [g () +ch
a [(g)+c) - (9@ +c)]
b gb)-g@ ..... (@)
RHS.: [f(t)dt = [g (t)+c}z
a [(g)+c) ~(g@+c)]
gb)—-g@) ..... (i1)

from (1) and (i1)

b b
Jf(x)dxzjf(t)dt

a a
i.e. definite integration is independent of the

variable.

Ex.

Ex.

J
6

3

cos X - dx

cost-dt

3
|:S11‘1X:|

6
T T
SIn & 3 SlIl 6
V3 1
2 2
V3-1

2

w3
{smt}

6

b Cc
Property lV:Jf(X) dx = Jf(x) dx + jf(x) dx wherea<c<b ie.c e [a,b]
a a

Let .[f(x)dx = g(X)+c

c b
Consider R.H.S. : j f(x) dx + j f (x) dx

a C

= (g0 +c| +[g0o+c|

g(() -9
[g (x) + CJ:

JIQ f(x) dx : L.H.S.

a

b c b
Thus If(x)dx:'[f(x)dx+'[f(x)dx wherea<c<b

a a c

‘

[(g@+c)-(g@+c)]+[(g®)+c)-(g()+c)]
g)+c—g@-c+g(d)+c-g)-c




5 3 5
Ex.: [(x+3)-dx=
-1

-1 3
5

LHS.:  [(@x+3)-dx

-1

2

f 5
= |25+ BX}
= 1

5
= | X2+ 3x}
1

[(5)?+3 (D] - [=1)*+3 (=1)]
25+ 15)— (1 -3)
40+2=42

Property V: [ f(x) dx = f(a+b—x) dx

=T
W —T

Let jf(x)dx = g(x)+c

b
Consider R.H.S.: J f(a+b—x)dx

a
put a+b—-x=t ie. x=a+b-t

—dx=dt= dx=—dt

As Xx—>a=t—>b and X>b=t—>a
a
therefore = I f(t) (—dt)
g a
= - j f(t) dt
b
b b a
= jf(t) dt...(-.-jf(x)dx}jf(x) dx}
a a b
b
= j f (x) dx as definite
a integration is
independent of
the variable.
= L.H.S.
b b
Thus [ f(x) dx=[f(a+b—x)dx
a a

[(@x +3)-dx + [ (2x + 3)-dx

R.H.S.:

3 5
[(@2x +3)-dx + [ (2x + 3)-dx

-1 3

3 5
= {xz + 3x} + {xz + 3x}
1 3

= [((82+3@) (12 +3(¢D)]+
[((5)2 +3(5)) — (32 +3 (3))]

= [9O+9)—-(1-3)]+[25+15)—(9-9)]

= 18+2+40—-18

= 42

Ex.:

3
J sin? X - dx
6

3
| = [ sin?x-dx ... ()

L7

=T351n2 [£+£—Xj
6 3
6
=TJE/3sin2 (l—xj
2

6

3
| = [ costx-dx ... (i)

6
adding (i) and (i1)

3 3
21 :Jsinzx-dx+Jcos2X-dx

6 L7

3
2l = J (sin? X + cos? X) - dx

6

0% 3
2I:J 1- dx :{x}

6 6

T T N T
2A=3"6%% '= 1
3
Isinzx dx—ln—2
6

= &



a a
Property VI : j f(x) dx = j f (a—x) dx
0 0

Let Jf(x)dx = g(x)+c

a
Consider R.H.S.: j f(a—x) dx
0

put a—x=t ie. X=a—t
—dx=dt=dx=—dt

As X varies from 0 to a, t varies from a to 0

0
therefore I = j f(t) (—dt)

a
0

—J'f(t)dt

a

f(x)dx ... asdefinite

O O

independent of

the variable.

= L.HS
Thus
a a
.[f(x)dx='[f(a—x)dx
0 0

f(t)dt (bf()d af()dj
X) dx=—| f(x) dx
[roo]

integration is

Ex.:

4

Thus

4

0

4

J log (1 + tanx) - dx

0

Let _[ log (1 +tanx) - dx ...(i)

o]

t Tc t
an4 an X

1+ - dx
T
1+ tanZ-tanX

_1+1—tanx g
| l+tan X | X

[1+tan X+ 1 —tan X
1 + tan X '

i 2
_1+tanx]dx

= | [log 2 —log (1 + tan x)] - dx

0
4

:J(log2)-dX—J

0

I =(log2) | 1-dx—1
0

-4
[+1 =(log2) X}

4

0
w4

'
21=(log2) ——O}

| = = (log 2
= g (log?2)

T
J log (1 +tanx) - dx = 3 (log 2)

log (1 + tan X) - dx

...by eq. (i)



Property VII :

0

2a a
f(x)d f(x)dx+ | f(2a—x)d
J X) dx = J X) dx J(; a—x) dx
f

R.H.S.: J'f(x) dx +j (2a - x) dx

0
=1 +1, ()

a
Consider I,= j f(2a—x) dx
0
put 2a—x=t 1e. X=2a—t
—ldx=1dt=dx=—dt

As X varies from 0 to 2a, t varies from 2a to 0

ff(t) (— dt)

2a

:—af d
[r0s
2a

b
= jf(t)dt Uf(x)dx——jf(x)dxj

\
jf(x)dx Uf(x)dx jf(t)dt)

" Jqf(x)dxz j‘ f (x) dx

0 0

from eq. (i)

'Tf(x)dx+J§f(2a—x)dx:

0 0

f(x)dx + Taf (x) dx
0

a

(oY T— U s 1

f(x)dx:L.H.S

Thus,

j‘af(x)dxsz(x)dx+ff(2a—x)dx

0 0 0

Property VIII :
a a
I f(x)dx =2 - j f (x) dx , if f (x) even function

—a 0
=0 , if f (x) is odd function
f (x) even function if f (— X) =f (X)

and f (X) odd function if f (— X) =—f (x)

ff(x)dx: j')f(x)dx+fff(x)dx ()

-a -a 0

0
Consider Jf (x) dx

—a

put x=—t dx = —dt
As X varies from ato 0, t varies fromato 0
0
| = Jf( t) (—dt) = —j f (—t) dt

a

b
f(—t)dt.. Uf(x)dx——jf(x)dxj

1
St—y,

b
= j f (—x) dx U f(x) dx = j f(t) dt]

0

Equation (i) becomes

f(—x) dx+ff(x) dx

0

ff (x) dx

—a

[f(—x) +f ()] dx

O O

If f (X) is odd function then f (—x) = — f (X), hence

ff(x) dx =0

—a

If f (x) is even function then f (—x) = f (X), hence
a a

jf(x)dx :Z-J'f(x)dx

—a 0

Hence :

a a
j f(x)dx =2 - j f (x) dx , if f (X) even function
-a 0

=0 , if f (x) is odd function

= &



Ex.:

J. X3 - sin* X - dx

~1/4
Let f(x) =x3-sin*X
f(—x)=(—x)® - [sin (-X)]* = —x* - [-sinX]* = —x3 - sin* X
=19
f (x) is odd function.
J. X3 sin*x-dx=0
~14
1
X2 1 XZ B X2
2. _‘[m-dx '[W-dx = 2J‘1+X2-dx
X2 a 1+X2—l_
Let f(X) =77 = ZOJ—HXZ dx
1
2 _ __ 1
(=11 - 2011 | dx
1
X2 - o
= T = Z[X tan‘x}o
(0 = 2{(1—tan'x) - (0— tan"'x)}
f (X) is even function. = 2{1—%—0}
T 4—-7
= 21557
Lox? 4—n
.[1+x2'dx_ 2
@) SOLVED EXAMPLES |
2 1
Ex.1: | m——dx
N2+ x+Vx
3
? 1 V2+x—Vx _ 1 32
Solution::_‘( j( j-dx =3 (2+x)2 - (x)?
V2 K\ V2o x-Vx |
304 1 3 3 3 3
(T o - 3fesat-oi e vi-0]
+X—X
L 1 (3 3 3 3
= ] (2R ) = g{e7 373717
1 (.32 3
: = 3157 -203)2+1

ERECIE =
1{(2+x)2 X2




2
Ex.2: J\/l—cos4X-dX
0 2
Solution : LetI=J V1 —cos 4x - dx

"
—3

N2 sin? 2x - dx

A
-1 —cos A=2sin? 2)
2
Jsin2x dx

0
{— cos 2X}

{cosZ——cos O}

1
T
N

N

S

- [cos T — cos 0]

Iﬁwlﬁ

= (-1-1)= 2
Tz\ll—cos4x-dx=\/§
0

w4 sec? X
Ex.4: .[ .
5 2tan’ X+ Stan X + 1

A sec? X

Solution : Letl= J

put tanx=t .. sec?x-dx=1-dt
T
As X varies from 0 to T

t varies from O to 1
1

) 2tan?x+5tanx+1

2
Ex.3: Icos3x-dx
0

2
LetI=Jcos3X-dX
0

[

1
{sm 3X-—= + 3 sin X}

Solution :

cos 3x + 3 cos X ] - dx
2

0
1

T
[gsm3 + 3 sin 2)

(3sm3(0)+3sin(0)ﬂ
11 . 3m . T
= 7 §51n7+3s1n7—

1
gsin0+3 sinO}

{%(—1)%(1)—0}

AR REIE IR

i 2
I
0

-bl»—‘ -bl»—‘

3y . - =
cos® X - dx 3

1

(t+1)—

"2 11 IOg—VF
2(@) (t+1)+ﬁ

V2, { V2t+N2—-1 }1
o8 (\/EH\/EHJO

1 V2
‘; 2§+4t+11 _£{1 V2 (1) +V2-1 | V2 (0)+V2 -1 }
= ot 4 g(@(m@ﬂ}_"g(@(owﬁﬂj
P Erary £{1 2V2-1y \/5—1}
:ijl 1 - dt 4 (2\/_ j g(\/i+1j
2 el 14 V2 2V2-1) (V2-1
I S U S BT () (%)
- 2.J- 2 L 7 d \2 3++2
0 (t+1) (\/ij _Tlo |:3_\/§}
. .



Solution :

6:7.?2
0

Solution :

1

Ex.5: jg oz X

X2

Let

- dx

I

(-51002)-(- 01 (-5)-(-5]

1 1 I 1
=——log2-0-——+1=———log2 +log1=0

1
=—|1-1log2
2( o j

cos X

- dx

1 +cos X + sin X

Let 1

’J‘./Z cos X
5 1+cosXx+sinXx

p la)l]
0 5 cog? (%) +2sin (%]-cos (%)
Tz{ws[ﬂsm( 3ol z)roml3 )]
SWE e

Tz €0 (7j - Sm(7j Cdx = ;j/z {1 = tan(%ﬂ' dx

0

()

o

2
N
No| >
N




Ex.7:

Solution :Let I = J

%]

/

1 X I
= 5 - [Xx~log|secH ‘T .
2

T Y
=5 ?—ZIOg(sec j (0-— 210gseCO)}

1 = 1 T T
=7-_?—210g\/§—0+2(0)} :?[7—210g\/§} :Z—log\/f
2 sec? X
J : -dle—log\/f

1+ cos X + sin X 4

]& 1
: -dx
5 (1=2x)N1—x

-dx
o (1=2x)V1-x
put X=sin6 .. 1-dx =cos 6-d6O

1 T
As X varies from 0 to VL 0 varies from 0 to 3

’]/6 cos 0 ’J% cos 0 d6
5 (1 —2sin*0) V1 — sin? 0 5 (cos 20) Vcos? O
6
J cos 20
6
j sec 20-d6
0
1%
{log (sec 20 + tan 20) - 5 }
Lo 2| = 2 = -1
5 | log|sec2| & + tan Y og (sec 0 + tan 0)
1
5 {log (sec 3 ttan 3 j log (1 + 0)} v log1=0
1
& - [log @ +3) - 0]
1
vl log (2 +3)

1

1
(=2 T =7 e @+3)

= &




Ex. 8

—nN

0 2

Solution : Let 1= I

put 2=t

“(1+4)

2)(
- dx

2 2%
— - dx
5 24 (1 +4%)

2% - log 2 -dx =1-dt

As X varies from 0 to 2, t varies from 1 to 4

|

1

t(1+t2?)

1
log?2

1 1
log2 5 t(l+1t2)
1 J‘11+t2—t2 t
© o log2 g t(1+t?)

may be solved by method of partial fraction

o1+t t2
log L Lt (1 +12) t(1+t2)
4
1
= dt 2
log 2 H } j
0
_ UL Lj‘ 2 }
T o log2 |3t 27 1+t2

1
Ex.9:j|5x—3|-dx

-1

1
Solution : Let I= J|5X—3 | dx

| 5x -3 |

§

4

35 1

[ 15x=3] dx+ [ |5x-3] dx
-1

P

{2-a]
L 2

_j_ >
5

-1

3
~(5x=3) for (5x=3) <Oie.x< =

3
(5X—3)for(5x—3)>0i.e.x>g

35

35 X2 1
532
2 3k

-1

3

2

(3))-C <—1>-%<—1>2ﬂ |z 3@) E)-6)

4

[log (t)—%log(l +t2)}

log !
= —-Klog4—ilogl7j—

log 2 2

(logl—%log 2)}

= 1 . log4—ilog 17+i10g2}

log2 | 2 2

log1=0
_ 1 log 4\/5}

log2 [ V17
L-dx= 1 [log‘h/?}
2 (1+4) (log 2) V17

432
17

-

TS (5x - 3)- dx+J(5x 3)- dx

35
1

3x}
345




-5 )25

9 9 5 5 9 9 9 9 5 18 — 9 +25 34
Ee e o))

TZ 1
Ex.10: | ——5——-dXx
0 1 +-tan X

2 1 | a a
Solution : Let I = | ——"-dx ! = -
J T  Bypropery [1(9 0= [ Fla—0) &

3
Tj{Z cos X

= - dx R
: Y cos X + < sin X @

1

) — i |
3. . dx : 2 3/ COS —_X
J 1+ vsin X o :j . dx

3\JCOSX i 0 TE T
3 3/ COS 7—Xj+3sm(?—x

sm

- dx i
\/3s1nx+scosx ()

OQ—.S

adding (i) and (i1)
L] TZ J cos X dx+]i/2 sin X q

_ . dx
5 cos x +sin x 5 sin X+ cos X
Tzsco +</sin X d
= X
0 3cosX+\]s1nX
2

21 = [ 1-dx
0

RIEREEE
92 o T2l 4 T4

Tj-/z 1 d n
— 4k = &~
o 1+ Jtan x 4
with the help of the above solved/ illustrative example verify whether the following examples

. . T
evaluates their definite integrate to be equal to / as 7T

2 sin X w2 sec X
.[ 3 X5 J -dx ; j ~dx
0 1 +cot® X 0 sin X + cos X o Sec X+ cosec X
5
’JVZ sin* X  dx. TJVZ cosec? X dx
0 sin® X + cos* X ’ 0 g g
cosec+s X+sece X

= &



8 (11-x)°
Ex.n:j(—)2
» X2+ (1-x)
§ (11 -x)°
Solution : Let IZJ—Z-dX ()
5 X2+ (1-X)

b b
By property Jf(x) dx=jf(a+b—x) dx

a a

I_J§ [11- (8 +3-x)]* " _f [11-(11-%)]*
3 [8+3-x]*+[11-8+3-%]° y (11-x) 2+ [11 - (11 -x%)]°
8 X2
J‘ - dx
L (11-x)° +x?
adding (i) and (i1)
11 - x)* g X2
l+1 = (—)Z-dx +
3 X2+ (1 +X) 3 (11 —x)" +x2
8 2
11 —x)" +x?
o = [ U204
3 x2+ (11 —x)
1
=—11-d
2£ X
8
1 5
|:—{x} ——[8 3]——
2 3
s (11 —x)° 5
Iﬁ'dxzf
3y X+ (1+x)
b f(x 1
Note that : In general J ® -dX:E(b—a)

> f)+f(a+b—x)

verify the generalisation for the following examples :

f VX | 7 %3 ;
V3 —x+x £(9—X)3+x3' o
1
9 7 3 1
I Xl = - dx j - dx
4(13_X)T+XT Tf/61+ cotX
1
- dx

B —

1 + Vcosec X

4

. (i)



EX.IZ:J'X~sin2X-dX
0

Solution :
T

Consider, 1 J.X sin?X - dx .. .. (i)

(=)

11
Oty Ot—3y o3

(m—x) - [sin(m — )" x - dx

(m —X) - sin®X - dx

T
T - sin®X - dX—jX- sin?X - dx
0

T ]
j;(l—coszx) dx—1...by(®0)

TcTE
I +1 —J (1 = cos 2x) - dx
2
0
n| 171"
2l =— X—sin2x-—}
2 | 2],
| 1 1
| =— (n——stnj—(O——smOﬂ
4 | 2 2
T
Z[n] wsin0=0;sin2r=0
TCZ
T4

T ) TEZ
.‘.Ixz-s1n2X-dX:—
A 4

T
Ex. 13 : Evaluate the integral I cos® X - dx using
0

the result/ property.
Solution :

j'af(x)dx:jif(x)dx+ff(2a—x)dx

0 0 0
T

Let, I :J‘ cos? X - dx
0

2

cos? X - dx

—_—

2

2
coszx-dX+J {c (2——Xﬂ - dx
0

cos?X - dx +

Ot_,s o

cos?X - dx

Ot_,S
Ot—,S

© cos (m—X) =—cos X

L7)
:2-Jcoszx-dx
0

1
Oo_.s

(1 + cos2x) - dx

1 2
X+sin2x-—}
2]

((m 1 m 1
= (—+—sm2—]—(0+—sm 2(0))}
\2 2 2 2

sin0=0;sint=0

T
cos?X - dx=—
2

ot—2




¢ X (1+ sin x)
Ex.14: | ——-
_'[t 1 + cos? X

T .
X (1 +sin X
Solution : Let I = J 1(+—2) - dx
- cos? X

KJ' X -dX)+(J X - sin X -dxﬂ
1+ cos? X 1+ cos? X

X X - sin X
The function — is odd function and the function sz is even function.
1 + cos? X 1 + cos? X
a a
j f(x)dx=2- j f(x) dx , if f (x) even function
—-a 0
=0 , if f (X) is odd function
~0 .7[‘ X « sin X
0 1 + cos? X
T X -sin X .
=2 j dx (D)
0 1 + cos? X

_2_” (m—x) - sin (m — X)
- J(; 1 + [cos (m — X)J°

_2].‘ (T —x) - sinX dx
- 9. .
, 1+ (=cosx)
T m-sinX—X-sinX
= 21 - - dx
-([ 1 + cos? X
5 T sin X T X - sin X
= TT - —_ . N
J(;1+coszx jolJrcosZX
| ) "[‘ sin X | b 0
=2n-| — 1 ...byeq.(i
2
0 1+ cos® X
T osin X
[+1 = 2n-jﬁ . (ii)
0 cos
put cosXx=t S —sinx-dx=+dt

As varies from 0 to m, t varies from 1 to — 1

21

27 -

| =7n-2

(where is even function.j

1+t2 1+t?

|
|

‘



JZEX(1+sinX) dx = s

1 + cos? x

-T

3

1

21 { tan™! t} .
0

2n [tan™' (1) —tan™ (0)]
T fi

2n (— - Oj =—
4 2

2

Ex.15: I X [x] - dx, where [ X ] denote greatest integrate function not greater than X.

0

1
Ot~ Ot O Ww

Solution : LetI

>
—
>
-
o
>

2

1

2 3

2lelel,

Il
S
+

x[x]-dx+J'x[x]-

dx+fx[x]-dx

2

x(O)-dx+J%x(1)-dx+fx(2)-dx
1

2

- 0+(5-5)r0-4
= ;5 )TOD

3 13
= —+§5 =—
2 2
; R
'[x[x]- x=-
0
( N
LEXERClSE 4.2 )
I. Evaluate:
9 3 y
X+ 1 1
1 & @ [ et ® [VTvsin2co
() J; \/Y ~£X2+5X+6 () J Sin
V4 v 1 5
@ Jeordx @ [ o
0 71— sinX 4x2+4x+13
5 { 1 1
> ‘dx 12) [~ dx
S e e 1 |
1 2 4 .
Xe—2 _ ‘ )
(6) ,([ i1 -dx (7) 6[ sin 4x sin 3x-dx (14).([X-tan Iy dx

4

4
9) j sinx-dx

(1D

(13)

(15)

0

o3

J
J

1
-dx
V4x — x?

X-sin X-dx

X-e7*-dx

SO



II. Evaluate :

2 -1
sin”! X
| =
o —x2)2
T4 sec?X
j . -dx
0 3tan’X +4 tanx + 1

)

47 .
2
(3) J‘ Sin ZX dx

o sin*x + cos*x
2n

4) j VcosX - sin®X - dx
0

1

—.dx
5+ 4 cosx

()

Ot—.s

4 cos X

-dx

(6)

Se— a3

4 — sin? X

2 COS X
() OI (1+sinx) (2 +sinx)
1

(®) J;aze +b2e X

9) j ! -dx

5 3+ 2sinX+cosX

w4
sec*X - dx

(10)

1—x
1+x

-dx

(11)

]
|

sin® (1 +2 cosx) (1 + cosx)® - dx

(12)

(13)

sin 2X - tan "' (sinX) - dx

(ecos" X)(Sil'fl X)
1-x°

e _ Ot—.s Ot

(14) -dx

1
5
j" cos (logx) dx
2

N

(15)

‘ Q0

II1I. Evaluate :

a
1
1
Ol el
L7
2 J log tan X-dx
0
1 1
(3) Jlog(——l}-dx
5 X
T2 iy
@) J s1n>-( cos X dx
o 1+ sinX-cos X
3 5
(5) [ xG-x72-dx
0
3 43
(6) _j3 o
iz 2+ si
(7) Jlog (—S%nxj-dx
T 2 —sin X
T
wp X+
4
(8) -[2—cos2x'
v
4
9) JXS-sin“x-dx
-4
log (x+ 1)
10 -d
( )J‘ X2+ 1 X
1 X3+2
11 -d
() X2+ 4 X
X3
(12) j —dx

(13) jt V1—t-dt

(14)




Note that :
2 w2
To evaluate the integrals of the type j sin" X - dx and I cos" X - dx, the results used are known as
0 0

'reduction formulae' which are stated as follows :

2 n-1) (n-3) (n-5
[ sinx-dx = =DH =) 0=5 42 if n is odd.
0 n (—-2) (n—4)
(n—-1) (n—=3) (n—5) 31 = o
= . . +-o——-—, ifniseven.
n (n-2) (n—4) 42 2
2 v . "
Jcos”x-dx = j{cos (?—xﬂ - dx ... by property
0 0
1[/2 n
= j [ sinx] - dx
0
L7
= jsin”x-dx
0

(7-1) (1-3) (7-5)
7 (1-2)(7-4)

2
J sin’ X - dx
0

7-1D-(7-3)7-5)

7-(7-2)(7-4)
_6:4:2_16
~ 7.5.3 35

(8-1)(8-3) (8-5 ‘-7 =
8§ (8-2) (8—4) 8-6) 2

cos®x-dx =

O-_,S

_@-1D)@-3)@=5 @@= 1
O 8(8-2)(8-4)(8-6) 2

7-5-3-1m
C 8-6:4-2 2

_35m
256




=

Ry

Let us Remember

Z(Xm—xr) - f(t,)=§0:g(xrﬂ)—g (x)= g () -9 (@)

Thus taking limit as n — oo
g -g@ =%, 2 ., —x) - fE) =158, -jf(x)dx

Fundamental theorem of integral calculus : I f(x)dx=g(b)—g(a)

a
Property I J f(x)dx=0

a

b a
Property II : j f(x) dx = j f (x) dx
b

a

Property I : | f (x) dx = | f(t) dt

Property IV :

|
!

f(x)dx = f(x)dx+jf(x)dx wherea<c<b ie.c e [a,b]

(=2
QD ——T » —

PropertyV:If(x)dx='|‘f(a+b—x)dx

a a

a a
Property VI : j f(x) dx = j f (a—x) dx
0 0

2a a a
Property VII : j f(x) dx = j f (x) dx + j f (2a— x) dx
0 0 0

a a
Property VIII : '[f x)dx =2- .[ f(x)dx ,if f (X) even function
-a 0
=0 , if f (X) is odd function
f (x) even function if f (— X) = f (X) and f (x) odd function if f (— x) = —f (X)

'Reduction formulae' which are stated as follows :

L) _ _ _

[[simx-dx = (=D O=H0=5 42 ifn s odd.
0 n (-2) (-4 5 3

= (n—l)_(n—3)_(n—5)__ il T if nis even

n (h-2) (n—4) 42 2 '

2 " 2 i v
cos" X - dx = I {co (——Oﬂ dx j [sinx]-dx = J sin" X - dx
0 0 0

OQ—,S

‘



:M ISCELLANEOUS EXERCISE 4;

(I) Choose the correct option from the given alternatives :

(1

()

(3)

4)

Q)

(6)

(7)

®)

3

o
> X(x3—1)
N 1 | 208 5 1 | 189
) Og(189j ® 3 Og(zogj
[fsintxdx
o (1 +cosx)?
B) ——
(B) >
bes e — 1
—dx=
o e+3
(A) 3+2n (B) 4—n
7
Isin6x cos?x-dx =
0
(A) ﬁ (B) %
1 dx k
J T x—vx \/— thenkls equal to
2
(A) V2 (V2 -2) (B) ?(2—26)
f1 1
j_ X.
1 X2
(A) Ve+1 ®B) Ve-1
e
1 1 b
If,'[ - 2} dx=a+ , then
2Llogx  (log X) log 2
(A) a=e,b=-2 (B) a=e,b=2
e? zex
Let II=J; log X and IQ:J;Y'dX’ then
1
A) 1 :?;lz B) L +1=0

© )
© 4

C) 2+m

© 256

72-2

(©)

(C) Ve (Ne—1)

(C) a=-e,b=2

©) 1,=2I,

o af2)

4+7

(D)

(D) 4+m

(D) 256

(D) 42

Ve —1
e

(D)

(D) a=-€,b=-2

D) 1 =1,

SO



(9) TL dx =
o Vx+ V9 —x

(A) 9

V4
(10) The value of '[ log(
7

A) 0
(I) Evaluate the following :

"2 CcOosX

O] -dx

o 3-cos X +sin X

T tan3X
O
o 1+ cos2x

1+x3
(7) [9_#

-dx

0

1
Ol
(IIT) Evaluate :

1
1 2X
(D) J( jsin“(
o\ 1 +x2 1 + x2

® I 1

2+aX_X2

©) jlsin1 ( 1 ixxz)' dx

0

dx

B9

®) -

2+sin0

__ELJ@GB
0

(B) 1

©€) 0 D) 1
€ 2 (D) =
m2 cos 0 Lo
@ | .6 ® | .dx
e 3
W4[cos—+sin—} o 1+
2 2
1 1
(5) |t - teudt (6) | (cos ™ x)%dx
0 0
(8) 'fo~sin X-cos* x-dx 9) f X -d
0 0 1+ sinz X
|
2) | ————dx
@) J 6 —cos X
310 ;
@ _[ | sin X dx
s SN X+ cos X
T cos 2X

v
(7 j (2-log sin x — log sin 2x) - dx
0

©) [[Ve+2x+3] -dx

S i

6 :
(©) ()l‘ 1 + cos 2X + sin 2X
s

(8) j(sin‘1 X + cos ' x) -sin® x-dx
0

3
(10) [ |x—2]-dx
-2




(IV) Evaluate the following :

a L1%) a+1
(1) Ifj Vx-dx = 2a-J sin® X-dx then find the value of J X-dx.
0 0 a

1

(3) Iff(X)=a+bX+CX2,sh0wthatI f(x):%[f(0)+4f (%)H(l)}

0

>
>
>

L0 L0 L0

L)
L)
L)
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5. APPLICATION OF DEFINITE INTEGRATION

—_

\: Let us Study J

e Area under the curve
e Area bounded by the curve, axis and given lines

e  Area between two curves.

a

"\ Let us Recall ] v
e In previous chapter, we have studied definition of
definite integral as limit of a sum. Geometricall Ry =f) e
i g y Pl
|  (x)-dx gives the area A under the curve y = f (x) with
a x=a A x=b
f (X) > 0 and bounded by the X—axis and the lines X = a,
X' < > X
x =b ; and is given by 0 P Q
b %
!f(x) dx=¢ (b) — ¢ () Fig. 5.1

where [ f(x) dx = ¢ (X)
This is also known as fundamental theorem of integral calculus.
We shall find the area under the curve by using definite integral.

5.1 Area under the curve :

For evaluation of area bounded by certain curves, we need to know the nature of the curves and
their graphs. We should also be able to draw sketch of the curves.

5.1.1 Area under a curve :

The curve y = f (x) is continuous in [a, b] and Y
f(x)>0in[a, b].
1. The area shaded in figure 5.2 is bounded by the curve

y =f (x), X—axis and the lines x = a, x =b and is given by

x=b - A -
the definite integral | (y)-dx xa b
X=a

A = area of the shaded region. X5 3 o X

b 1
A= [ f(x)-dx Y
a

. .




=X

>
(93

<

y=c

X' <

Fig. 5.3

@) SOLVED EXAMPLE ]

>
>

Y' Fig. 5.4

5.1.2 Area between two curves :

Fig. 5.5

2. The area A, bounded by the curve x = g (y), Y axis
and the linesy =cand y = d is given by

A =

o

<
—
<
Q.
<

. ii g (y)-dx

|
o

I
o

Ex. 1: Find the area bounded by the curve y = x?, the
Y axis the X axis and x = 3.

3
Solution :  The required area A = IO y-dx
X =
3
A = [xdx
0
x¢1°
ki)
A =9-0
= 9 sg.units

Lety=f(x) and y =g (x) be the equations of the two
curves as shown in fig 5.5.

Let A be the area bounded by the curves y = f (x)
andy =g (x)

A = | A —A | where
A, = Areabounded by the curvey =f (x), X-axis and
Xx=a,x=h.
A, = Areabounded by the curve y = g (x), X-axis and
X=a,X=Dh.

:



The point of intersection of the curves y = (x) and y = g (X) can be obtained by solving their
equations simultaneously.

b b
. The required area A= | [f(x)dx — [ g (x) dx |
a a

@) SOLVED EXAMPLES

Ex. 1: Find the area of the region bounded by the curves y> = 9x and x*> = 9y.

Solution : The equations of the curves are

and  x*=9y..... ) Y

Squaring equation (I1)
x4 =81y’
x*=81(9x) ...by (1) P(a,a)

x*=1729 x X »X

0) B
X (XS - 93) = 0 V'\\
Y V=ox

e, x(x*-9)=0

=  x=0 or Xx=9 Fig. 5.6

From equation (1), y=0 or y=9

The points of intersection of the curves are (0, 0), (9, 9).
9

9 X2
Requiredarea A = f@dx—f—dx
0 J 9
2 3717 11 o7’
SRR
3 |, Lo 3,
3
= 2-:92-27
A = 54-27
= 27 sq.units

Now, we will see how to find the area bounded by the curve y = f (x), X-axis and linesx=a, x=D

if f (X) is negativei.e. f(x)<0in[a,b].

. .




Ex. 2 : Find the area bounded by the curve y = — x* , X—axis and lines x =1 and x = 4.

Solution :  Let A be the area bounded by the curvey = — x*, X—axisand 1 <x<4.

4

The required area A [y dx

—x% dx
X'« Tt t > X
6] 20 13] 4 XST

3 1
64 1

3 3
A = -2,

But we consider the area to be positive.

1
4
x =1 x =4 i‘.

v

Y' y = -x2

Fig. 5.7

A= | —21 |sq.units = 21 square units.
Thus, if f (x)<0orf(x)>0in[a, b]then the area enclosed between y = f (x) , X—axis and
b
Xx=a,x=b is | [ f(x)-dx |
a
If the area A is divided into two parts A, and A, such that

t A isthepartofa<x<t wheref(x)<0Oand
A isthepartofa<x<t wheref(x)>0

then in A , the required area is below the X—axis

and in A, the required area is above the X-axis.

Now the total area A = A +A,

Y Fig.5.8 =

th(x)dx|+|:[)f(x)dx|

Ex. 3 : Find the area bounded by the line y = x, X axis and the lines x=—1 and x = 4.

Solution :  Consider the area A, bounded by straight liney =x, X axisand x =—1, x=4.

X From figure 5.9, A is divided into A, and A,
0 0
Therequiredarea A, = [ydx = [x dx

-1 -1
3]
2 -1
1
- 0-—
2

1 .

A = - 5 square units.




But area is always positive.

1 1
A =| -— |s .units = — square units.
n 5 q ) q
4 4 X2 4 42
A, =jydx=fxdx={_} = — = 8square units.
0 0 2 0 2

1 17
Required area A= A +A = 5 + 8 = By sg.units

Ex. 4 : Find the area enclosed between the X-axis and the curve y = sin x for values of x between
0 to 2m.

Solution : The area enclosed between the curve and the X-axis 4
consists of equal area lying alternatively above and

below X-axis which are respectively positive and

negative.
1) Area A = arealying above the X-axis
= [sinx-dx = [-cosx]|”
| [~ cosx]
= —Jcosmt—cos0] = —(-1-1)
A, = 2
21
2) Area A, = arealying below the X-axis = [ sin x dx = [— cos x} ™ —[- cos 21 — cos 7]
= —[1=-(D]
A = 2

2

Total area= A +|A,|=2+|(=2) | =4 sq.units.
Activity :
Ex.5: Find the area enclosed between y = sin x and X-axis between 0 and 4.
Ex. 6 : Find the area enclosed between y = cos x and X-axis between the limits :

() 0<x<

T
“2
. T

(i) ESXSn

(i) 0<x<nm




@) SOLVED EXAMPLES ]

Ex.1: Using integration, find the area of the region bounded by the line 2y + X = 8 , X—axis and the
lines x =2 and x = 4.

Solution :  The required region is bounded by the lines 2y + x = 8, and x = 2, X = 4 and X—axis.

1
YZE(S—X) and the limits are x =2, x = 4.

Y
¢ Required area =  Area of the shaded region
4
= | ydx
X=2
A\S 4
1
-\% - f3(8—x) dx
X (0] x-2 )2:4: \ > X 21 X2 4
] 2y+x=8 = —|:8X__:|
v 2 2],
. 1 42 22
Fig. 5.11 _ 1 (8_ 4 __j_(g_ 5 __ﬂ
5 { (4) 5 2 5

= 5 sq. units.
Ex. 2 : Find the area of the regions bounded by the following curve, the X—axis and the given lines :
() y=x*,x=1x=2 (i)  y=4x,x=1,x=4,y>0

(i) y = sin T T
iii)y=sinx,x=——,Xx=—
y 2 2

Solution :  Let A be the required area

Y i) A

3
[ydx
1

3
= [ xdx
1

3
il
3 1

~ L7
= 3l ]

26 .
A = ?sq. units.




(i) A

(i) A

A

Ex. 3:

Solution :

A

A Y= 4x
4
[2VX dx . % 4
1 =
4 1 X' f '/ } > X
2 [ x2dx oN1 2 3 14
1
27 37 41 3
2 2] - 4[] |
3 L 3 ¢
28 _ Fig. 5.13
— sQ. units.
3
%)
y dx
-
%)
sin x dx N
%)
0 )
J sinx - dx |+ .[ sin x - dx =
%) 0 X'« »X
n g 0O x=1R
0 7
—cosX| . |+]|— cosx
[~ cosx” |+] [~ cos
T T v
—{coso—cos (—ﬂ + {—cos [—]+ coso} v
2 2
I[-1-0]+[0+1] =1+1 Fig. .14
2 sg. units.
Find the area of the region bounded by the parabola y? = 16x and the line x = 4.
y’=16x =  y=14+x
Area POCP + Area QOCQ v
2 (Area POCP) i
4 P/
2 - dx _
Jy é%“
4 X' < > X
0
374 16 Q
8.~ { } _ s !
0 Yl
128 . Fig. 5.15
—— Q. units.
3
o




Ex. 4 : Find the area of the region bounded by the curves x> = 16y, y = 1, y = 4 and the Y-axis, lying in

the first quadrant.
4
Solution : Requiredarea = [ x dy
1
Y 4
A A = J.\/mdy
1
P Ly y=4 p
g = 4fy-dy
1
2 37
= 4.|—.y2
< \\/ > y=1 |:3 J :|1
X4 >X = —x[8-1
"O 3 x [ ]
v
' A = Es units
Fig. 5.16 - 3 g. .
2 y2
Ex.5: Find the area of the ellipse 7 + e 1.

Solution : By the symmetry of the ellipse, required area of the ellipse is 4 times the area of the region
OPQO. For this region the limit of integration are x =0

Y and x = a.
2 2
From the equation of ellipse — + —=1
Q (0,b) q P a b?
2 X2
e Ol |2k
P (a,0
\/ (@0) a—x
y = bz'( 2 j
a
v b
Y' y = ’e a’—x? , In first quadrant, y > 0
Fig. 5.17
a
A = 4 [ ydx

I
\m
m|o-

D,

|

>

o

>

0
4b {az T T
e 0
a |2 2 0
A = mabsg. units




Ex. 6 : Find the area of the region lying between the parabolas y? = 4ax and x* = 4ay where a > 0.

Solution : The equations of the parabolas are
y? = 4ax ()]
and X2 = 4ay (1))
2

X
From (i) y= 1 substitute in (1)

X2\
[—j = 4ax
4a
= Xx*=64a%
X (x}*—64a%) =0
x[x—(4a%] =0
x=0and x =4a y=0andy=14a
The point of intersection of curves are O (0, 0), P (4a, 4a)

The required area is in the first quadrant and it is

A = area under the parabola ( y> = 4ax) — area under the parabola (x> = 4ay)

4a

0

4a 1

4a X2 =
A= | \/4axdx—f£dx = Vda [ x2 dx -
0
0

o) i 4a 1 X3 4a
S
3 0 da | 3 0
32 16

4 1
= —ia- 4a 4 —_— 64a3 - az_ - aZ
3({ T 4a } 3 3

4a
Jx
0

2

—dx
4a

16 .
A= 3 a%sg. units.

Ex. 7 : Find the area of the region bounded by the curve y = x*> and the liney = 4.

Solution : Required area A = 2 x area of OPQO

4
A = [x-dy
0

4
A = 2:[\y-dy
0

2 374 4 3
3 . 3

= —X8
3

32 )
A = ?sq. units.

>
>




Ex. 8:

Solution :

y=z=x

P
e 0 é . X
jA(4,0)

272

0
A = [ x-dx+ | V16— dx

0 212

T T
448-——4— 8. —
2 4

Find the area of sector bounded by the circle x>+ y? = 16 and the line y = X in the first quadrant.

Required area A = A (AOCB) + A (region ABC)

To find,
The point of intersection of X+y?=16 ...(l)
and line y =X ()
Substitute (11) in (1)
X*+x* = 16
2x* = 16
x> =8

X = £2V2, y=+22
The point of intersection is B (2v/2, 2+/2)

\2 4

[ 7 X 16 . x

= —{xz} +{—\/16—x2+—sin1—
2" ], 2 2 45

% - (2V2)* + {8 sin'1 — (? 8+ 8 sin! %ﬂ

A =27 sg. units.

1
Note that, the required area is 5 times the area of the circle given.

g

1)

N

\
EXERCISE 5.1)

Find the area of the region bounded by the  (2) Find the area of the region bounded by the
following curves, X- axis and the given lines: parabola :

(1) y=2x,x=0,x=5
(i) x=2y,y=0,y=4
(i) x=0, x=5,y=0,y=4
(iv) y:sinx,x:o,x:g
(v) xy=2, x=1,x=4
(vi) y*=x,x=0,x=4
(vii) y*=16xandx=0,x=4

(1) y?>=16xand its latus rectum.
(i) y=4—x?and the X-axis
(3) Find the area of the region included between:
(1)  y*=2x, liney=2x
(i) y?*=4x, liney=x
(iii) y=x*and the line y = 4x
(iv) y*=4axandtheliney=x

(v) y=x*+3andtheliney=x+3

:



&

b

Let us Remember N

&% The areaA bounded by the curve y = f (x), X-axis and the lines x = a and x = b is given by
A= j f(x)-dx = f f (x)-dx

If the area A lies below the X-axis, then A is negative and in this case we take | A |.

&% The area A of the region bounded by the curve x = g (y), the Y axis, and the lines y = ¢ and
y =d is given by

d y=d
= | f(X)-dX=yI:09(y)-dX

&% Tracing of curve :
(i)  X-axis is an axis of symmetry for a curve C, if (x,y) € C < (x, —y) € C.
(if)  Y-axis is an axis of symmetry for a curve C, if (X,y) € C < (-X,y) € C.

(iii) If replacing x and y by —x and —y respectively, the equation of the curve is unchanged

then the curve is symmetric about X-axis and Y-axis.

KM ISCELLANEOUS EXERCISE 53

(1) Choose the correct option from the given alternatives :
(1) The area bounded by the region 1 <x <5 and 2 <y <5 is given by
(A) 12 sq. units (B) 8sq. units (C) 25 sq. units (D) 32 sq. units
1
(2) The area of the region enclosed by the curve y = < and the lines x = e, x = € is given by
1 3 5
(A) 1sg. unit (B) Esq. unit ©) Esq. units (D) Esq. units
(3) The area bounded by the curve y = x*, the X-axis and the linesx=—2and x=1is
15 _ 15 _ 17 _
(A) —9 sq. units B) — e Sg. units ©) e Sg. units (D) e Sg. units
(4)  The area enclosed between the parabola y?> = 4x and line y = 2x is
2 _ 1 _ 1 _ 3 :
(A) — sqg. units (B) = sq. units (C) —sq. units (D) — sq. units
3 3 4 4
(5) The area of the region bounded between the line x = 4 and the parabola y> = 16x is

128 _ 108 _ 118 _ 218 _
(A) qu. units (B) qu. units © qu. units (D) qu. units

'S 188 L 2




(6)

(7)

(8)

©)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

The area of the region bounded by y = cosx, Y-axis and the lines x =0, X = 2w is
(A) 1sq. unit (B) 2 sq. units (C) 3sq. units (D) 4 sq. units

The area bounded by the parabola y? = 8x the X-axis and the latus rectum is

31 _ 32 _ 3242 _ 16 _
(A) 3 sg. units (B) 3 sg. units ©) 3 sg. units (D) 3 sg. units
The area under the curve y = 2Vx , enclosed between the lines x =0 and x = 1 is

) 3 ) 2 ) 4 )

(A) 4 sq. units (B) 254 units © 354 units (D) 354 units
The area of the circle x> + y? = 25 in first quadrant is

25n ) . .
(A) qu. units (B) 5= sq. units (C) 5 sq. units (D) 3sq. units

2 2
The area of the region bounded by the ellipse ey + e 1is
T

(A) ab sg. units (B) mab sq. units ©) Esq. units (D) ma?sg. units

The area bounded by the parabola y? = x and the line 2y = x is

4 2 1
(A) gsq. units (B) 1 sq. units ©) gsq. units (D) Esq. units

and the X-axis is

T
The area enclosed between the curvey =cos 3x, 0 <x < s

1 2 1
(A) ?sq. units (B) 1 sq. units ©) Esq. units (D) Esq. units
The area bounded by y = Vx and line x = 2y + 3, X-axis in first quadrant is

: : 34 : :
(A) 2V3sg. units (B) 95sq. units ©) ?sq. units (D) 18sq. units
h bounded by the elli Y d the li X2 i
—+ —= —+ =
The area bounded by the ellipse 2 1 and the line 215 lis

rab ab
(A) mab—2ab (B) 2 7 (C) mab—ab (D) mab

The area bounded by the parabola y = x> and the line y = x is

A 1 5 1 c 1 5 1
A 5 ®) 5 ©) o (©)
The area enclosed between the two parabolas y> =4x and y = x is

8 32 16
A 5 ® 5 © 75 ©) 5

= &



(1)

17

(18)

(19)

(20)

T

The area bounded by the curve y = tan x, X-axis and the line x = " is

1
(A) 3 log 2 (B) log2 (C) 2log?2 (D) 3-log 2
The area of the region bounded by x> = 16y, y =1, y =4 and X = 0 in the first quadrant, is
A 7 5 8 c 64 5 56
A B) ©) 5 O 5
The area of the region included between the parabolas y> = 4ax and x> = 4ay, (a > 0) is given by

16 a? 8 a? 4 a2 32 a?
A —3 (B) - © 5 (D) —

The area of the region included between the line x + y=1 and the circle x> +y>=11is

T n 1 1
(A) 51 (B) n—2 ©) 7732 (D) no

Solve the following :

1)

()

©)

(4)

(5)

(6)

(7)

(8)

(9)
(10)

Find the area of the region bounded by the following curve, the X-axis and the given lines

T
1) 0<x<5,0<y<2 (i) y=sinx,x=0,x=mn (iii) y:sinx,x:O,x=§

Find the area of the circle x> + y> = 9, using integration.

2 2

Find the area of the ellipse Y + z—G = 1 using integration.

Find the area of the region lying between the parabolas.

(i) y*=4xand x*=4y (i)  4y*=9xand 3x* = 16y (iii) y*’=xandx*=y

Find the area of the region in first quadrant bounded by the circle x> + y? = 4 and the x axis
and the line x = y\3 |

Find the area of the region bounded by the parabola y> = x and the line y = X in the first
quadrant.

Find the area enclosed between the circle x> + y> = 1 and the line x +y = 1, lying in the first
quadrant.

Find the area of the region bounded by the curve (y — 1)* =4 (x + 1) and the liney = (x — 1).
Find the area of the region bounded by the straight line 2y = 5x + 7, X—axis and x =2, X = 5.

Find the area of the region bounded by the curve y = 4x?, Y-axis and the linesy =1,y =4.

J/ J/ J/
0’0 0’0 0’0




6. DIFFERENTIAL EQUATIONS g

U@ Let us Study )

e Differential Equation . Order and degree of differential equation
e Formation of differential equation . Solution of differential equation
e Types of differential equation. . Application of differential equation.

e

\ Let us Recall ]

e The differentiation and integration of functions and the properties of differentiation and integration.

%@; Let us Learn ]

6.1.1 Introduction :

In physics, chemistry and other sciences we often have to build mathematical models which involves
differential equations. We need to find functions which satisfy those differential equations.

6.1.2 Differential Equation :

Equation which contains the derivative of a function is called a differential engation. The following
are differential equations.

. dy . d?y d’w dw
i — = X i —~ +ky=0 iii — |- xX*—+w=0
M dx o8 (i dx? y (i) (dxzj dx
2 2
(1v) ﬂ + ﬂ =X, here X and y are functions of 't ".
dez  dt?
8 d d
(v) ﬂ + X —y —4xy = 0, here X is a function of y. (vi) r —r +cosO=5
dx® dx do

6.2 Order and degree of the differential equation :

The order of a differential equation is the highest order of the derivative appearing in the equation.
The degree of differential equation is the power of the highest ordered derivative present in the
equation. To find the degree of the differential equation, we need to have a positive integer as the index

of each derivative.

= &




@ SOLVED EXAMPLES )

Ex. 1: Find order and degree of the following differential equations.

. d’y dy . d3yj2 dy
i X2 ——+3x—+4y=0 — | +Xxy——-2x+3y+7=0
L dx® dx g (i (dx3 X dx el
Solution :  It's order is 2 and degree is 1. Solution :  It's order is 3 and degree is 2.
dr . ) dZy 2 dy 2
I — | +| = — X
(i) r 40 + cos 0 (iv) (dxz) [dxj e
Solution :  It's order is 1 and degree is 1. Solution :  It's order is 2 and degree is 2.
dy 3xy 1 d2y %
\Y% -+ =cos X i + = —
V) dx  dy S : dy\2 (dsz
dx [d_xj
Solution :  This equation expressed as Solution :  This equation can be expressed as
dy\2 dy 1 d?y s
- — —— 1+ = —
(dxj + 3xy cosx(dxj (dyf (dxzj
It's order is 1 and degree is 2. dx
dv\2 2y\3 7 dv\2
(o) +1-() (50
dx dx? ) L dx
It's order is 2 and degree is 3.
d*y dy\2 8 & dy
.. 2y hed X 4 — —
(vii) v {1 + (dxj } (viii)  ed+ ax =X
Solution : It's order is 4 and degree is 1. Solution : It's order is 1, but equation can not be
expressed as a polynomial differential equation.
The degree is not defined.
(ix) x3 y? 3
2x? 3 d_y 0 |=0
Y ax -
dZy dy 2
Solution: . X*[0—0]—y?[0—0]+314x° ﬂ+ d—yZ—ISXd—y =0
. e [ ] y [ ] y dx? dx y dx -
by S (U 15y Y i0 it onderis 2 and degree s 1
X e T lax XY g = .. Its order is 2 and degree is 1.
N : (1 v, Iso d dbyy' ER Iso d d by y" Y, Iso by y"" and
otes: (1) d)(1saso enote yy,Wlsaso enote yy,ﬁlsaso y y"' and so-on.

(2) The order and degree of a differential equation are always positive integers.

‘ .




{EXERCISE 6.1 j
(1) Determine the order and degree of each of the following differential equations.
I Y dy . . dy\2 o2y
Q) W+x(dxj+y—2smx (i) 31+(dxj ]
... dy 2sinx+3 , d’y dy ~ d®y
(|||) &— d_y (lV) W-F&*‘X— 1+W
dx
RE dv\2
v) &y (_y) +7Xx+5=0 (vi) (y")*+3y"+3xy'+5y=0
dt dt
3
(Y dy dyy:lz o dy
(vii) (Wj + cos (&] =0 (viii) {1 + (&j } =8 e
L (By\z (dyyg ¢y [ (Fyy
(ix) (Wj - (dx} =20 (x) X +W- 1+ (Wj

6.3 Formation of Differential Equation :

From the given information, we can form the differential equation. Sometimes we need to eliminate

the arbitrary constants from a given relation. It may be done by differentiation.

@ SOLVED EXAMPLES |

Ex. 1: Obtain the differential euqation by eliminating the arbitrary constants from the following :

(i) y?=4ax (i) y=Ae>+Be™ (i) y=(c, +c,x) e
c
(iv)y=ct+— (V) y=ce¥+ce®
Solution :
(i) y?=4dax...(1) (i) y=Ae>*+Be > ... (1)
Here a is the arbitrary constant, we Here A and B are arbitrary constants.
differentiate w. r. t. X, Differentiate w. r. t. X, we get
dy
Y4 . === 3Me¥—3Be ¥
dx dx

again Differentiate w. r. t. X, we get
2

then eq. (1) gives

dyy P : . —)2/=3><3Ae3X—3><38e‘3X
y? = (&j X is required differential equation. dx
=9 (Ae %+ Be ‘3X) =9y ...fromeq.(1)
d’y
ac )

= &



(iii) y=(c, +c,x) e*... (1) o ,.c
Here C, and C, are arbitrary constants. (iv) y=ct+ X - (D)
Differentiate w. r. t. X, we get Differentiate w. r. t. X, we get
dy dy ¢
- (c, +c,x) e+ c,e” e 2
d_y_ x 2 fi 1 o C=—X d_y
dX—y+Cze .. (2) ...fromeq.(1) s dx
Again differentiate w. r. t. X, we get then eq.(1) gives
dzy—dy X —_2d_yzz_ Zd_y l
e dx T G® O ¥ ax
d?y d
Cex=—y——y . = x4 d_yz_xd_y
Pode¢ dx - dx dx
put in eq.(2) 4 dy 2 dy ;
2 . | oy—=_y=
d_y:y+ﬂ_d_y . X(dxj Xax Y
dx dx2  dx
dzy _dy
o Cax VTP
(v) y=ce¥+ce? ... (D
Differentiate w. r. t. X, we get
dy 3x 2x
X 3ce¥+2ce ...(ID
Again differentiate w. r. t. X, we get
dzy 3x 2X
e 9ce¥+4ce ... (1)

As equations (I), (II) and (III) in ¢ e * and c.e * are consistent

y 1 1

j—i 3 2 |=o0
y(lz—18)—1(4%—2%}1(93—1—3%):0
_6y_4j_i+2d2)2/ 93—1— ZZ—O
_% 5d—y—6y=0 %_Sj_i+6y:0




Ex. 2 : The rate of decay of the mass of a radioactive substance any time is K times its mass at that time,

form the differential equation satisafied by the mass of the substance.

Solution : Let m be the mass of a radioactive substance time 't

dm
The rate of of decay of mass is s
dm
Here at ocm
dm

E:mk , where k<0

is the required differential equation.

Ex. 3 : Form the differential equation of family of circles above the X-axis and touching the X-axis at

the origin.
Solution : Let ¢ (a, b) be the centre of the circle Y

touching X-axis at the origin (b < 0).

The radius of the circle of b.

The equation of the circle is

(= 07+ (y ~ b2 = b7

X2 +y? = 2by + b? = b? X< 0 > X
X2 +y2—2pby=0 .. (D
Differentiate w. r. t. X, we get vy
dy dy Fig. 6.1
2x+2y(&j—2b(&j—0

dy
x+(y—b)&:0

X X
+(y—-b)=0 S b=y+ ...(D
dy dy
(dx} (dxj
From eq. (I) and eq. (II) © oy 2xy
dy
Xy =2yt Yy =0 (d_x)
5 o
de . 2 2y — =
, S (-yd) dx 2Xxy
X2+ Y2 —2y2 — de =0 is the required differential equation.
y
(5

Activity : Form the differential equation of family of circles touching Y-axis at the origin and having

their centres on the X-axis.

= &




Ex. 4 : A particle is moving along the X-axis. Its acceleration at time t is proportional to its velocity at

that time. Find the differential equation of the motion of the particle.

Solution : Let s be the displacement of the particle at time 't'.

ds d?s
Its velocity and acceleration are s and T respectively.
d?s ds
Here W oC E
d’s ’ ds Pere ki 0
Pl (where K is constant # 0)

is the required differential equation.

( h
LEXERCISE 6.2 )
(1) Obtain the differential equations by eliminating arbitrary constants ¢, C,, A and B.
(i) x¥+y*=4ax (i) Ax2+By?’=1
(iii) 'y =Acos (log x) + B sin (log X) (iv) y*=(x+c)
(v) y=Ae>+Be> (vi) (y—a)y=4(x—h)
a
(vii) y:a+; (viii) y=c,e*+c,e*
(ix) c¢,x3+c,y*=5 (x) y=e*>(AcosXx+BsinXx)

(2) Form the differential equation of family of lines having intercepts a and b on the co-ordinate axes

respectively.

(3) Find the differential equation of all parabolas having length of latus rectum 4a and axis is parallel
to the X-axis.

(4) Find the differential equation of an ellipse whose major axis is twise its minor axis.
(5) Form the differential equation of family of lines parallel to the line 2x + 3y +4 =0
(6) Find the differential equations of all circles having radius 9 and centre at point A (h, k).

(7) Form the differential equation of all parabolas whose axis is the X-axis.

. .



6.4 Solution of differential equation :

Verify that

y=asinxandy =D cos x

are solutions of the differential equation, where a and b are any constants.

Alsoy =asin X + b cos X is a solution of the equation.

Here sin x and cos X are particular solutions where as a sin X + b cos X is the general solution which

describes all possible solutions.

A solution which can be otained from the general solution by giving particular values to the

arbitarary constants is called a particular solution.

Therefore the differential equation has infinitely many solutions.

@ SOLVED EXAMPLES |

Ex.1: Verifythat: ysecx=tanX+¢cC Ex.2:
is a solution of the differential equation
dy
&+ytanx=secx.

Solution:  Here Yysecx=tanX+C

Differentiate w. r. t. X, we get

y
y sec X tan X + sec X —— = sec? X

dx
dy

—— tYytan X =sec X

dx

Henceysec Xx=tan X+ C

Solution :

is a solution of the differential equation

dy
—_ tytan X =sec X

dx

X0 X

Verify that: y=1logXx+¢C

is a solution of the differential equation

Here y=logx+c

Differentiate w. r. t. X, we get

dy_l
dx ~ X
dy
Xd—X=1

Differentiate w. r. t. X, we get

d?y dy
XW +d_X><1—O
dzy dy
*ae Tax O

y = log X + C is the solution of

P

0.




Consider the example :

dX_ y y
1 dy
=2

vy dx xe+1

We can consider x and y both as variables and write this as
V= e 1)
—=(x*+1)-dx
y
Now we can integrate L.H.S. w. r. t. y and R.H.S. w. r. t. X, then we get
X3

logy:?+x+c

This integration is obtained by separating the variables.
It helps to examine the equation and find out if such a separation is possible.
The above method is known as the method of separation of variables.

In general, if the given differential equation can be written as

f(x) dx =g (y)dy

then this method is applicable.

@ SOLVED EXAMPLES

Ex. 1: Find the general solution of the following differential equations :

dy dx xlogx
N9 — L X
Q) dx X V25 — X (ii) m .
Solution :
d dt
() d_z(,:X 25— %2 Eq. (I) becomes, Idy: f\/t_(— 7)
2)dy = —|~t -dt
dy =x V25 — x?- dx Jdy Il\/_
Integrating both sides, we get 2fdy + JtZ.dt=0
3
fdy = [25 - %2 x-dx (D) ooy t32 _¢
Put 25— x?=t 2
2 3
—2X-dx = dt 2y+§t2 =,
4 dt 3
X-0X=—— . ?:
2 S 6y +2t2 =3¢, B
6y+2(25—-x3)2 =c¢ ...[c=3c]




(i)

dx Xxlogx

dt ot
dx  dt
Xlogx t
Integrating both sides, we get
dx dt - log ( log x ) = log ( tc )
fxlogX: t oo logx=ct
log(logx)=log(t)+logc Soooeft=x

Ex. 2 : Find the particular solution with given initial conditions :

ody T o YTL XLy )
Q) dx_e coszhenX—6,y—0 (i) y+1+x+1 o OW enx=y=
Solution :
Ldy y-1 x-1 dy
(1) ax - & cosx (i) y+1+x+1 -dX—O
d X+ 1 y+1
gzcosx-dx X_l-dx+y_1-dy:0
e ?.dy = cos x-dx Xx—1)+2 -1)+2
y = cos Lo ebr2 b2

X
Integrating both sides, we get x—1 y-1

2

fe™.dy = [cos x-dx (1 +j)-dx+(1 +— j-dy:O

e? ’
—5 =sinX+¢cC ... (D Integrating , we get

—2 i dx dy
WhenX:g,yZO. So eq. (1), becomes IdX+2fx— 1 +Idy+2_[y— 1 =0

e’ T, L, oox+2log(x—1)+y+2log(y-1)=c¢
—=sin—+C..— 5 =7+¢C

_21 | 6 2 2 x+y+2log[(x—1)(y—1)]:c ... (D
TS5 5T C se=-1 When x =2,y =2. So eq. (I), becomes
(Given initial condition determines the value - 2 +2+2log [(2 -2~ 1)] =c

of ¢) 4+2log(1x1)=c
Put in eq. (1), we get

o 4+2logl=c

3=sinx—1 L 4+2(0)=c

-2 .

—e Y=2sinx -2 o, ¢=4 Putineq. (I), we get

e”(2sinx —2)+ 1 =01is the required particular s X+y+2log [ (x—1)(y— 1)] = 4 is required
solution. particular solution.

= &



Ex. 3 : Reduce each of the following differential equations to the separted variable form and hence find

the general solution.

dy
1 1+ dy _ cosec (x+y)

Solution :
: dy
(i) 1+d—X=cosec(X+y) ... (D
Put X+y=u

dy du
Tx T dx
Given differential equation becomes
du

1

& = cosec u
du

cosec u B

sin U-du = dx

Integrating both sides, we get
[sin u-du = [dx
—cosu=Xx+c
X+cosu+c=0

Xtcos(x+y)+c=0 ...(-xX+y=u)

o dy
(i) o = @x+y+1y

i) oy
(i) o=@ty =17 Q)

Put 4x+y+1=u
dy du
Tax T dx
dy du
dx ~dx
Given differential equation becomes

I )
d)(4u

du

_=2+
ax u‘+4

du
uw+4
Integrating both sides, we get

f du o

dx

Ax+y+1
tan™! (Tj =2Xx+C ... [2¢c,=c]
( h
kEXERCISE 6.3 )

(1) Ineach ofthe following examples verity that the given expression is a solution of the corresponding

differential equation.

: - dy oy’
) xy=logy+ci g =13
A+ B d’y .
iii =g~ LR ——=
( ) y 7 dX2

b d?y _dy
(V) y—a+;,xw+ &—0

4

(i) y=(sin'x)’+c; 1_X2)_d2y_x_dy_ 2
y = (sin ( e vl
d’y dy
; — ym « 2 _ - -
(iv) y=x";X e mx dX+my 0

. — AaX dy_
(vi) y=e ,XdX—ylogy

:



(2) Solve the following differential equations.

N
O T
dy

(iii) y—x&—o

(v) cosX-cosy-dy —sin X'sin y-dx =0
cos?y-dy cos?x-dx
(vii) L) + =0
X y
(ix) 2e**¥.dx—3dy=0

y dy
(i) log (d_xj =2X + 3y
(iv) sec’-tany-dx + sec?y-tan X-dy =0

y
(vi) ——=-k, where k= constant.

dx
dy  dy
N B L —y2
(viii) y dx X dx
d_y—ex+y+X2 ey
(X) dX_

(3) For each of the following differential equations find the particular solution satisfying the given

condition.

(i) 3e*tany-dx+(1+e*)sec?y-dy=0,whenx=0,y=r.

(i)  (x—y2x)-dx — (y + x?%)-dy =0, when x =2,y = 0.

dx
(iii) y(l+10gx)W—Xlogxzo,y=e2,whenx=e.

T
(1v) (ey+1)cosX+eysinx—ZO,whenx=g,y=O.

dx

dy ey B
(v) (x+1)d—x—1—2e ,y=0,x=1

. dy
(vi) cos (d_xj za,acly y(0)=2

(4) Reduce each of the following differential to the variable separable form and hence solve.

gy
(i) gy =cos(x+y)

dy
@iii) x+y ax - se¢ (X2 +y?)

d
(i) (x—y2%=a2
dy

: 2 (v _ _1_n_2
(iv) cos?(x—2y)=1 2dx

(v) (2x—2y+3)dx—(x—y+1)dy=0,whenx=0,y=1.

6.4.1 Homogeneous differential :

Recall that the degree of a term is the sum of the degrees in all variables in the equation, eg. : degree of

3x%y?z is 5. If all terms have the same degree, the equation is called homogeneous differential equation.

dy
For example : (i) x+y ax 0 is a homogeneous differential equation of degree 1.

" y : : : .
(i) Xy +xy® + Xzyza = 0 is a homogeneous differential equation of degree 4.

(iii)xd—y+x2 =0
dx y

iv) X d_y+ 2+2x=0
(IV) de y -

(111) and (iv) are not homogeneous differential equations.

To solve the homogeneous differential equation, we use the substitution y = VX or U = vy.

= &




@ SOLVED EXAMPLES ]
Ex.1:

(i) x?y-dx —(x*+y%)-dy=0
Solution :
(i) x?y-dx—(C+y%)-dy=0

%y—a“vﬁgx=0
dx

Put y = vx
Differentiate w. r. t. X, we get

dy ~ dv
ax VT
Put (II) and (III) in Eq. (I), it becomes,

dv
XX — (0 + V) | V+ X

0

dx
divide by X3, we get

5 dv
v—(1+v)(v+xdxj 0
dv dv

X——V'—V3x —
dx dx

0

Y=y

dv
—x(1+v3')d—X:v4

1+

integrating eq., we get
dv dx
fv4dv+f—+ —=c,
v X
3

v
3 +log (v) + log (X) = ¢,

—3

log (vx) = c + 3

s log(y)=c +
X3
310g(y):3cl+F

X3
310gy=F+C

..(D
This is homogeneous Differential equation.

... (ID)

... (1)

...whereC:3C]

Solve the following differential equations :

dy

i) Xx=—=xt
(i) < an

d

(i)

1 v?3

3 x3

4

Lo dy y+Nety?
(iii) d_x: S

()

X
x%:xtan(%j+y .. (D
This is homogeneous Differential equation.
Put y = vx (D
Differentiate w. r. t. X, we get
dy dv
&:V'FX& ... (D)

Put (II) and (III) in Eq. (I), it becomes,

( de (VXJ
X|V+X—|=Xtan| — |+ VX
dx X

divide by x, we get

dv

V+X—-—=tanVv+V
dx

dv
X——=tanV
dx

dv _dx

tan v X

integrating eq., we get

dx
feotvdv= | —
X

log (sinVv ) =log (x) + log C
log (sinv)=1log (xxc)

sin V = cx

(Y ) )
sin ; = cX is the solution.




dy y+\+y?

(i) — ax - X ..(D
Solution : It is homogeneous differential equation.

Put y = vx ..(ID)
Differentiate w. r. t. X, we get
dy dv integrating eq. (IV), we get
TT=EV+HX T .. (ID)
dx dx
Put (IT) and (IIT) in Eq. (I), it becomes, _[ 1+ V2

. dv VX + VX2 + vX2 log(v+\/1+V2)=log(X)+logC
V+X——=

dx X log (Vv+V1+v?)=1log(cx)
dv 15V

ARV AR RA v+T+v2 =cx

dv 2
X — =1 +2 Y, Y-

dx X X2 = CX

dv dx X+ V2= ox i i

- ..(IV) y + VX + y?= cx* is the solution.
V1I+v2 X
( )
LEXERCISE 6.4 )

I. Solve the following differential equations :

(1) Xxsin (%J dy = { y sin (%j - x} dx

dy

dx0

(3) [1 +2e§j + Ze; (1 _VJ

(5) (xX*—y?)dx+ 2xy-dy=0

dy (Y
(7) Xd—X—y+Xsm(Yj—O
dy dy
2__
(9) ¥y —x dx Xydx

(11)xdy + 2y-dx =0, whenx =2,y =1
(13) (9x + 5y) dy + (15x + 11y) dx =0

(15) (x> +y?) dx — 2xy-dy =0

(@)

(4)

(6)

(8)

(10)

(12)

(14)

(X*—y?) dx —2xy-dy =0

y2-dx + (xy +x3) dy =0

dy

x—2y_
der

2X—y

X X
(1+ey)dx+ey

X —
(1) =o
dy
XY g =X 25y (D=0
y
xzaz
(x*+3xy+y?)dx—x>dy =0

X2+ Xy +y?




6.4.2 Linear Differential Equation :
dy
The differential equation of the type, ™ + Py =Q (where P, Q are functions of X.)
is called linear differential equation.
To get the solution of equation, multiply the equation by eIPdX, which is helping factor here.
We get,
d
eJde {_y + Py} - Q_eIde
dx
d d
[Pdx y [Pdx
—_— . =|— 4+ V- .
Note that, Ix [y e ] {dx y P} e
i [y_eIde] - Q_eIde
dx
fQ_eJde .dx = y_edex
Hence, y-ejpdx: fQ-(eIPdX) dx +c is the solution of the given equation

Here €% is called the integrating factor. (L.F.)

Note :  For the linear differential equation.
dx
@ +py=0Q (where P, Q are constants or functions of y) the general solution is
y

X (LF.) = f Q-(L.F.) dy+ c, where LF. (integrating factor) = ePd

#%) SOLVED EXAMPLES |

Ex. 1: Solve the following differential equations :

Ldy ooy o
(i) d—X+y—e (i) Xsde+(XcosX+smy)—sz

(iii) (1 +y?) dx = (tan'y — X) dy

Solution :
dy .
() ax Fy=e " (D) eq. (II) becomes,
This is linear differential equation of the form y-e=[e*x ehdx + ¢
3_3(/+Py=QwhereP=l,Q=ex Looye=fe M+ e
It's Solution is y-e'=Je"dx+c
y (LF) = [Q-(LF.) dx+c ... (D) oooy-e'=fdx+c
where LF = P = gltx= o . y-€'=X+ cis the general solution.

. .



dx
divide by X sin X, we get
dy 1 1
d—X+(COtX+;jy=—

(if) xsin X

X

It is the linear differential equation of the type

dy 1
d—X+Py=Q where P=cotx+;,
1
=%

Its solution is
y (LF.) = [Q:(LF.) dx+c

1
where LF, =% = gllcorx+5) o

LF. = efcotxdx+Jd7X
I F — elog\sinXHlogX
I.F. = X sin X

eq. (IT) becomes,

1
y:X sin X= f;x X sin X-dx + €

Xy-sin X =—cos X+ C

Xy-sin X + cos X = C is the general solution.

+ (X cos X + sin X) y = sin X

(D)

(i)

...

(1 +y?) dx=(tan'y —Xx) dy

dx (tan'y —X)

dy ~ (1+y)

dx 1 tan’'y
@Jr(l +y2sz L+y

This is linear differential equation of the type

dx ~ here P = _tan’'y
dy+PX—QW ere —1+y2,Q— 11y
Its solution is

X (LF.)= [Q:(LF.)dy+c ..

|
where LF. =¢™ = eI Ty ¥

_tan’! y

ILF.=¢

eq. (IT) becomes,

—1
X.etan y :j

in R.H.S. Put

tan’'y
1+y?

e Vody+c. .. (1)
tan'y =t
differentiate w. r. t. X, we get

dy

1 +y?

dt
eq. (III) becomes
x-e“ Y = [teldt+c
= tfe".dt— [[Ixe' Jdt+c

=te'— [edt+c

=te'—e'+c
x-e® Y =tan! y-etanfly— ey
C
X=tan'y—1+ Sy
x+1—tan"y=c-e ™ " is the solution.
L 2




Ex.2: The slope of the targent to the curve at any point is equal to y + 2X. Find the equation of the

curve passing through the origin.

Solution :  Let P (X, y) be any point on the curve y = f (X)

dy
The slope of the tangent at point P (X, y) is X

dy dy
&—y+2x o &—y—Zx
This is linear differential equation of the type
dy
d—X+Py=QwhereP=—1 ,Q=2x
Its solution is
y (LF) = [Q-(LF.) dx+c .. (D
[Pdx — [-dx

where LF.=¢e e

IF =& (IT) becomes
e =2[-xe"-e’T+c
eq. (I) becomes, y [ ]
ye = [2xx et dx+ y =—2x—-2+ce” ... (11D
y-e™ = 2fx-edx+c an The curve passes through the origin (0, 0)

0 =-2(0)—2+ce”
Consider,  [x-e™-dx ©

e 0 =—-2+c
:xfex-dx—f(lx —lj dx

- 2 = ¢ Putin (IIl)

xe’
- + Je™dx Ly =—2x—2+2e"
=—xe-dx+ fe™-dx Lo 2ty +2=2e”
=—xe*—¢* is the equation of the curve.
( )
LEXERCISE 6.5 )

(1) Solve the following differential equations :

Q) j—i %=X3—3 (i1) coszxj—i+y=tanx
(iii) (X+2y3)d—y:y (iv) d—y+ysecx=tanx
dx dx
dy dy
(v) x&+2y:x210gx (vi) (x+y)&=1
(vii) (x+a) j—i —-3y=(x+a) (viii) dr+ (2rcot0 +sin20)do =0

. .



)

©)

(4)

()

d 1
(ix) ydx+(x—y?) dy=0 (x) (l—Xz)d_i+2Xy=X(1—x2)2

. 1+ 2 ﬂ_l_ _etan’]x
(x) (1+x) 5 +y=

Find the equation of the curve which passes through the origin and has slope X + 3y — 1 at any point
(X, y) on it.

3
Find the equation of the curve passing through the point (ﬁ’ \/7) having slope of the tangent to
4x
the curve at any point (X, y) is — @

The curve passes through the point (0, 2). The sum of the co-ordinates of any point on the curve

exceeds the slope of the tangent to the curve at that point by 5. Find the equation of the curve.

If the slope of the tangent to the curve at each of its point is equal to the sum of abscissa and the
product of the abscissa and ordinate of the point. Also the curve passes through the point (0, 1).

Find the equation of the curve.

6.5 Application of differential Equations :

There are many situations where the relation in the rate of change of a function is known. This gives

a differential equation of the function and we may be able to solve it.

6.5.1 Population Growth and Growth of Bacteria :

It is known that a number of bacteria in a culture increase with time. It means there is growth in the

number of bacteria. It the population P increases at time t then the rate of change of P is proportional to

the population present at that time.

dpP

EOCP

dpP

EZK-P, (k>0)
dpP

F:kdt

on integrating
dP
_]-F = J.kdt
logP = kt+c
P=ce'  wherec=¢"

which gives the population at any time t.

= &




@ SOLVED EXAMPLES |

Ex. 1 : The population of a town increasing at

a rate proportional to the population at that
time. If the population increases from 40
thousands to 60 thousands in 40 years, what

will be the population in another 20 years.

3
(Given \/; = 1-2247].

Solution : Let P be the population at time t. Since

rate of increase of P is a proportional to P

itself, we have,

o k-P (D)

where K is constant of proportionality.
Solving this differential equation, we get
P=ae", wherea=¢e® ...(2)

Initially P = 40,000 whent=0

From equation (2), we have

40,000 =a-1 - a=40,000

eq. (2) becomes

P =40,000-€" .3

Again given that P = 60,000 when t = 40

From equation (3),

60,000 = 40,000-e"™

3
a0k _
e—2 .4
Now we have to find P when t =40+ 20

= 60 years
From equation (3), we have

3
P =40,000-e"™= 40,000 (e"*)2
3

3V\z
= 40,000 (7) = 73482

Required population will be 73482.

Ex. 2 : Bacteria increase at the rate proporational
to the number of bacteria present. If the
original number N doubles in 3 hours, find
in how many hours the number of bacteria
will be 4N?

Solution : Let X be the number of bacteria at time t.
Since the rate of increase of X is proporational
X, the differential equation can be written as :
—=kx
dt
where K is constant of proportionality.
Solving this differential equation we have

— kt _ AC

X=c-e,wherec =¢€ .. (D
Given that x =N whent =0

From equation (1) we get

N=c I
¢, =N
x = N-e* )

Again given that X = 2N when t = 3
From equation (2), we have
2N = N-e* .3
e =2
Now we have to find t, when x =4 N
From equation (2), we have
4N=N-e"

t
ie. 4=€"=(%)3

22=23 ...byeq. (3)
t

?—2

t=6

Therefore, the number of bacteria will be 4N

in 6 hours.

. .



6.5.2 Radio Active Decay :

We know that the radio active substances (elements) like radium, cesium etc. disintegrate with time.
It means the mass of the substance decreases with time.
The rate of disintegration of such elements is always proportional to the amount present at that time.

If x is the amount of any material present at time t then

—=—kX
dt
where K is the constant of proportionality and k > 0. The negative sign appears because X decreases

as t increases.

Solving this differential equation we get

x =a-e" where a = €° (check!) ... (1)
If X, is the initial amount of radio active substance at time t = 0, then from equation (1)

X, =al

a=X,

x=x,e" .2

This expression gives the amount of radio active substance at any time t.

Half Life Period :

Half life period of a radio active substance is defined as the time it takes for half the amount/mass

of the substance to disintegrate.

Ex. 3 : Bismath has half life of 5 days. A sample originally has a mass of 800 mg. Find the mass

remaining after 30 days.

Solution : Let X be the mass of the Bismath present at time t.

dx

Thena:— K-X where k >0
Solving the differential equation, we get From equation (2), we have

— . —kt
X=oe (D) 400 = 800 e *
where C is constant of proporationality. 4 400 1 )

S e =E——=—= ..

Given that x = 800, whent =0 800 2

. ) ) Now we have determine X, when t = 30,
using these values in euqation (1), we get

800=c1=c .. From equation (2), we have

x = 800 e ) X =800 e =125 (verify !)

Since half life is 5 days, we have x = 400 . The mass after 30 days will be 12-5 mg.
whent=35,

Now let us discuss another application of differential equation.
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6.5.3 Newton's Law of Cooling :
Newton's law of cooling states that the rate of change of cooling heated body at any time is

proporational to the difference between the temperature of a body and that of its surrounding medium.

Let 0 be the temperature of a body at time t and 0 be the temperature of the medium.

Then —— is the rate of change of temperature with respect to time t and 0 — 0 is the difference of

dt

temperature at time t. According to Newton's law of cooling.

do
e (06-06,)
99 k(©-06 1
=k (0-0) )
where K is constant of proportionality and negative sign indicates that difference of temperature is
decreasing.
0
Now i -k (6 -0,
a0 k dt
-6,
.. Integrating and using the initial condition viz.
0=0 when t =0, we get
_ Kt .
0=0,+(0,—6,)e " (verify) .2

Thus equation (2) gives the temperature of a body at any time t.
Ex. 4 : Water at 100°c cools in 10 minutes to 88°c in a room temperature of 25°c. Find the temperature

of water after 20 minutes.

Solution : Let 0 be the temperature of water at time t. Room temperature is given to be 25°c. Then

according to Newton's law of cooling. we have

do From equation (1) we have
i (6 — 25)
46 0 = 25+75e°"
— —_ _ > 20Ky 2
at k (6—25), where k >0 = 25+75(e ™)
After integrating and using initial condition. dy)2
We get 0=25+ 75 (D = 25+75 (&j ... by (2)
But given that 6 = 88°c when t = 10 75 x 21 x 21
= 25+ —F—7—
From equation (1) we get 25 x 25
ok 1323
88=25+75-¢ = 25+ =77-92
—10k —10k 63 21 25

63=75e " .. e "= % = E .. (2) Therefore temperature of water after 20
Now we have to find 0, when t = 20, minutes will be 77-92°c.

. .



6.5.4 Surface Area :

Knowledge of a differential equation is also used to solve problems related to the surface area. We

consider the following examples :

Ex. 5 : Water is being poured into a vessel in the form of an inverted right circular cone of semi vertical
angle 45°c in such a way that the rate of change of volume at any moment is proporational to the
area of the curved surfaces which is wet at that moment. Initially, the vessel is full to a height of
2 cms. And after 2 seconds the height becomes 10 cm. Show that after 3.5 seconds from that start,
the height of water will be 16 cms.

Solution : Let the height of water at time t seconds be h cms.

Fig. 6.2

We are given that initial height is 2 cms. and after 2 seconds, the height is 10 cms.
h=2whent=0 ... (D
and h=10 whent=2 ... (2

Let v be the volume, r be the radius of the water surface and | be that slant height at time t seconds.
Area of the curved surface at this moment is 7trl.

But the semi vertical angle is 45°.
r

tan 45° = ' 1
r =nh
and 2 = r2+h? =2h?
| = +2h
Area of the curved surface = nrl = n-h-V2h
= N2 rh?

/
. O@O .
AN



Since rate of change of volume is proporational to this area, we get

dv
dt
dv
dt
where C is constant of proportionality.
Let cV2n
dv
dt

o V2 nh?

c-\2 rh?

k

kh? . 0)

where K is constant

Now

Differentiating with respect to t, we get

dv
dt
~dv
Equating — from (3) and (4) we get
dt
he dh
ot
dnh
dt
where a is constant.
integrating we get
h
using (1) we have 2
Equation (5) becomes
h
Now using (2) we get
10
using the values of a and b in equation (5),
h
Now putt=3-5
h

Eﬂtrzh
1

—mnr>h =

3 (o -
3 3 nth?, (since r = h)

dh

TCh2 J—

o (4

kh?

k -—
_— a (say)

at+b
a0+hb

.0

at+2

2a+2

we have

4t + 2

4x35+2
=14+2=16cm

Therefore, height of water after 3-5 seconds will be 16 cms.

4

0
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| EXERCISE 6.6 |

10.

11.

N )

In a certain culture of bacteria the rate of increase is proportional to the number present. If it is found

that the number doubles in 4 hours, find the number of times the bacteria are increased in 12 hours.

If the population of a country doubles in 60 years, in how many years will it be triple (treble) under
the assumption that the rate of increase is proporational to the number of inhabitants?
[Given log 2 =0-6912, log 3 = 1-0986]

If a body cools from 80°c to 50°c at room temperature of 25°c in 30 minutes, find the temperature
of the body after 1 hour.

The rate of growth of bacteria is proportional to the number present. If initially, there were 1000

1
bacteria and the number double in 1 hour, find the number of bacteria after 2 — hours.

2
[Take V2 = 1-414]

The rate of disintegration of a radio active element at any time t is proportational to its mass at that

time. Find the time during which the original mass of 1 -5 gm. will disintegrate into its mass of 0-5 gm.

The rate of decay of certain substance is directly proporational to the amount present at that instant.
Initially, there are 25 gms of certain substance and two hours later it is found that 9 gms are left.

Find the amount left after one more hour.

Find the population of a city at any time t, given that the rate of increase of population is proporational
to the population at the instant and that in a period of 40 years the population increased from 30,000
to 40,000.

A body cools according to Newton's law from 100°c to 60°c in 20 minutes. The temperature of the

surrounding being 20°c how long will it take to cool down to 30°c?
A right circular cone has height 9 cms and radius of the base 5 cms. It is inverted and water is

T
poured into it. If at any instant the water level rises at the rate of A cms/ sec. where A is the area of

water surface at that instant, show that the vessel will the full in 75 seconds.

Assume that a spherical raindrop evaporates at a rate proporational to its surface area. If its radius
originally is 3mm and 1 hour later has been reduced to 2mm, find an expression for the radius of

the raindrop at any time t.

The rate of growth of the population of a city at any time t is proportional to the size of the population.
For a certain city it is found that the constant of proportionality is 0.04. Find the population of the
city after 25 years if the initial population is 10,000. [Take e = 2-7182]

12. Radium decomposes at the rate proportional to the amount present at any time. If p percent of

amount disappears in one year, what percent of amount of radium will be left after 2 years ?

/
. Q@O .
AN




&

b

Let us Remember

% Equation which contains the derivative of a function is called a differential equation.

&% The order of a differential equation is the highest order of the derivative appearing in the

equation.

% The degree of the differential equation is the power of the highest ordered derivative present in

the equation.
% Order and degree of a differential equation are always positive integers.

&% Solution of a differential equation in which number of arbitary constants is equal to the order
of a differential equation is the general solution of the differential equation.

% Solution obtained from the general solution by giving particular values to the arbitrary constants
is the particular solution of the differential equation.

.y
&% The most general form of a linear differential equation of the first orderis : —— + Py =Q

dx

where P and Q are functions of X or constant.
[Pdx

Its solution is given by : y (L.LF.) = f Q- (L.F.) dx+ ¢, where LF. (integrating factor) = e

X
&% Solution of a differential equation at kx is in the form x = a-e“ where a is initial value of X.

Further, k > 0 represents growth and k > 0, represents decay.

% Newton's law of cooling is 0 = 6, + (6, — 6,) e .

P .
| MISCELLANEOUS EXERCISE 6 |

(I) Choose the correct option from the given alternatives :

/ dyy\2  /d2y =
(1) The order and degree of the differential equation |1 + [d—ij = (d_xzj ? are respectively . . .

(A) 2,1 B) 1,2 ©) 3,2 D) 2,3

C
(2) The differential equation of y = ¢* + X is...

dy)2 dy d’y dy

A) X*| —| —x—= B) —+x—+y=0

) [dx dx y ®) dx? dx y
dyj2 dy d’y dy

C) | 2| +x-2L= D) —+-—2—-y=0

©) (dx " dx y ()dx2+dx y

. .



3)

(4)

®)

(6)

(7)

(8)

(9)

X2 +y? = a%is a solution of ...

dy dy (dYT
A —+-—=-y=0 B) y=x [1+]|—=]| +@a?
A) e oY (B) y i y
dy (dyT d?y dy
C) y=x—+a|l+|— D) —=(x+1)—
€y dx dx ()dx2 ( )dx
The differential equation of all circles having their centers on the line y = 5 and touching the
X-axis is
2
(A) y2(1+d—yj=25 (B) (y—5){1+(d_y)}=25
dx dx
2 2
(©) (y—5)2+{1+[d—y”=25 (D) (y—s){l—(d_yﬂzg
dx dx

d
The differential equation y d_y + X = 0 represents family of . . .
X

(A) circles (B) parabolas (C) ellipses (D) hyper bolas
1 dy
The solution of ———=tan' Xis ...
X dx
X? tan"! X
(A) +c=0 (B) xtan'x+c=0

X2tan'x 1

(C) x—tan'x=c (D) y= > —E(x—tan*lx)+c
dy
The solution 0f(x+y)2d—X=1is...
X
(A) x=tan' (x+y) +cC (B) ytan (yj:c
(C) y=tan" (x+y) +c (D) y+tan (x+y)=c
: dy _ y+V¢-y*
The solution of —= ——is...
dx 2
(Y)Y (Y)Y
(A) sin M =2log|Xx|+cC (B) sin M =log|Xx|+cC
. (X (Y
©) mn(yj:log\xﬁrc (D) sm(;j=10g|y|+c
: dy -
The solution ofd—x +y=cosX—sinXis...
(A) ye*=cosx+c (B) yex+eXcosx=c
(C) ye*=eXcosx+¢cC (D) y?e*=eXcosx+¢cC

/
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dy
(10) The integrating factor of linear differential equation X ™ +2y=x?logXis...

1 1
(A) (B) k © = (D) ¥

d
(11) The solution of the differential equation d—i’ =sec X —Ytan X is

(A) ysecx+tanx=¢ (B) ysecx=tanXx +¢C
(C) secx+ytanx=cC (D) secx=ytanx+cC
d
(12) The particular solution of%zxeyx, whenx=y=0is...
(A)e" V=x+1 B)e*V=x+1 (C)e“+e’=x+1 (D)e’ "=x-1
X?_ y2
(13) g—EZIisasolutionof...
d?y (dyj2 d?y (dy)z dy
A) —+yx+|—1|=0 By xy—+2|—~| -y—=0
) dx? y dx ®) ydx2 dx ydx
d?y (dyj2 dy  d?
C)y—=+2|—=| +y=0 D) xy——+y——=0
()ydx2 dx d () ydx ydx2

(14) The decay rate of certain substance is directly proporational to the amount present at that
instant. Initially there are 27 grams of substance and 3 hours later it is found that 8 grams left.
The amount left after one more hour is...
(A) 5 % grams B) 5 % grams (C) 5-1 grams (D) 5 grams

(15) If the surrounding air is kept at 20°c and a body cools from 80°c to 70°c in 5 minutes, the
temparature of the body after 15 minutes will be...
(A)51-7°c (B) 54-7°c (C)52-7°c (D) 50-7°c

(I1) Solve the following :

(1) Determine the order and degree of the following differential equations :

. d?y dy . (d3yJ2 dy
——+5—+y=x i) |— | = [1+-—=
® dx? dx y W dx3/ R} dx

dy ¥ _ dy _dy dyj2
(|||)31+(d—x]—W (iv) dx—3y+41+5[d—x
4
@ Y tin (d_yj=o
dx* dx

. .



(2) In each of the following examples, verify that the given function is a solution of the differential

equation.

2
(i) x2+y2:r2,xj—y+r 1+(d—yj:y
X

dx
2 d
(i) y=-e>sinbx, ﬂ—2a—y+ (@2 +b?)y=0
dx® dx
2 d
@iii) y=3 cos(logx)+4sin(logx),xﬂ+X—y+y:0
dx? dx
2 d
(iv) y:aex+befx+x2,xﬂ+2_y+x3:xy+2
dx? dx

dx
(V) x*=2y*logy,x*+y?=xy —

dy

(3) Obtain the differential equation by eliminating the arbitrary constants from the following equations.

N y*=a(b-x)(b+x) (i) y=asin (x+b)
@) (y—a)¥=b(xx+4) (iv) y =Va cos (log x) + b sin (log X)

(v) y=Ae** ! +Be !
(4) Form the differential equation of :
(1)  all circles which pass through the origin and whose centres lie on X—axis.
(ii) all parabolas which have 4b as latus rectum and whose axes is parallel to Y—axis.
(i11) an ellipse whose major axis 1s twice its minor axis.
(iv) all the lines which are normal to the line 3x — 2y + 7 = 0.

(v) the hyperbola whose length of transverse and conjugate axes are half of that of the given

X2 y2
hyperbola 6 36 k.
(5) Solve the following differential equations :
dy - dy

(i) log (&j =2x+ 3y (i) - X2y +y

dy 2y-—x
(iii) X 2y + X (iv) xdy=(x+y+ 1) dx

dy : dy
v) &+ycotX:X2cotX+2X (Vl)ylogyZ(logyZ—X)&

.o [lx 8 5 3y
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(6) Find the particular solution of the following differential equations :
(1) y(lJrlogX)Z(logXX)3—:(,,wheny(e)=e2
(2) (x+2y2)j—i:y,whenx=2,y=1
3) d_y — 3y cot X = sin 2x, when y (Ej =2
dx 2
4 (x+ty)dy+((x—y)dx=0,whenx=1=y

(5) 2ev dx+(y—2xe7j dy =0, wheny (0)=1
dy _ y*+y+1

(7) Show that the general solution of the differential equation — =

——— is given b
dx X2+ x+1 g Y

x+y+1)=c(l—x—y—2xy)

(8) The normal lines to a given curve at each point (X, ¥) on the curve pass through (2, 0). The curve

passes through (2, 3). Find the equation of the curve.

(9) The volume of spherical balloon being inflated changes at a constant rate. If initially its radius is

3 units and after 3 seconds it is 6 units. Find the radius of the balloon after t second.

(10) A person's assets start reducing in such a way that the rate of reduction of assets is proportional to

the square root of the assets existing at that moment. If the assets at the begining are X 10 lakhs and

2
they dwindle down to X 10,000 after 2 years, show that the person will be bankrupt in 2 9 years
from the start.




7. PROBABILITY DISTRIBUTIONS g

E@; Let us Learn ]

e Random variables
e Types of random variables

e Probability distribution of random variable.

e Discrete random variable e Continuous random variable
e Probability mass function e Probability density function
e Expected values and variance e Cumulative distribution function

% Let us Recall J

e Arandom experiment and all possible outcomes of an experiment

e The sample space of a random experiment

Let us Study J

7.1 Random variables :

We have already studied random experiments and sample spaces corresponding to random
experiments. As an example, consider the experiment of tossing two fair coins. The sample space
corresponding to this experiment contains four elements, namely {HH, HT,TH,TT}. We have already
learnt to construct the sample space of any random experiment. However, the interest is not always
in a random experiment and its sample space. We are often not interested in the outcomes of a random
experiment, but only in some number obtained from the outcome. For example, in case of the experiment
of tossing two fair coins, our interest may be only in the number of heads when two coins are tossed.
In general, it is possible to associate a unique real number to every possible outcome of a random
experiment. The number obtained from an outcome of a random experiment can take different values
for different outcomes. This is why such a number is a variable. The value of this variable depends on
the outcome of the random experiment, therefore it is called a random variable.

Arandom variable is usually denoted by capital letters like X, Y, Z,

= &



Consider the following examples to understand the concept of random variables.

(1) When we throw two dice, there are 36 possible outcomes, but if we are interested in the sum of the

numbers on the two dice, then there are only 11 different possible values, from 2 tol2.

(ii) Ifwe toss a coin 10 times, then there are 2'° = 1024 possible outcomes, but if we are interested in the
number of heads among the 10 tosses of the coin, then there are only 11 different possible values,
from O to 10.

(i11) In the experiment of randomly selecting four items from a lot of 20 items that contains 6 defective
items, the interest is in the number of defective items among the selected four items. In this case,

there are only 5 different possible outcomes, from 0 to 4.

In all the above examples, there is a rule to assign a unique value to every possible outcome of the
random experiment. Since this number can change from one outcome to another, it is a variable. Also,
since this number is obtained from outcomes of a random experiment, it is called a random variable.

A random variable is formally defined as follows.
Definition :

A random variable is a real-valued function defined on the sample space of a random experiment.
In other words, the domain of a random variable is the sample space of a random experiment, while its
co-domain is the set of real numbers.

Thus X : S — R is a random variable.

We often use the abbreviation r.v. to denote a random variable. Consider an experiment where three
seeds are sown in order to find how many of them germinate. Every seed will either germinate or will
not germinate. Let us use the letter Y when a seed germinates and the letter N when a seed does not
germinate. The sample space of this experiment can then be written as

S= {YYY, YYN, YNY, NYY, YNN, NYN, NNY, NNN}, andn (S)=2%=8.

None of these outcomes is a number. We shall try to represent every outcome by a number. Consider
the number of times the letter Y appears in a possible outcome and denote it by X. Then, we have

X (YYY) =3, X (YYN) = X (YNY) = X (NY Y) = 2, X (YNN) = X (NYN) = X (NNY ) = 1, X (NNN ) = 0.

The variable X has four possible values, namely 0, 1, 2, and 3. The set of possible values of X is
called the range of X. Thus, in this example, the range of X is the set {0, 1,2, 3} .

A random variable is usually denoted by a capital letter, like X or Y . A particular value taken by
the random variable is usually denoted by the small letter x. Note that x is always a real number and
the set of all possible outcomes corresponding to a particular value x of X is denoted by the event

[X =x].
= ®




For example, in the experiment of three seeds, the random variable X takes four possible values,

namely 0, 1, 2, 3. The four events are then defined as follows.
[X=0]={NNN},
[X = 1] = {YNN, NYN, NNY },
[X=2]={YYN, YNY, NYY },
[X=3]={yYy}
Note that the sample space in this experiment is finite and so is the random variable defined on it.

A sample space need not always be finite. For example, the experiment of tossing a coin until a head
is obtained. The sample space for this experiment is S = {H, TH, TTH, TTTH, . .. }

Note that S contains an unending sequence of tosses required to get a head. Here, S is countably
infinite.The random variable X : S — R, denoting the number of tosses required to get a head, has the
range {1, 2,3,... } which is also countably infinite.

7.2 Types of Random Variables :
There are two types of random variables, namely discrete and continuous.

7.2.1 Discrete Random Variables :

Definition : A random variable is said to be a discrete random variable if the number of its possible

values is finite or countably infinite.
The values of a discrete random variable are usually denoted by non-negative integers, that is,
{0,1,2,... }.

Examples of discrete random variables include the number of children in a family, the number of
patients in a hospital ward, the number of cars sold by a dealer, number of stars in the sky and so on.

Note : The values of a discrete random variable are obtained by counting.

7.2.2 Continuous Random Variable :

Definition : Arandom variable is said to be a continuous random variable if the possible values of this
random variable form an interval of real numbers.

A continuous random variable has uncountably infinite possible values and these values form an
interval of real numbers.

Examples of continuous random variables include heights of trees in a forest, weights of students
in a class, daily temperature of a city, speed of a vehicle, and so on.
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The value of a continuous random variable is obtained by measurement. This value can be measured
to any degree of accuracy, depending on the unit of measurement. This measurement can be represented
by a point in an interval of real numbers.

The purpose of defining a random variable is to study its properties. The most important property
of a random variable is its probability distribution. Many other properties of a random variable are
obtained with help of its probability distribution. We shall now learn about the probability distribution
of a random variable. We shall first learn the probability of a discrete random variable, and then learn
the probability distribution of a continuous random variable.

7.3 Probability Distribution of Discrete Random Variables :

Let us consider the experiment of throwing two dice and noting the numbers on the upper-most
faces of the two dice. The sample space of this experiment is

S={(1, 1), (1, 2),....(6, 6)} and n (S) = 36.

Let X denote the sum of the two numbers in any single throw.

Then {2,3, - - -, 12} is the set of possible values of X. Further,
X=21={(1, 1)},
[X=31={(1,2), 2 D},

[X=12]1={(6, 6)}.

Next, all of these 36 possible outcomes are equally likely if the two dice are fair, that is, if each of
the six faces have the same probability of being uppermost when the die is thrown.

1
As the result, each of these 36 possible outcomes has the same probability = %

This leads to the following results.

1
P[X=2]=P{(1, 1)}—%
2
P[X=3]=P{(1,2),(2, 1)} = 2%
3
PX=4]=P{(1,3),(2,2),(3, 1} = %"

and so on.

. @0 .




The following table shows the probabilities of all possible values of X.

X 2 3 4 5 6 7 8 9 10 11 12
| L 2|2 als e[ s[a]a]2]r
9 36 36 36 36 36 36 36 36 36 36 36

Table 7.1

Such a description giving the values of the random variable X along with the corresponding
probabilities is called the probability distribution of the random variable X.

In general, the probability distribution of a discrete random variable X is defined as follows.

Definition : The probability distribution of a discrete random variable X is defined by the following
system of numbers. Let the possible values of X be denoted by x, , X, , X, , . .., and the corresponding
probabilities be denoted by p, , p,, p,,...,wherep, =P [X=x]fori=1,2,3,... .

Note : A discrete random variable can have finite or infinite number of possible values, but they are

countable.

Sometimes, the probability distribution of a discrete random variable is presented in the form of
ordered pairs of the form (x,, p,), (x,, p,), (X;, p;), . .. Acommon practice is to present the probability
distribution of a discrete random variable in a tabular form as shown below.

X X, X, X,

P [X = Xi ] p1 pz p3

Table 7.2

Note : If x. is a possible value of X and p, = P [X = x. ], then there is an event [ E,] in the sample
space S such that p. = P [ E, . Since x. is a possible value of X, p. = P [ X =x.] > 0. Also, all possible
values of X cover all sample points in the sample space S, and hence the sum of their probabilities is 1.

That is, p,> 0, for all i and Z p,=1.

7.3.1 Probability Mass Function (p. m. f.) :

Sometimes the probability p, of X taking the value x; is a function of x. for every possible value of
X. Such a function is called the probability mass function (p. m. f.) of the discrete random variable X.

For example, consider the coin-tossing experiment where the random variable X is defined as the
number of tosses required to get a head. Let probability of getting head be ‘t” and that of not getting head
be 1 —t. The possible values of X are given by the set of natural numbers, 1, 2, 3, . . . and

P[X=i]=(@-t) 't ,fori=1,2,3,...
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This result can be verified by noting that if head is obtained for the first time on the i™ toss, then
the first i — 1 tosses have resulted in tail. In other words, X =i represents the event of having i — 1 tails
followed by the first head on the toss.

We now define the probability mass function (p. m. f.) of a discrete random variable.

Definition : Let the possible values of a discrete random variable X be denoted by x, , X, , X, , . . .,
with the corresponding probabilities p. = P [X = x. ], i = 1, 2, . . . If there is a function f such that
p, =P [X=x]="f(x) for all possible valugs of X, then f is called the probability mass function

(p. m. ) of X, if () p,> 0, i=12,..nand (i) > p,=1
i=1

For example, consider the experiment of tossing a coin 4 times and defining the random variable
X as the number of heads in 4 tosses. The possible values of X are 0, 1, 2, 3, 4, and the probability
distribution of X is given by the following table.

X 0 1 2 3 4
B IX = 1 1 3 1
X=x1l %6 | T | 5 | 7| 16
Table 7.3
4 1\4
Note that : P[X=x]= }(?j,x=0,1,2,3,4,...
X

4) . :
where } is the number of ways of getting x heads in 4 tosses.
X

7.3.2 Cumulative Distribution Function (c. d. f.) :

The probability distribution of a discrete random variable can be specified with help of the p. m.
f. It is sometimes more convenient to use the cumulative distribution function (c.d.f.) of the random
variable. The cumulative distribution function (c. d. f.) of a discrete random variable is defined as
follows.

Definition : The cumulative distribution function (c. d. f.) of a discrete random variable X is denoted
by F and is defined as follows.
F=P[X<x] =2,P[X=x]
= Z D,
=21 (x)

where f is the probability mass function (p. m. f.) of the discrete random variable X.

. .




For example, consider the experiment of tossing 4 coins and counting the number of heads.

We can form the next table for the probability distribution of X.

X 0 1 2 3 4
o 1 1 3 1 1
FO=PIX=X] %6 | % |8 | 2 | 16
F(X)=P[X<x] L 1
- 16 16 16 16
Table 7.4

For example, consider the experiment of tossing a coin till a head is obtained. The following table
shows the p. m. f. and the c. d. f. of the random variable X, defined as the number of tosses required for
the first head.

X 1 2 3 4 5

1 1 1 1 1

] 21 78 |1 32

1 3 7 15 31

FOL S | 7| 8 | 6| 2
Table 7.5

It is possible to define several random variables on the same sample space. If two or more random

variables are defined on the same sample space, their probability distributions need not be the same.

For example, consider the simple experiment of tossing a coin twice. The sample space of this
experimentis S = {HH, HT, TH, TT}.

Let X denote the number of heads obtained in two tosses. Then X is a discrete random variable and
its value for every outcome of the experiment is obtained as follows.

X (HH)=2,X (HT)=X (TH) =1, X (TT) =0.

Let Y denote the number of heads minus the number of tails in two tosses. Then Y is also a discrete
random variable and its value for every outcome of the experiment is obtained as follows.

YHH)=2,YHT)=Y(TH)=0,Y (TT) =-2.
Number of heads
Number of tails + 1

Let Z=

Then Z is also a discrete random variable and its values for every outcome of the experiment is
. 1
obtained as follows. ZHH)=2,Z(HT)=Z(TH) = PR Z(TT)=0.

These example show that it is possible to define many distinct random variables on the same sample
space. Possible values of a discrete random variables can be positive or negative, integer or fraction.
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@ SOLVED EXAMPLES )

Ex.1:

Two persons A and B play a game of tossing a coin thrice. If the result of a toss is head, A gets
% 2 from B. If the result of a toss is tail, B gets ¥ 1.5 from A. Let X denote the amount gained
or lost by A. Show that X is a discrete random variable and show how it can be defined as a
function on the sample space of the experiment.

Solution : X is a number whose value depends on the outcome of a random experiment.

Ex.2:

Therefore, X is a random variable. Since the sample space of the experiment has only 8
possible outcomes, X is a discrete random variable. Now, the sample space of the experiment is
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}.
The values of X in rupees corresponding to these outcomes of the experiment are as
follows.
X(HHH)=2x3=%6
X (HHT) =X (HTH) =X (THH) =2 x 2 - 1.50 x 1 =X 2.50
XHTT)=X(THT)=X(TTH) =2x1-1.50x2=3-1.00
X(TTT)=-1.50 x 3=3% — 4.50
Here, a negative amount shows a loss to player A. This example shows that X takes a

unique value for every element of the sample space and therefore X is a function on the sample
space. Further, possible values of X are 4.50, 1, 2.50, 6.

A bag contains 1 red and 2 green balls. One ball is drawn from the bag at random, its colour is
noted, and then ball is put back in the bag. One more ball is drawn from the bag at random and
its colour is also noted. Let X denote the number of red balls drawn from the bag as described
above. Derive the probability distribution of X.

Solution : Let the balls in the bag be denoted by r, g, , g, . The sample space of the experiment is then

given by S= {r rrg,r9,9,r9,9,9,,9,9,,9,9,, 9292}-
Since X is defined as the number of red balls, we have
X({rr}) =2,

X({rg,}) =X(rg,)=X(g,r)=X(g,n=1,
X ({9,9,}) =X (9,9,) = X (9,9,) = X (9,9,) =O.

Thus, X is a discrete random variable that can take values 0, 1, and 2.
The probability distribution of X is then obtained as follows :
X 0 1 2

4 4 1
PIX=xll gl 9 | 9

. .




Ex. 3 : Two cards are randomly drawn, with replacement, from a well shuffled deck of 52 playing
cards. Find the probability distribution of the number of aces drawn.

Solution : Let X denote the number of aces among the two cards drawn with replacement.

Clearly, 0, 1, and 2 are the possible values of X. Since the draws are with replacement, the

outcomes of the two draws are independent of each other. Also, since there are 4 aces in the deck

of 52 cards,
4 1 12
P[ace]=—-=-—and P [non-ace] = — . Then
52 13 13
12 12 144
P[X=0] =P [non-ace and non-ace] = — x — = ——,
13 13 169
P[X=1] =P [aceand non-ace] + P [non-ace and ace]
1 12 12 1 24
=—X—4+—X—=—,
13 13 13 13 169
1 1 1
and P[X=2]=PJaceandace]=—"x-—=——.
13 13 169
The required probability distribution is then as follows.
X 0 1 2

144 24 1
169 | 169 | 169

P[X=x]

Ex. 4 : Afair die is thrown. Let X denote the number of factors of the number on the upper face. Find
the probability distribution of X.

Solution : The sample space of the experiment is S = {1, 2,3,4,5, 6} . The values of X for the possible
outcomes of the experiment are as follows.

X(1) = 1, X(2) = 2, X(3) = 2, X(4) = 3, X(5) = 2, X(6) = 4. Therefore,
p,=P[X=1]=P[{1}]=
p,=P[X=2]=P[{2,3, 5}]=%

p, =P [X=3]=P[{4]]= 5

1

p,=P[X=4]=P[{6}]=
The probability distribution of X is then as follows.
X 1 2

o|lr|w
c»||—\ N

1 3
P[X=x] o ry

4
/i i\
L 4



Ex. 5 : Find the probability distribution of the number of doublets in three throws of a pair of dice.
Solution : Let X denote the number of doublets. Possible doublets in a pair of dice are (1, 1), (2, 2),
(3,3),(4,4),(5,5,), (6, 6).
Since the dice are thrown thrice, 0, 1, 2, and 3 are possible values of X. Probability of getting a

: . : . 1 1
doublet in a single throw of a pair of dice is p = ry andg=1- ry = %
P [X=0] =P [ no doublet] 5,5, 5. 1®

= = = T — X — X —=—,
a4 6 6 6 216

75
P [X = 1] = P [one doublet] = pgq + gpq + qap = 3pg* = —

216
15
P [X = 2] =P [two doublets] = ppqg + pgp + qpp = 3pq = 16
1
P [X = 3] = P [three doublets] = ppp = oY
EX. 6 : The probability distribution of X is as follows :
X 0 1 2 3 4

P[X=x]| 01 | « 2% | 2K k

Find (i) k, (ii) P [X < 2], (iii) P [X >3], (iv) P[1 < X < 4], (v) F(2).
Solution : The table gives a probability distribution and therefore
P[X=0]+P[X=1]+P[X=2]+P[X=3]+P[X=4]=1.
Thatis, 0-1 +k +2k +2k + k=1.
That is, 6k = 0-9. Therefore k = 0-15.
(i) k=0-15.
(i) P[X<2] =P[X=0]+P[X=1]=01+k=0-1+0.15=0-25
(iii) P[X>3] =P[X=3]+P[X=4]=2k+k=23(0-15) =045
(iv) P[1<X<4] =P[X=1]+P[X=2]+P[X=3] =k+2k+2k=5k
=5(0-15) = 0-75.
(v)  F(Q)=P[X<2]=P[X=0]+P[X=1]+P[X=2] =01+k+2k =0-1+3k
=0-1+3(0-15) =0-1+0-45=0-55.

7.3.3 Expected value and Variance of a random variable :

In many problems, it is desirable to describe some feature of the random variable by means
of a single number that can be computed from its probability distribution. Few such numbers are
mean, median, mode and variance and standard deviation. In this section, we shall discuss mean and
variance only. Mean is a measure of location or central tendency in the sense that it roughly locates a
middle or average value of the random variable.

. .




Definition : Let X be arandom variable whose possible values x, , X, , X, , ..., X, occur with probabilities

P, P,, P, ..., P, respectively. The expected value or arithmetic mean of X, denoted by E (X') or W is
defined by

B = W= 2 X=X P+ %P, 4 X Pyt 4 XD,
In other words, the mean or expectation of a random variable X is the sum of the products of all
possible values of X by their respective probabilities.

Definition : Let X be arandom variable whose possible values x, , X, , X, , ..., X_occur with probabilities

p,,P,, P, ..., P, respectively. The variance of X, denoted by Var (X') or ci is defined as
o, =Var (X) = 2, (¢~ k7P,
i=1
The non-negative number ¢ = vVar (X) is called the standard deviation of the random
variable X.
We can also use the simplified form of
n n 2
Var (X) = (Z X} pij B (Z X pij
i=1 i=1
Var (X) = E(X2) — [E(X)]" where Y x2p, = E(X 2)
i=1
@ SOLVED EXAMPLES J

Ex. 1: Three coins are tossed simultaneously, X is the number of heads. Find expected value and
variance of X.

Solution : S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}and X={0,1,2,3 }

X=X |P=p X D; X,
1
o | 5 0 0
3 3 3
Ll 3 8 8
3 6 12
2| % 8 8
1 3 9
Sy 8 8
" 12 | < 24
20 =g | 2=
Then E (X) :nxp:E:15
i=1 i 8
" " 2 24
var (X) :(i_l xizpij—(inpij =5 ~(197=3-225=075

= &



Ex. 2 : Let a pair of dice be thrown and the random variable X be the sum of the numbers that appear
on the two dice. Find the mean or expectation of X and variance of X.

Solution : The sample space of the experiment consists of 36 elementary events in the form of ordered
pairs (x.,y.), wherex =1,2,3,4,5,6andy =1,2,3,4,5,6.

The random variable X i.e. the sum of the numbers on the two dice takes the values 2, 3, 4, 5, 6,
7,8,9,10, 11 or 12.

X=x|[P=p X.p, X,
, | L 2 4
36 36 36

2 6 18

° | 3% 3% 3
3 12 48

* 1 3 36 36
4 20 100

> | 3% 36 36
5 30 180

° | 3 3 36
6 42 294

"l % 36 36
5 40 320

° | 3 3% 36
4 36 324

> | % 36 36
3 30 300

01 3 36 36
2 22 242

il 36 36
1 12 144

21 3% 36 36

;xlplz%: ;xi plz%=54'83
Then E (X) =2, %P, =7

1
-

Var (X) = ( : X} pij - ( nl X, pijz — 54-83 — (7)?
5
5




Ex. 3 : Find the mean and variance of the number randomly selected from 1 to 15.

Solution : The sample space of the experiment is S = { 1,2,3,...,15 }

Let X denote the number selected.

Then X is a random variable which can take values 1, 2, 3, ..., 15. Each number selected is
equiprobable therefore
1
P(1)=P(2)=P(3)=...=P(15)=E
E(X) zn:x 1 l+2 1+3 l+ + 15 !
= = D =1x— X — X ——7T ... X —
H =1 P 15 15 15 15
1 15 x 16 1
=(1+2+3+...+15x—= x—=8
15 2 15
Var (X)) :(ix.zp.j—(ix.p)z :12><i+22><i+32><i+...+152><i—(8)2
= ' =1 ! 15 15 15 15

1
=(+2+ 3+ 15) x - (8

15x16x31) 1
=S| T [ @
6
= 8267 — 64 = 1867

Ex. 4 : Two cards are drawn simultaneously (or successively without replacement) from a well shuffled
pack of 52 cards. Find the mean, variance and standard deviation of the number of kings drawn.

Solution : Let X denote the number of kings in a draw of two cards. X is a random variable which can
assume the values 0, 1 or 2.

. ®C, 48x47 188
Then P (X=0) =P (nocardisking) =5 ==~ ="
X

2

o Cx¥C, 4x48x27 32
Then P (X=1) =P (exactlyone card is king) = C T saeel "o
X

2

‘C,  4x3 1

Then P (X=2) =P (bothcards areking) == ——— =
X

2

" 188 32 1 34

=EX) =) xp. =0x—+1 x—+2x—=—o
H=EX) Zp o1 T o T 21 221

Var (X) :[zn: x.zp.j—(ix.p_)z :(ozx@+ 12x£+zzxi]_(ﬁjz
= ' = ! 221 221 221 221

36 1156 _ 6800

221 48841 48841

o =+Var (X)=+v0-1392

=0-1392




EXERCISE 7.1

Let X represent the difference between number of heads and number of tails obtained when a coin
is tossed 6 times. What are possible values of X ?

An urn contains 5 red and 2 black balls. Two balls are drawn at random. X denotes number of black
balls drawn. What are possible values of X ?

State which of the following are not the probability mass function of a random variable. Give
reasons for your answer.

(i) (i)
X 0 1 2 X 01|21 3] 4
P (X) 0-4 0-4 0-2 P(XX) | 01|05|02]|-01]|02
(iii) (iv)
X 0 1 2 Z 31 2|1 -1
P (X) 0-1 0-6 0-3 P@Z) |03]|02]|04 0-05
(V) (vi)
Y -1 0 1 X 0 =i -2
P(Y) 0-6 0-1 0-2 P (X) 0-3 0-4 0-3

Find the probability distribution of (i) number of heads in two tosses of a coin. (ii) Number of tails
in the simultaneous tosses of three coins. (iii) Number of heads in four tosses of a coin.

Find the probability distribution of the number of successes in two tosses of a die, where a success

is defined as number greater than 4 appears on at least one die.

From a lot of 30 bulbs which include 6 defectives, a sample of 4 bulbs is drawn at random with
replacement. Find the probability distribution of the number of defective bulbs.

A coin is biased so that the head is 3 times as likely to occur as tail. If the coin is tossed twice, find
the probability distribution of number of tails.

A random variable X has the following probability distribution :

X 0 1 2 3 4 5 6 7
P (X) 0 k 2k 2k 3k k? 2k? 7K+ k
Determine : (i) k (i) P (X<3) ([l P (X>4)
Find expected value and variance of X for the following p.m.f.
X -2 -1 0 1 2
P (X) 0-2 0-3 0-1 0-15 0-25
o OG0 S



10. Find expected value and variance of X ,where X is number obtained on uppermost face when a fair
die is thrown.

11. Find the mean number of heads in three tosses of a fair coin.
12. Two dice are thrown simultaneously. If X denotes the number of sixes, find the expectation of X.

13. Two numbers are selected at random (without replacement) from the first six positive integers. Let
X denote the larger of the two numbers obtained. Find E (X).

14. Let X denote the sum of the numbers obtained when two fair dice are rolled. Find the standard

deviation of X.

15. Aclass has 15 students whose ages are 14, 17, 15, 14, 21, 17, 19, 20, 16, 18, 20, 17, 16, 19 and 20
years. One student is selected in such a manner that each has the same chance of being chosen and
the age X of the selected student is recorded. What is the probability distribution of the random
variable X ? Find mean, variance and standard deviation of X.

16. Inameeting, 70% of the members favour and 30% oppose a certain proposal. A member is selected
at random and we take X = 0 if he opposed, and X = 1 if he is in favour. Find E (X ) and Var (X).

7.4 Probability Distribution of a Continuous Random Variable :

A continuous random variable differs from a discrete random variable in the sense that the possible
values of a continuous random variable form an interval of real numbers. In other words, a continuous

random variable has uncountably infinite possible values.

For example, the time an athlete takes to complete a thousand-meter race is a continuous random
variable.

We shall extend what we learnt about a discrete random variable to a continuous random variable.
More specifically, we shall study the probability distribution of a continuous random variable with
help of its probability density function (p. d. f.) and its cumulative distribution function (c. d. f.). If
the possible values of a continuous random variable X form the interval [a, b], where a and b are real
numbers and a < b, then the interval [a, b] is called the support of the continuous random variable X.
The support of a continuous random variable is often denoted by S.

In case of a discrete random variable X that takes finite or countably infinite distinct values,
the probability P [X = x] is determined for every possible value x of the random variable X. The
probability distribution of a continuous random variable is not defined in terms of probabilities of
possible values of the random variable since the number of possible values are unaccountably infinite.
Instead, the probability distribution of a continuous random variable is characterized by probabilities
of intervals of the form [ ¢, d ], where ¢ < d. That is, for a continuous random variable, the interest is
in probabilities of the form P [c < X < d], wherea<c<d <h.

/
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This probability is obtained by integrating a function of X over the interval [c, d]. Let us first
define the probability density function (p.d.f.) of a continuous random variable.
7.4.1 Probability Density Function (p. d. f.) :

Let X be a continuous random variable defined on interval S = (a, b). A non-negative integrable
function f (x) is called the probability density function (p. d. f.) of X if it satisfies the following
conditions.

1. f (x) is positive or zero every where in S, that is, f (x) > 0, for all x € S.
2. The area under the curve y = f (x) over Sis 1. That s, [ f(x) dx=1
S

3. The probability that X takes a value in A, where A is some interval, is given by the integral of
f (x) over that interval. That is
P[X eA]=[f(x)dx
A

7.4.2 Cumulative Distribution Functions (c. d. f.) :

The cumulative distribution function for continuous random variables is just a straightforward
extension of that of the discrete case. All we need to do is replace the summation with an integral.

Definition : The cumulative distribution function (c. d. f.) of a continuous random variable X is
defined as : .
F(x)=]f()dt fora<x<b.
a

You might recall, for discrete random variables, that F (x) is, in general, a non-decreasing step
function. For continuous random variables, F (x) is a non-decreasing continuous function.

@) SOLVED EXAMPLES |

Ex.1: Let X be a continuous random variable whose probability density function is f (x) = 3x* ,
for 0 < x < 1. note that f (x) is not P [X = x].

For example, f (0.9) = 3(0.9)* = 2-43 > 1, which is clearly not a probability. In the continuous
case, f (x) is the height of the curve at X = X, so that the total area under the curve is 1. Here it is

areas under the curve that define the probabilities.
Solution : Now, let’s start by verifying that f (x) is a valid probability density function.
For this, note the following results.
1. f(x)=3x*>0forall x € [0, 1].
2. jf(x):j3x2dx=1

Therefore, the function f (x) = 3x?, for 0 < x < 1 is a proper probability density function.

. .




Also, for real numbers ¢ and d such that 0 <c < d <1, note that

d d d
Plc<X<d]=]f(x dx:j3x2dx=[x3] =d3-c3>0
C C

c

. - 1 . . 1
° What is the probability that X falls between By and 1? That is, what is P {? <X< 1}?

: 1 : : .
Substitute ¢ = By and d = 1 in the above integral to obtain

3
Pi<x<1 :13_(ij :1_i:l_
2 2 8 8

. 1
° WhatlsP(X:?j?
See that the probability is 0 . This is so because
d
jf(x)dx:fxsdle-lzo.
C
%)
. . 1 1 1.
The ordinate AB, with A X 0|andB g is degenerate case of rectangle and has area 0
As a matter of fact, in general, if X is a continuous random variable, then the probability that X
takes any specific value x is 0. That is, when X is a continuous random variable, then

P [X =x] = 0 for every x in the support.

. : - . .. X3
Ex. 2 : Let X be a continuous random variable whose probability density function is f (x) = e for an

interval 0 < x < c. What is the value of the constant ¢ that makes f (x) a valid probability density
function?
Solution : Note that the integral of the p. d. f. over the support of the random variable must be

C
That is, | f (x) dx = 1.
0

C X3 C X3 X4 c C4
Thatis, | (—j dx =1.But, | (—) dx = {—} = __ . Since this integral must be equal to 1,
o\ 4 o\ 4 16 0 16

ct : : .
we have 0 =1, or equivalently c* = 16, so that ¢ = 2 since ¢ must be positive.

Ex. 3 : Let's return to the example in which X has the following probability density function :
f (x) = 3x?
for 0 < x < 1. What is the cumulative distribution function F (x) ?

X X X
ion : =| f(x)dx= Zdx=|x3| =x3
Solution : F (x) L (x) dx J(;Sx X [x JO X

/
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Ex. 4 : Let's return to the example in which X has the following probability density function :
X3
f(x)= " for 0 < x < 4. What is the cumulative distribution function X ?

X X 3 47% 4
Solution:F(x)=J.f(x)dx:JX—dx:i{X—} :i:[x“—o =X
! )4 414, 1 16

Ex. 5: Suppose the p.d.f. of a continuous random variable X is defined as:
f(x)=x+1, for-1<x<0, and fx)=1-x, forO<x<l.
Find the c.d.f. F(x).

Solution : If we look the p.d.f. it is defined in two steps
Now for the other two intervals :

J® For-l1<x<0and0<x<1.

1 X
F)= [ (x+1)dx

-1

+— . X2 1 X2+2x+2
-1 l 1t = —+Xx+—=
2 2 2
Fig. 7.1 _(x+ 1)
2
1
F (0)=—
(0) 5
ForO<x<1
0 X

F(X)=P(0<x<1)=P(-1<x<0)+P((0<x<1) = I(x+1)dx+f (1-x)dx
-1 0

1
:5+£(1—x)dx

1 X?
= — 4+ X+ —

2 2
FX)=0,forx<-1
F(x):%(x+1)2, for-1<x<0

2

1
:—+x—X—, forO<x<1
2 2

. .



b

If probability function f (x) is defined on (a , b) with f (x) > 0 and [ f (x) dx = 1, then we can
a

extend this function to the whole of 1R as follows.

Forx<aand x> b, define f (x) = 0.
t
Thennote that [ f(x)=0,fort<aandforx>b
t a b t
[fx)dx= [ f)dx+ [ fx)dx+ [ f(X)dx=0+1+0
—o0 —o0 a b
Thus F(t)=0,fort<aand F(t)=1,fort>b

Ex. 6 : Verify if the following functions are p.d.f. of a continuous r.v. X.

(i) f(x)=e> for0<x<ooand=0, otherwise.
@iy fx)= g, for -2 <x <2 and = 0, otherwise.

Solution : (i)e*is > 0 for any value of x since e > 0,

e”*>0,for0<x<ow

0 0 0 1

[f(x)dx=[e dx:[—e‘x} ={——e°}:—(0— 1)=1

0 0 0o e~

Both the conditions of p.d.f. are satisfied f (x) is p.d.f. of r.v.

(i) f(x) <0i.e. negative for -2 < x < 0 therefore f(x) is not p.d.f.

Ex. 7 : Find k if the following function is the p.d.f. of r.v. X,
f(X) = kx*(1 - x), for 0 <x <1 and =0, otherwise.

Solution : Since f (x) is the p.d.f. of r.v. X

kx’(L-x)dx=1




Ex. 8 : For each of the following p.d.f. of r.v. X, find (a) P (X< 1) and (b) P (| X| < 1)
2
H fx= % for -3 <x < 3 and =0, otherwise.

.. X+2 .
@i f(x)= 8 for -2 <x <4 and = 0, otherwise.

Solution :
i _ (X () _1 ; 28 14
(i) (@ P(X<1) _'El_SdX_ 183 _5[ ~(-3)] = _(1+27)__4 -
-3
© PUxl<y -p(ixcn= | Lo 5|
- —71E = 183
ooy =1 _2_1
_54[1 1] g $PUE5 7
i) (@ P(X<1) —i”zdx—i o
S5 18 18 {5 L
S 2 > 1,91
_18{(2+2j (2 T } { +2} 18 2 4
tx+2 i

5 1
(b) P(|X|<1) —P(—1<x<1)—j 18 dx = s {XE+2X}
- 1

-1 (sz_(l_zj LR R
18 (\ 2 2 18(2 2) 18 9
Ex. 9 : Find the c.d.f. F(x) associated with p.d.f. f (x) of r.v. X where

f(x)=3(1-2x*)  for0<x<1and=0, otherwise.

Solution : Since f (x) is p.d.f. of r.v. therefore c.d.f. is

0

F(x)=jE 3 (1-2x%) dx :[3()(_2?)@)]’( =[3x-2x3] =3x-2x°
0

( h
LEXERCISE 7'2J

1. Verify which of the following is p.d.f. of r.v. X :
(i) f(x) =sinx, forOSXig (i) f(x)=x for0<x<1land=2-xforl<x<2

i) f(x)=2, for0<x<1

. .




10.

The following is the p.d.f. of r.v. X : f (X) = % for 0 < x <4 and = 0 otherwise
Find@P(X<I15)Db)P(1<x<2)(c)P(x>2)

It is known that error in measurement of reaction temperature (in 0° c) in a certain experiment is
continuous r.v. given by

f(x)= Xg for -1 <x <2 and = 0 otherwise

(1)  Verify whether f (x) is p.d.f. of r.v. X. (i) FindP(0<x<1)
(iii) Find probability that X is negative.

Find k if the following function represent p.d.f. of r.v. X.

(1) f(x) =kx, for 0 <x <2 and= 0 otherwise, Also find P (% <x< g}

" 1 1 1
(i) f(x) =kx (1 -x), for 0 <x <1 and = 0 otherwise, Also find P (Z <x< E) ,P (X < Ej

Let X be amount of time for which a book is taken out of library by randomly selected student and
suppose X has p.d.f.
f (X) =0-5x, for 0 < x <2 and = 0 otherwise.
Calculate: (i) P (X< 1) (i) P (0-5<x<1-5) (iii) P (x> 15)
Suppose that X is waiting time in minutes for a bus and its p.d.f. is given by
f(x)= % for 0 <x <5 and =0 otherwise.
Find the probability that (i) waiting time is between 1 and 3
(i) waiting time is more than 4 minutes.
Suppose error involved in making a certain measurement is continuous r.v. X with p.d.f.
f(X) =k (4 —x?), for -2 <x <2 and = 0 otherwise.
Compute : (i) P(x > 0) () P(-1<x<1) (iii) P(-0-5 < x or X > 0-5)
The following is the p.d.f. of continuous r.v.
f(x) = %, for 0 < x <4 and = 0 otherwise.
(1) Find expression for c.d.f. of X (i) Find F(x) atx=0-5, 1.7 and 5.
Given the p.d.f. of a continuous r.v. X , f (X) = Xg for -1 < x <2 and = 0 otherwise
Determine c.d.f. of X hence find P(x<1),P(x<-2),P(X>0),P(1 <x<2)
Ifarv. X has p.d.f.,
f(x)= % for 1 <x<3,c>0,Find c, E(X) and Var (X).

= &




/ﬁﬁ Let us Remember N

% A random variable (r.v.) is a real-valued function defined on the sample space of a random
experiment.

The domain of a random variable is the sample space of a random experiment, while its co-
domain is the real line.

Thus X : S — R is a random variable.

There are two types of random variables, namely discrete and continuous.

&% Discrete random variable : Let the possible values of discrete random variable X be denoted
by X, , X, , X,, ..., and the corresponding probabilities be denoted by p, , p,, p,, ..., where
p=P[X=x]fori=1,2,3,... . Ifthereisa function fsuch thatp. =P [X=x]=f(x) for

all possible values of X, then f is called the probability mass function (p. m. f.) of X.

Note : If x. is a possible value of X and p. = P [X = x. ], then there is an event E. in the sample
space S such that p. = P [E, ]. Since x; is a possible value of X, p, = P [X = x, ] > 0. Also, all
possible values of X cover all sample points in the sample space S, and hence the sum of their

probabilities is 1. That is, p. > 0 for all i and 2 p,=1.

&% c.d.f(F(x)) : The cumulative distribution function (c. d. f.) of a discrete random variable X is

denoted by F and is defined as follows.

FO=P[X<x] =2 P[X=x]

&% Expected Value or Mean of Discrete r. v. : Let X be a random variable whose possible values

X, X, X5, .., X OCCUr with probabilities p, , p,, p,, . . ., p, respectively. The expected value

or arithmetic mean of X, denoted by E (X ) or p is defined by

E(X) =H= 2 XD =X Py +X,P, + X Pyt + XD,
In other words, the mean or expectation of a random variable X is the sum of the products of

all possible values of X by their respective probabilities.

. .




&% Variance of Discrete r. v. : Let X be a random variable whose possible values x. , X, , X

1 H 2 i) 3 y -
., X_occur with probabilities p, , p,, p,, . .., p, respectively. The variance of X, denoted by
Var (X') or ox? is defined as
2 = = —
o, = Var (X) = 2, (x ~H)P

The non-negative number ¢, = \Var (X)

is called the standard deviation of the random variable X.

Another formula to find the variance of a random variable. We can also use the simplified form of

Var (X)) = (Z X pi) - (Z X, pi)z

Var (X) =E(X 2) - [E(X)] where Z x2p, = E(X ?)

Probability Density Function (p. d. f.) : Let X be a continuous random variable defined on
interval S = (a, b). A non-negative integrable function f (x) is called the probability density
function (p. d. f.) of X if it satisfies the following conditions.

1. f (x) is positive every where in S, that is, f (x) > 0, for all x € S.

2. The area under the curve f (x) over Sis 1. That s, [ f(x) dx=1
S

3. The probability that X takes a value in A, where A is some interval, is given by the integral
of f (x) over that interval. That is

P[X e Al= [f(x)dx
A

The cumulative distribution function (c. d. f.) of a continuous random variable X is defined
as :

X
F(x)=]f()dt fora<x<b.
a

iM ISCELLANEOUS EXERCISE 7j

(I) Choose the correct option from the given alternatives :

(1) Pd.f.ofac.rvXis f(x)=6x(1—x),for0<x<1land =0, otherwise (elsewhere)

IfP(X<a)=P(X>a),thena=

1 1 1
(A) 1 ®) 5 © 3 ©)

= &




(2) Ifthep.d.fofa.c.rv.Xis f(x)=3 (1 —2x%),for0O<x<1and =0, otherwise (elsewhere)
then the c.d.f of X is F(x) =
(A) 2x—3x? (B) 3x—4x® (C) 3x—2x® (D) 2x3—3x
2
(3) Ifthep.d.fofa.crv. Xis f(x)= % for -3 <x <3 and =0, otherwise
thenP (| X |<1) =
A ! B C ! D !
()27 ()28 ()29 ()26
(4) Ifad.rv. X takes values 0, 1, 2, 3, . . . which probability P (X = x) =k (x + 1)-57*, where k is
a constant, then P (X =0) =
A 7 5 16 c 18 5 19
(A) 3 (B) 33 ©) 33 (D) 53
. cC) .
(5 Mpmf.ofadrv. XisP (X=x)= % forx=0, 1,2, 3,4, 5and =0, otherwise
Ifa=P (X<2)andb=P (X>3),then E(X)=

(A) a<b (B) a>b (C) a=b (D) a+b
- X -
(6) Ifpmf.ofadrv.XisP (X=x)= m forx=1,2,3,...,nand =0, otherwise
then E (X) =
n 1 n 1 n 1 n 1
B 1*2 ®3*% © 3% ®r1*3
C
(7) Ifp.mf.ofadrv.XisP (x)= R forx =1, 2, 3 and = 0, otherwise (elsewhere)
then E(X) =
343 294 297 294
) 297 ®) 251 © 294 (®) 297
(8) Ifthe ad.r.v. X has the following probability distribution :
X -2 -1 0 1 2 3
P(X=Xx) 0-1 k 0-2 2k 0-3 k
then P (X=-1) =
A . B ’ C > D :
()10 ()10 ()10 ()10
(9) Ifthead.r.v. X has the following probability distribution :
X 1 2 3 4 5 6 7
P(X=x) k 2k 2k 3k k? 2k? 7K+ k
then k=
A . B - C ! D -
(A) - (B) 4 ©) 4 (D) 1

. .



(10) The expected value of X for the following p.m.f.

X 2 -1 0 1 2
P (X) 0-3 0-4 0-2 0-15 0-25
(A) 0-85 (B) —0-35 (C) 0-15 (D) - 0-15

(11) Solve the following :

1)

2)

3)

4)

()

(6)

Identify the random variable as either discrete or continuous in each of the following. Write

down the range of it.

(i) Aneconomistis interested the number of unemployed graduate in the town of population
1 lakh.

(i) Amount of syrup prescribed by physician.

(iif) The person on the high protein diet is interested gain of weight in a week.

(iv) 20 white rats are available for an experiment. Twelve rats are male. Scientist randomly
selects 5 rats number of female rats selected on a specific day.

(v) A highway safety group is interested in studying the speed (km/hrs) of a car at a check
point.

The probability distribution of discrete r.v. X is as follows

X=X 1 2 3 4 5 6
P(X=Xx) k 2k 3k 4k 5k 6k
(i) Determine the value of k. (i) FindP (X<4),P(2<X<4),P(X>3).
The following probability distribution of r.v. X
X=X -3 -2 -1 0 1 2 3
P(X=x)| 005 0-1 0-15 0-20 0-25 0-15 0.1
Find the probability that
(i) Xis positive. (if) X'is non negative. (iii) X is odd. (iv) X'is even.

5
X

The p.m.f. of ar.v. X is given by P (X =X) = ,forx=0, 1,2, 3,4, 5and = 0, otherwise.

25
Then show that P (X <2) =P (X > 3).
In the p.m.f. of r.v. X
X 1 2 3 4 5
1 3 1

P (X) — a 2a

20 20
Find a and obtain c.d.f. of X.
A fair coin is tossed 4 times. Let X denotes the number of heads obtained write down the

probability distribution of X. Also find the formula for p.m.f. of X.

= &



(7)

(8)

)

(10)

(i)

(iii)

(11)

(12)

(13)

(14)

(15)

Find the probability distribution of the number of successes in two tosses of a die, where a

success is defined as (i) number greater than 4 (ii) six appears on at least one die.

A random variable X has the following probability distribution.

X 0 1 2 3 4 5 6 7
P (X) 0 k 2k 2k 3k k? 2k? 7K+ k
Determine (i) k (i) P (X>06) (1) P (0<X<3)

The following is the c.d.f. of r.v. X

X =3 -2 =1 0 1 2 3 4
F(X) 01 0-3 0-5 0-65 0-75 0-85 0-9

Find p.m.f. of X. (i) P(-1<X<52) (i) P(X<3/X>0)
Find the expected value, variance and standard deviation of r.v. X whose p.m.f. are given
below.

X = X 1 2 3 (i) [x=x 21 0 1
1 2 2 1 2 2
P(X=x)| — Z | Z P(X=x)| — Z | Z
5 5 5 5 5 5
X=x | 1] 213 n M[x=x o123 [4]5
1] 11 1 1|5 |10[10]5
PX=x)|—| = | = il PX=X)| — | = | = | =|=|—
n n n n 32 1321323232 32

A player tosses two coins he wins X 10 if 2 heads appears , I 5 if 1 head appears and X 2 if no
head appears. Find the expected winning amount and variance of winning amount.

10

Let the p.m.f. of r.v. X be P (X) =
Calculate E(X ) and Var (X).
Suppose error involved in making a certain measurement is continuous r.v. X with p.d.f.
f(X)=k (4 -x?), for -2 <x <2 and = 0 otherwise.

Compute (i) P(X>0) (i) P(-1<x<1) (i) P (X<0.50r X>0.5)

,forx=-1,0, 1, 2 and = 0, otherwise

1
The p.d.f. of r.v. X'is given by f (X) = 22 for 0 < x <2aand =0, otherwise.

a 3a
Show that P (X < 3) =P (X > 7}

The p.d.f. of r.v. of X is given by f (x) = N for 0 < x <4 and = 0, otherwise.
Determine k . Determine c.d.f. of X and hence P (X <2)and P (X <1).

/ / \/
0’0 0’0 0.0




8. BINOMIAL DISTRIBUTION aa

Let us Study )

e Bernoulli Trial
e Binomial distribution

e Mean and variance of Binomial Distribution.

“

|

e Many experiments are dichotomous in nature. For example, a tossed coin shows a ‘head’ or ‘tail’,
A result of student ‘pass’ or ‘fail’, a manufactured item can be ‘defective’ or *‘non-defective’, the
response to a question might be “yes’ or ‘no’, an egg has ‘hatched’ or ‘not hatched’, the decision is
‘yes’ or ‘no’ etc. In such cases, it is customary to call one of the outcomes a “success’ and the other
‘not success’ or “failure’. For example, in tossing a coin, if the occurrence of the head is considered
a success, then occurrence of tail is a failure.

E@; Let us Learn J

8.1.1 Bernoulli Trial :

Let us Recall ]

Each time we toss a coin or roll a die or perform any other experiment, we call it a trial. If a coin
Is tossed, say, 4 times, the number of trials is 4, each having exactly two outcomes, namely, success or
failure. The outcome of any trial is independent of the outcome of any other trial. In each of such trials,
the probability of success or failure remains constant. Such independent trials which have only two
outcomes usually referred to as “success’ or “failure’ are called Bernoulli trials.

Definition:
Trials of a random experiment are called Bernoulli trials, if they satisfy the following conditions :
(i) Each trial has exactly two outcomes : success or failure.

(i) The probability of success remains the same in each trial.

Throwing a die 50 times is a case of 50 Bernoulli trials, in which each trial results in success (say
an even number) or failure (an odd number) and the probability of success ( p) is same for all 50
throws. Obviously, the successive throws of the die are independent trials. If the die is fair and has
six numbers 1 to 6 written on six faces, then

1 1
= —andg=1- Q==
P > q P q >

= &




For example :
Consider a die to be thrown 20 times. if the result is an even number, consider it a success, else it is

. 1 . .
a failure. Then p = > as there are 3 even numbers in the possible outcomes.

If in the same experiment, we consider the result a success if it is a multiple of 3, then p = — as there
are 2 multiples of 3 among the six possible outcomes. Both above trials are Bernoulli trials.

@) SOLVED EXAMPLE |

Ex. 1: Six balls are drawn successively from an urn containing 7 red and 9 black balls. Tell whether
or not the trials of drawing balls are Bernoulli trials when after each draw the ball drawn is

(i) replaced (ii) not replaced in the urn.

Solution :
(1) The number of trials is finite. When the drawing is done with replacement, the probability of

: 7 _ N )
success (say, red ball) isp = 6 which is same for all six trials (draws). Hence, the drawing of

balls with replacements are Bernoulli trials.

(11) When the drawing is done without replacement, the probability of success (i.e. red ball) in first
Y A ... 6 7
trial is 16 in second trial is 15 if first ball drawn is red and is 15 if first ball drawn is black

and so on. Clearly probability of success is not same for all trials, hence the trials are not
Bernoulli trials.

8.2 Binomial distribution:

Consider the experiment of tossing a coin in which each trial results in success (say, heads) or
failure (tails). Let S and F denote respectively success and failure in each trial. Suppose we are interested
in finding the ways in which we have one success in six trials. Clearly, six different cases are there as

listed below:

SFFFFF, FSFFFF, FFSFFF, FFFSFF, FFFFSF, FFFFFS.

Similarly, two successes and four failures can have

= 15 combinations.
41x21

Butas n grows large, the calculation can be lengthy. To avoid this the number for certain probabilities
can be obtained with Bernoullis formula.For this purpose, let us take the experiment made up of three
Bernoulli trials with probabilities p and g = 1 — p for success and failure respectively in each trial. The
sample space of the experiment is the set

S = {SSS, SSF, SFS, FSS, SFF, FSF, FFS, FFF}

= =




The number of successes is a random variable X and can take values 0, 1, 2, or 3.The probability
distribution of the number of successes is as below :

P(X=0) =P (nosuccess)
=P ({FFF}) =P(F)-P(F)-P(F), since trials are independent.
=9-9-9=¢
P(X=1) =P (one success)
= P ({SFF, FSF, FFs})
=P ({SFF}) + P ({FSF}) + P ({FFs})
=P (S)-P(F)-P(F) + P(F)-P(S)-P(F) + P(F)-P(F)-P(S)
=p-q-q+q-p-q +q-q-p = 3pg?
P(X=2) =P (two success)
=P ({SSF, SFS, FSS})
=P ({SSF}) + P ({SFs}) + P ({Fss})
= P(S)-P(S)-P(F) + P(S)-P(F)-P(S) + P(F)-P(S)-P(S)
=p-p-q+p-q-p+q-p-p=3p7
and P(X=3) =P (three successes)
=P ({sss})
= P(S)-P(S)-P(S)
= p?
Thus, the probability distribution of X is

X 0 1 2 3

P(X) q° 39°p | 3qp® | P°

Also, the binominal expansion of
(@+p)isg®+3q°p+3qp*+p°
Note that the probabilities of 0, 1, 2 or 3 successes are respectively the 1, 2", 3 and 4" term in the
expansion of (q + p)*.
Also, since g + p = 1, it follows that the sum of these probabilities, as expected, is 1.Thus, we may
conclude that in an experiment of n-Bernoulli trials, the probabilities of 0, 1, 2,..., n successes can be

= &




obtained as 1%, 2", 3, ..., (n + 1)" terms in the expansion of (q + p)" . To prove this assertion (result),
let us find the probability of x successes in an experiment of n-Bernoulli trials.

Clearly, in case of x successes (S), there will be (n —x) failures (F ). Now x successes (S ) and (n —x)

|
failures (F) can be obtained in o ways.
xI(n=-x)!

In each of these ways the probability of x successes and (n — x) failures
= P (x successes)- P ((n - x) failures)
= (P (S)-P (S)...P (S) xtimes)-(P (F)-P(F))- ... -(P(F)-(n - x) times)

=(p-p-p...pxtimes) (q:q:q. .. q (n—x) times)
- px_qn—x
Thus probability of getting x successes in n-Bernoulli trial is

. n!
P (x successes out of n trials) = —————— x p*x q"*= "C_p*x q"*
x!'(h-x)!

Clearly, P (x successes), i.e. "C_p*g"~*is the (x + 1)™ term in the binomial expansion of (q + p)" .

Thus, the probability distribution of number of successes in an experiment consisting of n-Bernoulli
trials may be obtained by the binomial expansion of (q + p)" . Hence, this distribution of number of
successes X can be written as

X 0 1 2 X n
P (X) ”Copoan ”Clplxq”—1 ”C2p2><q“—2 ”Cxpqu"—x nCnp”qu

The above probability distribution is known as binomial distribution with parameters n and p,
because for given values of n and p, we can find the complete probability distribution. It is represented
X~B (n, p) as read as X follows binomial distribution with parameters n, p

The probability of x successes P (X = x) is also denoted by P (x) and is given by
P(x)="C,q"*xp%x=0,1,....,n (q=1-p)
This P (x) is called the probability function of the binomial distribution.

A binomial distribution with n-Bernoulli trials and probability of success in each trial as p, is
denoted by B (n, p) or X~B (n, p).

Lets Note : (i) The number of trials should be fixed.

(if) The trials should be independent.

. .




@ SOLVED EXAMPLES ]

Ex.1:

If a fair coin is tossed 10 times, find the probability of getting

(1) exactly six heads (i) at least six heads (iii) at most six heads

Solution : The repeated tosses of a coin are Bernoulli trials. Let X denote the number of heads in an

(i)

(i)

(i)

experiment of 10 trials.

Clearly, X ~B (n,p) withn=10and p = %,qzl—pzl—% q:%

P(X=x) ="C,pxq

=o(y) (5]
“\ 2 2

Exactly six successes means x = 6

6 10-6 I 6 4 10
P (X: 6) =10C (1) X (ij :LX (ij X (i) :Mx (i)
°12 2 61(10-6)! \2 2 4x3x2x1 2

105

512

At least six successes means X > 6

P(X>6) =[P(X=6)+P(X=7)+P (X=8)+P (X=9)+P (X=10)]

6 4 7 3 8 2 9 1 10 0
R OO CR RO EO RO HE

10x9x8x7 (1)10 10x9x8 (1)10 10x9 (1)10 (1)10 (1)10
N v P e R ) [ x| —| +10| —| +| —
4x3x2x1 2 3x2x1 2 2x1 2 2 2

1
= (210 + 120 + 45+ 10 + 1) x
1024

386 _ 193
1024 512
At most six successes means X < 6

P(X<6) =1-(P(X>6)
=1-[PX=7)+P(X=8)+P (X=9)+P (X =10)]

i (e T ]

[10x9x 8 1\ 10x9 1\ 1\ 1\©
| 3x2x1 2 2x1 2 2 2

1 } 176 88 512-88 424 53

=1-[(120+45+10+1) x

= &

=1- =1- -
1024 1024 512 512 512 64




Ex. 2 : Ten eggs are drawn successively with replacement from a lot containing 10% defective eggs.
Find the probability that there is at least one defective egg.

Solution : Let X denote the number of defective eggs in the 10 eggs drawn.
Since the drawing is done with replacement, the trials are Bernoulli trials.

1
Probability of success = 0

1 L4 goq L 9
P=10 a=27P="0n 91
n=10
1
X~B (10,-)
10
1 X 9 10-x
PM:X):NC(—J xﬂ—j
(10 10
Here X >1

1 0 9 10
ez =10, () (2)
10 10
9 10
=1-1x1x (—j
10
9 10
()
10
8.3 Mean and Variance of Binomial Distribution ( Formulae without proof ) :

Let X~ B (n, p) then mean or expected value of r.v. X is denoted by p or E (X ) and given by

H=E (X)=np.
The variance is denoted by Var (X') and given by Var (X) = npqg.

Standard deviation of X is denoted by SD (X ) or & and given by SD (X) = 6, =Var (X)
For example : If X~B (10, 0-4 ) then find E (X) and Var (X).

Solution: Heren=10,p=04, q=1-p

q=1-04=06
EX) =np
=10x04=14
Var (X)) =npq
=10x0:4x0-6
=24

. .



@ SOLVED EXAMPLES )

Ex.1: Letthe p.m.f. of r.v. X be

5 X 4-x
P(X=X) :4CX(§) x(gj ,forx=0,1,2,3,4.
then find E (X) and Var (X).

5 4
Solution : P (X = x) is binomial distribution withn=4,p = r andqg = r
E(X) =np
5) 20
=4 x| —|=—
[9 9
Var (X) =npq

Ex.2: IfE(X)=6and Var (X)=4-2, findnandp.
Solution : E(X) = 6 therefore np = 6 and Var (X ) = 4-2 therefore npq = 4-2

n 4.2
ﬂ:_ q:07
np 6
Lp=1-9g=1-0-7 S p=03
np==6
6
. NnNx0-3=6 SLoon=—=20
0-3
( )
| EXERCISE 8.1
S J

(1) A die is thrown 6 times. If ‘getting an odd number’ is a success, find the probability of
(i) 5 successes (ii) at least 5 successes (iii) at most 5 successes.

(2) A pair of dice is thrown 4 times. If getting a doublet is considered a success, find the probability of

two successes.

(3) There are 5% defective items in a large bulk of items. What is the probability that a sample of 10

items will include not more than one defective item?

(4) Five cards are drawn successively with replacement from a well-shuffled deck of 52 cards. find the

probability that

(1) all the five cards are spades  (ii) only 3 cards are spades (ii1) none is a spade.

(5) The probability that a bulb produced by a factory will fuse after 150 days of use is 0-05. Find the

probability that out of 5 such bulbs
(1) none (if) not more than one (iii) more than one
will fuse after 150 days of use.

(iv) at least one

/,
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(6)

(7)

(8)

(9)

A bag consists of 10 balls each marked with one of the digits 0 to 9. If four balls are drawn
successively with replacement from the bag, what is the probability that none is marked with the
digit 0?

On a multiple choice examination with three possible answers for each of the five questions, what
is the probability that a candidate would get four or more correct answers just by guessing?

A person buys a lottery ticket in 50 lotteries, in each of which his chance of winning a prize is 1/100.
find the probability that he will win a prize
(1) at least once (i) exactly once (iii) at least twice

In a box of floppy discs it is known that 95% will work. A sample of three of the discs is selected at
random. Find the probability that
(i) none @iy 1 (iii) 2 (iv) all 3 of the sample will work.

(10) Find the probability of throwing at most 2 sixes in 6 throws of a single die.

(11) It is known that 10% of certain articles manufactured are defective. What is the probability that in

a random sample of 12 such articles, 9 are defective?

(12) Given that X~ B (n, p)

(M) Ifn=10and p=0-4, find E (X ) and Var (X)) (ii) If p=0-6 and E(X ) = 6, find n and Var (X).
(iii) Ifn =25, E(X ) =10 find p and SD(X). (iv) If n =10, E(X ) = 8, find Var (X).

/IW Let us Remember N

% Trials of a random experiment are called Bernoulli trials, if they satisfy the following

conditions :
(i) Each trial has exactly two outcomes : success or failure.
(i) The probability of success remains the same in each trial.

Thus probability of getting x successes in n-Bernoulli trial is
|

. n!
P (x successes out of n trials) = —————
x(n-x)!

X pX X qf‘l—X: nCX pXX qn—x
Clearly, P (x successes), i.e. "C_p* q"~* is the (x + 1)" term in the binomial expansion of
@+p).

Let X~ B (n, p) then mean of expected value of r.v. X is denoted by p.
E (X)andgivenby p=E (X) =np.

The variance is denoted by Var (X ) and given by Var (X ) = npqg.

Standard deviation of X is denoted by SD (X') or ¢ and given by SD (X ) = o, = \Var (X)

. CEO ‘



:M ISCELLANEOUS EXERCISE 8;

(I) Choose the correct option from the given alternatives :

1)

)

(3)

(4)

Q)

(6)

(7)

Adie is thrown 100 times. If getting an even number is considered a sucess, then the standard
deviation of the number of successes is

(A) V50 (B) 5 (C) 25 (D) 10

The mean and the variance of a binomial distribution are 4 and 2 respectively. Then the
probablity of 2 successes is

A 128 5 219 c 37 5 28
()256 ()256 ()256 ()256
For a binomial distribution, n =5. If P (X =4) =P (X=3) thenp=...

1 3 2
A) — B) — C) 1 D) —
(M) 5 B) - (© (D)
In a binomial distribution,n=4. If2P (X=3)=3P (X=2)thenp=...

4 5 9 6
A) — B) — C) — D) —
()13 ()13 ()13 ()13

16

IfX~B(4,p)andP(X:O):E,thenP(X:4):...

1 1 1 1
A — B) — C) — D) —
A 7 (B) o © — (D) <

3
The probability of a shooter hitting a target is T

How many minimum number of times must he fire so that the probability of hitting the target
at least once is more than 0-99 ?

(A) 2 (B) 3 (C) 4 (D) 5
If the mean and variance of a binomial distribution are 18 and 12 respectively, thenn = ...
(A) 36 (B) 54 (C) 18 (D) 27

(1) Solve the following :

1)
)

)

Let X~ B (10, 0-2), Find (i) P (X = 1) (iyP(X=1) (iii) P (X < 8).
Let X~ B (n, p) (i) Ifn=10,E (X)=5, find p and Var (X).

(i) IfFE (X)=5and Var (X) =25, find n and p.
If fair coin is tossed 10 times find the probability that it shows heads

(1) 5 times. (i1) in the first four tosses and tail in last six tosses.

/
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(4)

()

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

Probability that bomb will hit target is 0-8. Find the probability that out of 10 bombs dropped
exactly 2 will miss the target.

The probability that a mountain-bike rider travelling along a certain track will have a tyre
burst is 0-05. Find the probability that among 17 riders : (i) exactly one has a burst tyre

(i1) at most three have a burst tyre (iii) two or more have burst tyres.

Probability that a lamp in a classroom will burnt out will be 0-3. Six lamps are fitted in the
classroom. If it is known that the classroom is unusable if the number of lamps burning in it

is less than four, find the probability that classroom can not used at random occasion.

Lot of 100 items contains 10 defective items. Five items are selected at random from the
lot and sent to the retail store. What is the probability that the store will receive at most one
defective item?

A large chain retailer purchases certain kind of electric device from manufacturer. The
manufacturer indicates that the defective rate of the device is 3% . The inspector of the retailer
picks 20 items from a shipment. What is the probability that the store will receive at most one
defective item?

The probability that the certain kind of component will survive a check test is 0-6. Find the
probability that exactly 2 of the next 4 components tested survive.

An examination consists of 10 multiple-choice questions, in each of which a candidate has
to deduce which one of five suggested answers is correct. A completely unprepared student
guesses each answer completely randomly. What is the probability that this student gets 8 or
more questions correct? Draw the appropriate moral !

The probability that a machine will produce all bolts in a production run within specification
is 0-998. A sample of 8 machines is taken at random. Calculate the probability that

(i) all 8 machines (if) 7 or 8 machines
(ii1) at least 6 machines will produce all bolts within specification

The probability that a machine develops a fault within the first 3 years of use is 0-003. If 40
machines are selected at random, calculate the probability that 38 or more will not develop

any faults within the first 3 years of use.

A computer installation has 10 terminals. Independently, the probability that any one terminal
will require attention during a week is 0-1. Find the probabilities that

(i) 0 (ii) 1 (iii) 2

(iv) 3 or more, terminals will require attention during the next week.

= =



(14) In a large school, 80% of the pupils like mathematics. A visitor to the school asks each of
4 pupils, chosen at random, whether they like mathematics.

(i) Calculate the probabilities of obtaining an answer yes from 0, 1, 2, 3, 4 of the pupils
(if) Find the probability that the visitor obtains the answer yes from at least 2 pupils:
(@) when the number of pupils questioned remains at 4
(b) when the number of pupils questioned is increased to 8.
(15) Itis observed that, it rains on 12 days out of 30 days. Find the probability that
(i) it rains exactly 3 days of week. (i) it will rain on at least 2 days of given week.

(16) If probability of success in a single trial is 0-01. How many trials are required in order to have
probability greater than 0-5 of getting at least one success?

(17) In binomial distribution with five Bernoulli's trials, probability of one and two success are
0-4096 and 0-2048 respectively. Find probability of success.

7 7 7
0’0 0’0 0’0
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ﬁ MISCELLANEOUS EXERCISE 1j
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1 2 3 4 5 6 7 8 9 10 | 112 | 12
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(2) (A) 3,(B) 5,(C)4,(D) 1. 3 5
V) +
1+9x2 1+25%2
@ O ¢ () e (i)
9 3 96 (vi) ! [Hint : x = tan 0]
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| EXERCISE 22 | [ EXERCISE 24
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(3) 14x — 13y + 12 =0, 13x + 14y — 41 =0
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3. INDEFINITE INTEGRATION
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5 —-Va*—x*+—_sin”! (—j +C
6 2 a

. X—5 5 it X—5

. > (x=3)(7—x)+2sin > +C
1 |2
{?\/4X+4+2Iog(2X+\/4X+4)}+c

7.
log 2

1 3
8.;(2x2+3)2 +

x [ 3 3 |3
\/E{? x2+?+Zlog(x+ x2+?ﬂ+c

:



10.

11.

12.

10.

12.

14.

16.

1 3 X+2
—?(5—4x—x2)2 —(x+2)\/5—4x—x2—9sin1( 3 j+c

(1+2tanx)

4

29 1
\/tan2x+tanx—7—?log{?+tanx+\/tan2x+tanx—7}+c

X+1
(T)\/x2+2x+5+ 2Iog{x+1+\/x2+2x+5}+c

\/?{ (4xg 3) /m N

e (2+cotx)+c
e*-(log x)? + ¢

(1 +x) 1
> [Iog(1+x)—?j+c

162

2. ex tan—+c
2

6.e>-logx+c

N

3. ex.

1 1
—+cC 4. ¢ +C
X X+1

7. esn'x.x+¢

9. x-cosec (logx) +c

[ EXERCISE 3.4 ]

1 11
Ilog(x—1)—2log(x+2)+Z(x+3)+c

1
—tan!'x +

1
|
6 15\/509(“&

x—x/?j

o1 log (2 +9)+31 log(3x—7)+cC
41 9 41 9 )

—log(x+3)+log(x—2)+cC

2x+1
2X—1

1Io
5 g

jog [ ) 42
2wl 2zl

1 | (2*—4j
0 +c
5-log 2 A VIF

9
—10g(X+1)—X

6-log x +cC

1
+3log(x+3)+c 8. Elog(

X+2
x—ﬁ]

V3 ( X
———tan™
10

— |+

@] ‘

4 —Elo (x+4 —ilo x—1+c
-~ log (x+ )~ < log (x— 1)

5
6. x2+3x+?log(3x+1)+log(x—1)+c

X5
+
X0+ 1

11
c 9.—tan"

V5
2 + X2
11. Iog(3+xzj+c

. 5 1 11 x+1
3.? t 1 —og 13 +c

1 X8 (x3 + 3)
15. r} log —j +C

X\ 9 X
' — |-—tan’'| - |+C
2) 2 2

+1 3+ 1)
L log (x—1 L log (x*+x+1 L ta 1(2X+1]+c
—log (x —1) ——log (X? + x + 1) — —= tan"
3 9 =h=glog NG V3
o S



17. 3-log(s1nx—2)—sinx_2+c
1 1 2
18. ?Iog(cosx+1)+glog(cosx—1)—§Iog(2cosx+l)+c
19 1I cosx—1 1 20 1I (1+2sinx)*
— + + — +
-8 o cosx+1 4 - (cosx+1) ¢ "6 0g{(l—sinx)(1+5inx)~°’} ¢
1 1 2
21. —log (1 —cosx)——log (1+cosx)+—log(3+2cosx)+c
10 2 5
L, L e+l 1 4 IKer 2 5 {(3Iogx+2)2] no
. —lo 1l+—tan'| = [+ ¢C .—log|—F/———=|+—<tan'(logx) + ¢
2 g (e>+9)z| 6 3 26 g V(logx)?+1] 26 (log %)
ﬁMISCELLANEOUS EXERCISE3ﬁ
(N
1 2 3 4 5 6 7 8 9 10
B A B A D B A A C B
11 12 13 14 15 16 17 18 19 20
A A D C A D A D C A
2 7 8 5 8 3
) (1) —XZ—-—x2-—XxZ2+¢
(1) (1) X7 = —x2-—-xX
X'x8ox o oxt @ X
2) oot ———+_——+x—-log(x+1)+c
@ Tt At og(x+ 1)
3 L 6 5% 4 v 2t + 31 1 !
— + + ——2t+ 3. +1)+ —+
(3) g 6x+5)2+c (4) 5 —2t+3log (t+1)+ 7+
(5) 3tanx—2secx+¢c (6) tan®—cotO—30+cC
1 : : : 1 1
(7) @(Zsm6x+33|n4x+63|n2x+12x)+c (8) ?sm2x—€sm3x+c
(9) nx— X2+c
4 4
1
(1 (1) Z(1+Iogx)4+c
1 1
(2) (tan”'x) x— > log (1 +x?) — (1 —x)tan"!(1 —x) + E} log (x*—2x+2)+c
2 3
(3) —cot(logx)+c 4) ?secx2 +cC

= &



(5) xlog(1+cosx)+c (6) 1 sin! (x8) +c¢

3
1 1
(7 Zlog(3—2cotx)+c (8) x-(log(logx)—@j+c
9) \/21_3tan1(2tari/(l_7?}_3j+c (10) %(23eclx+2\/)§;—_lj+c
(11) —i\/m+isin‘(zx_lj+c (12) x-log (x2+1)—2[x—tan'x]+c¢
2 42 V7

1
(13) ZeZX- [ sin2x—cos2x] +¢

1 1 4
(14) Elog (3x—1)+?log (x—l)—glog (3x—2)+c

1I {(cosx—l)(cosx+1)3}+C

(15) 6° (2 cosx + 1)
T tan x — 1 7T 4 _l(tanx—ljJr
(16) > j 7 tan X — tan® X sin 2 c
1) S jegl ¥ &I [ 18) = ( x j+
(17) 4 0g W c (18) 5 0g L c
2
(19) 2+tanx+c (20) 300t3x+ Cotx—cotx+c
4. DEFINITE INTEGRATION
[ EXERCISE 4.1 }
1) 4 ) %4 (3)ez—1 @ 6 (5) 20
[ EXERCISE 4.2 }
y 8 ) | (25) 3 14+ 2 2
o @) 1og| 5 o -(1+3)] @

1 3n 4 3n
(5) 1—8[13VB+7V7—3¢§—27] ®Ol-7 O —5 1 5

1 4 2 T n 1

. .




@ " Liog2 ) Llog2 3) =
- 1) ) 0g (2) P 0g (3) "
2. (1 1 2v2+1
e 5 0 o () e ()
(7) log § ( ) £|:tan T tan E :|
T 4 T
(9) 7 (10) 3 (11) 5_1
8 o
(12)5 (13) 51
(14) e7 H+1}—E+ 1} (15) sin(log 3)
m. @ = 2) 0 3) 0 4) 0 5 L)z
. (D) " (2) (3) (4) (5) £
7'[2
(6) 0 (7) 0 (8) Vel 9) 0 (10) 0
1+v5 16 T T 1
ﬁMISCELLANEOUS EXERCISE 4j
(1
1 2 3 4 5 6 7 8 9 10
C C D C A D B A
1 | 5 1 1
an (1) E(3_093) 2) 2-+2 (3) 6—4log?2 (4) 5 (5) o1
6) m—2 L oo 2 8) — 9 0 10) =
6) = (7) 3 log ()g 9) ()5
n? 2 |7 1 7+3+5 n
o 1(= T e
(5) - ~log2 (6) E(Z—Iog Ej (7) - log2 (8) o
5+3V3 17
9) Iog( 1+@j (10) >
V) (1 L h —o-9 hen a = 4 2 |<—1
(V) (1) Ewena— ,Ewena— (2) =

= &



5. APPLICATION OF DEFINITE INTEGRAL

 EXERCISE5.1 _ 16
@ O —= ) =
(1) () 25 (ii) 16 (iii) 20
32 3 () — iy = (i) 22
(iv) 1 () 2log4 () 3 ( 12 3 3
.. 128 . . 88.2 i
(vii) —3 5. units (iv) 3 V) %
ﬁMlSCELLANEOUS EXERClSESﬁ
(1
1 2 3 4 5 6 7 8 9 10
A A C B A B D A B
11 12 13 14 15 16 17 18 19 20
A D B B C C A D A C
(11
1) 10 ii) 2 i) - ! r 1
() (i) (iif) < 5 3 6. & Ay
2. 9n 3. 20m 56 7
16 K 1 8. 3 9. 36— 10.3
4 (|)? (i) 3 (iii) 3

6. DIFFERENTIAL EQUATIONS

1) ()
(iv)
(vii)
(ix)

1) @

(ii)

[ EXERCISE 6.1 ]

2,1 @i) 2,3 (i) 1,2
3,1 v) 2,1 (vi) 3,2
2, not definded (viii) 2, 2

3,3 x) 21

[ EXERCISE 6.2 ]

dy
23+ 3xy2 ——y*=0

dx
d?y dyyz dy
XyWJrX[dxj_ydx_o

‘

d2y

(iii) xzd—+ X

X2

d?y

dx

v) ———25y=0
(V) g >

N dy
(vii) (x*+ xy)&

d?y

: dy?
(ix) Xy@“{dx} -2y

d?y
0 e *4

dy

dx

+5y=0

(vi)2 o5+

2

dy_
dx

d2y

0

+y=0 (viii)d—XZ—7

dx

: dyye
+y=0 (|v)8(d—xj -27y=0

dy\3
(&) =0

d
y+1Oy:0



()

(4)

(6)

(7)

)

©)

(4)

d?y
dx?

d
x+4y%=0

o

d2y

dy 2_0
yWJr(dxj B

(1)
(i)
(iv)
(vi)
(vii)

=0

dZy dy 3
(I2a 7+ (d—XJ =0

dy -
(5)3dx+ =0

dZy 2 dy 2 8
Wj :Hd_xj ”}

[ EXERCISE 6.3 ]

tan'y=tan'x+c
2e Y+ 3e*=¢ (iii) x=cy
tanx-tany=c (v)siny-cosx=c
y=—kx+c

2(x2+y?) + 2 (xsin 2x + y sin 2y) +

cos2y+cos2x+c=0

(viii) 2y?tan™' x + 1 = cy?

(iX)
(x)
(N
(i)
(iii)
V)
(vi)

(1)
(i)
(iii)
(iv)
V)

4

4e*+3e¥=cC

Jer+3eV+xi=c

(1+e*)’tany=0

(L+x) (1-y) =5

(iv) (sinx) (e¥ +1) =2

y = ex log x

2(2+eY)=3(x+1)
(y_zj
cos =a
X
X+yy
tan( > j—x+c

X—y—a
c+2y:aMQ(X_y+aj

sin(x*+y?) +2x=c
x=tan (x —2y) +c

(2x—y)— log(x—-y+2)+1=0

SO

[ EXERCISE 6.4 ]

(1) cos (%) dy =log (x) + ¢

2)

X2—y2 =X

(4) xy?=c2(x +2y) (5) x2+y2=cx
(6) y=c(x+yP+x

(7) x {1 — Cos (éﬂ =sin (%)

(8) x+ ye% =c

(10)x?y =4 (11) 2 +y?=x*

(12) tan™! (%j =log (x) +c
(13) Bx+y) (x+y)*=c

(14)c:I0g(x)+X+y

[ EXERCISE 6.5 j

_ X 3%
() 3—7—xy=c

tan x

(i) ye"™ =" (tanx—1)+c
(ii) x=y(c+y?)
(iv) y(secx+tanx)=secx+tanx—x+cC
, _x4logx x4
V) xy= 4 _16+C
(vi) x+y+1=ce’
(vii) 2y =(x+a)* +2c (x +a)
. sin* 0
(viii) rsin?6 + =cC
3
(ix) y?:xy+c
X) y=~N1-x2+c(l—x%)

tan~! —tan1x

1
(xi) y:Ee +tce

X
(3) x+2yey =¢

(9) log (y) +2 =c

(15) x2 —y? =cx




2. 3(x+3y)=2(1—-¢e¥ 4. y=4-—x—2e*
| EXERCISE 6.6 |

1. 8times of original. 2.95-4 years 3. 36-36°C 4. 5656

log 3 27 4 4%
5. K 6. 5 gms 7. (3000)(9j

p 2
8.  1hour 10.r=3-t 11. 27,182 12. (IO—EJ %
[ MISCELLANEOUS EXERCISE 6 |
(1
1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15
D C B A | D C B C D B A B B B

(@ @ 2,1 (i) 3,10 (ii) 2,3 (iv)1.4  (v) 4, not defined

. d2y dy )2 dy Loody dey (dyy2
© O xygrex(g) -~ g=0 (i) G2 +y=0 Gi(y-a) L+ (5] =0

: d’y dy 2 d?y

2 2 = —_ _ —
(iv) 2xyW+2x (dxj +y=0 (V) v 9y =0
dy d?y dy dy

i - 2 _\2 = i _ 72 _ 1= —= i — -3 =
(4) (1) 2xy dx +x2-y*=0 (i) 2b e 1=0 (i) x+4y X 0 (iv) 2 X 3=0

: . X3 X
(5) (i) 2e¥+ 3e*+6c=0 (ii) Iog(y):?+x+c (iii) y:EIog (Xx?) + 2 +cx

(iv) y=1+xlog x + cx (V) y = X* + c-cosec X (vi)xlogy = (logy)*+c

(vii) 4xe¥ +5e¥Y=¢c
(6) (i) exlogx—y=0 (if) x = 2y? (iii) y cosec? x + 2 = 4 sin 2x

. y T X

(iv) log yx?+y?+tan! (Yj = 7 (V) x+2yey =2

L 20

(8) X2+y?=4x+5 (9) r=(63t+27)3 (20) ry years

. S .




7. PROBABILITY DISTRIBUTIONS

=

N

=

{-6,-4,-2,0,2,4,6}

[ EXERCISE 7.1 ]

4. (i)
C{0,1,2} X 0 1 2
i .m.f. i)  Notp.m.f 1 1 1
@ p (i) p P (X) s > :
(iii) p.m.f (iv) Not p.m.f
) Notpmf  (iv) pmf (i1
X 0 1 2 3
113 ] 3 ]1
P(X) | g 8 8 8
(iii)
X 5 1 > X o] 1] 21 3] 4
2 2 1 B T = I S
P (X) 3 w5 5 PX)| 16| 4 | 8| 4 | 16
X 0 1 2 3 4
ol G | B | EE ] 6 | G
5 5)5 5) 5 55 5
5 ()- (i) = (i) +
= 5 : 5 10 10 5
3 1 9. —0.05,2-2475 10.% 2% 4115
PX) | 16 8 16 1
12 13. 467  14.2-41
15. 17-53,4-9, 2-21 16. 0-7,0-21
| EXERCISE72 |
) pdf i)  Notapdf 2.25 3 3
(iii) Notap.d.f 1 1
3. () pdf ()= i) —
@M p (i) S (iii) 5
/,
o SO S
N




1 35 11 1 X2 1
4. () —,— i) 6, —,— 8. — —,0:18,1
® 2 64 (i) 32 2 ® 16 i 64
1 1 7 2 8 7
c mt 1 LT o 2,87
® 4 U 2 (i) 16 9 9 9
5 2 )= 0+ 4 A4(log3-1)
5 5 log3 log3 (log 3)?
1 11
7. () — i) — iii) 0-6328
() 5 (i) 1 (iii)
[ MISCELLANEOUS EXERCISE 7 ]
(1
1 2 3 5 8 9 10
C A C A D B
(1) Solve the following :
(1) (i) Discrete {1,2,3, ..., 100000} (i)  Continuous. (iii)  Continuous.
(iv) Discrete {0,1,2,3,4,5} (v)  Continuous
L1 .10 1 6 . .. i
2 — — =, — 3 0-5 0-7 0-55 0-45
(2) (11) o1 (i) 1 7 @ () (i) (iii) (iv)
5 .
®) 2
X 1 2 3 4 5
o s [t | 1
%) 20 20 4 2 20
1 1 9 19
F (x) = = el = 1
20 5 20 20
(6)
X 0 1 2 3 4
o T 3 T
() 16 4 8 4 16
‘c
24
(7 () (i)
X 0 1 2 X 0 1 2
4 4 1 25 10 1
~ i - P (X il = -
P(X) 9 9 9 ) 36 36 36
. .




L1 oy 3
® 0% ()— (i 5

100
(9)
X -3 -2 -1 0 1 2 3 4
FX) | o1 0-3 0-5 065 | 075 | 0-85 0-9 1
P (x) 0-1 0-2 0-2 0-15 0-10 0-10 0-05 0-10
(i) 0-55 (ii) 0-25
11 14 V14 1 14 14 ...n+1 nm-1 [nP-1 . .5 5 +5
WO W W T My
1 L 11 ... 81
(11) ¥5'5,8:25 (12)0,1 (13) (I)E (||)1—6 (III)ES
11 1 Vx 1 1
(15) k=~ (19)k="FM =7 55
8. BINOMIAL DISTRIBUTION :]
[ EXERCISE 8.1 ]
3 7 ... 063 99 .. 9949
O N o0 -] o[ ]
R 19° 994
216 3.29 ( 2010 J (i) 1 - 149 ( 10050}
1
) ——— ()— 1 192 (19
1022 1024 o) 03[ o i3 0| @5
(i) (0-95)’ (ii) (1-2) (0-95)* 5 3
| 022 n =()
(iii) 1-(1-2) (0-95)*  (iv) 1-(0-95) 316 10"
(i)“ . A1 12, ()4, 24 (ii)10,2:4 (i) 2:\6 (iv) >
10 243 5 5
ﬁMISCELLANEOUS EXERCISE8‘\]
1 2 3 4 5 6 7
B D D C B C B




(11) Solve the following :

1)

)

©)

(4)

(5)

(6)
(8)
(9)

(11)

(i) (0-998)® (i) 1-014 x (0-998)"

(i) 2x(0-8)° (i) 1—(0-8)
(iiii) 1 — 1-014 x (0-998)’
(i) 1 — (8-2) (0-2)°
0 b= varx)=25 (12) 775-44 x (0-003)%
2 (13) (i) 0-9% (ii) 0-9°
y 1
(i) n=10.p= - (iii) 0-45 x (0-9)?
o @ 15 (iv) 1 - 2-16 x (0-9)°
256 512 1 16 96 256 256
4 0 %5 5 5
2 5 54 5§ 5
45 (2—j 608 33
2% (i) (@ ~; 0) 1=
(i) 0-65 x (0-95)'¢ 15 () 3/xsxSE iy 1258
i 7 57
(ii) (2-0325) x (0-95)
(16) (i) log 0-5
(iii) 1 — (1-6) x (0-95)* . log 0-99
0-2114 (7) 1-4 x (0-9)* (17) 3
6-97 x (0-97)%
0-3456 (10) 305'844
>
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